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Preface

Arguably the most potent mathematical tool ever created, linear
algebra is a fundamental branch of mathematics. This book
represents a balanced combination of step-by-step explained
theory content, solved examples and exercises. The abundant
examples and detailed explanations of all topics, such as vector
spaces, linear independence, basis, linear transformations,
matrices, determinants, inner products, eigenvectors, bilinear
forms and canonical forms are what make the text so valuable.

The early introduction of concepts such as fields, rings, group
homomorphism and binary operations gives students a proper
foundation on which they can understand the remaining part of
the text.



The book includes numerous examples at varying levels of
difficulty, each carefully selected. The fundamentals are
presented in a clear, methodical and straightforward manner,
with many worked-out examples illustrating the concepts and
problem-solving techniques. This book can serve as a textbook
for undergraduate and graduate linear algebra courses in
mathematics and engineering at any university. It also includes
some of the latest and most challenging questions suitable for
competitive exams in higher education mathematics. The text is
structured to support students in their degree programs and to
assist them in preparing for future higher education competitive
exams in linear algebra.

I acknowledge the influence of numerous authors whose works
have guided my writing. The results in this book belong to the
collective heritage of mathematics, and crediting all contributors
would be a difficult task. No theorem presented here should be
assumed to be my original contribution. However, I have
endeavored to present linear algebra and prove its theorems in
the most effective way, without strictly adhering to traditional
methods and proofs found in most textbooks.

I express my deep appreciation and thanks to VIT University,
Chennai, for providing the infrastructural facilities to write this
book. My gratitude extends to my younger brother, Birendra
Kumar Maurya, for his assistance in typing, and to my wife,
Mahasweta, for her encouragement and support. I am also
grateful to my parents for their blessings and hard work, which
have brought me to this level.

Finally, I thank De Gruyter for offering the platform to publish
this book. Special thanks to Ranis N. Ibragimov for his excellent
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work as an editor and Nadja Schedensack for her skillful
copyediting.

Despite careful efforts, some errors and misprints may have
escaped my notice. I welcome any feedback and suggestions for
improving the book.

Saurabh Chandra Maury

Symbols used

the set of natural numbers
the set of integers
the set of rational numbers
the set of complex numbers
the set of all m × n matrices with entries in F
the set of all polynomials of degree at most n
the set of all polynomials
the set of real-valued functions defined on [0,1]
the set of continuous real valued functions on
[0,1]
the set of differentiable real valued functions on
[0,1] and
the set of Riemann integrable functions on [0,1]
the subspace generated by S

the set of all upper triangular matrices of order
n × n

the set of all lower triangular matrices of order
n × n

the set of all n-square symmetric matrices
the matrix of the linear transformation T related
to the ordered bases B1 and B2



LA : F
n → F

m the left multiplication linear transformation



(i)

(ii)
(iii)
(iv)

1  Preliminaries

In this chapter, we briefly discuss some necessary topics and related results that are needed for
the rest of the book.

1.1  Binary operations

Definition 1.1.1.

Let A, B be sets. A binary operation is a function ∗ : A × B → B. Usually, we use the notation
a ∗ b in place of the image of (a, b) under the function ∗. If A = B, the binary operation is called

internal or closed on A. If A ≠ B, it is called external. The pair (A, ∗) is used to denote an

internal binary operation ∗ on the set A.

Example 1.1.2.

Ordinary addition + is an internal binary operation on N, whereas ordinary subtraction − is not a
binary operation on N. In the form of more examples, the pairs (N, +), (N, ⋅), (Z, +), (Z, −),

(Z, ⋅), (Q, +), (Q, −), (Q, ⋅), (C, +), (C, −), (C, ⋅) are representing internal binary operations.

Example 1.1.3.

Let Mn,n(Z) denote the set of all n × n matrices with entries in Z. Then the matrix addition and

the matrix multiplication both are binary operations on Mn,n(Z).

Definition 1.1.4.

Let ∗ be a binary operation on a set A. Then:

The operation ∗ is called associative if (a ∗ b) ∗ c = a ∗ (b ∗ c) for all a, b, c ∈ A.

The operation ∗ is called commutative if a ∗ b = b ∗ a for all a, b ∈ A.
An element e ∈ A is called the identity of A if for all a ∈ A, a ∗ e = e ∗ a = a.
For a given identity e ∈ A and a ∈ A, if there exists an element b ∈ A such that

a ∗ b = b ∗ a = e, we say that b is an inverse of a and write b = a−1 .

Example 1.1.5.

The internal binary operation ‘+’ on Z, Q, R and C is both associative and commutative. The
element zero serves as the identity for all these sets with respect to the operation ‘+’. Additionally,
for each a ∈ Z (or a ∈ Q or a ∈ R or a ∈ C) there exists inverse −a ∈ Z (or −a ∈ Q or
−a ∈ R or −a ∈ C) such that a + (−a) = (−a) + a = 0.
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1.2  Congruence and residue classes

Definition 1.2.1.

Let a, b,m ∈ Z with m > 0. We say that a is congruent to b modulo m, denoted by
a ≡ b (mod m), if m divides a − b. This means there exists an integer r ∈ Z such that

a − b = mr. Therefore, a ≡ b (mod m) is equivalent to a = b + mr for some integer r.

The following result shows that the congruence defined as above is an equivalence relation on
Z.
Theorem 1.2.2.
Let m be a positive integer. Then for all a, b, c ∈ Z:

a ≡ a (mod m) (reflexive);

if a ≡ b (mod m), then b ≡ a (mod m) (symmetric);

if a ≡ b (mod m) and b ≡ c (mod m), then a ≡ c (mod m) (transitive).

Proof.

Since a − a = 0 is divisible by m, it follows that a ≡ a (mod m).

If a ≡ b (mod m), then there exists an integer q ∈ Z such that a − b = mq.

Now, b − a = −(a − b) = −mq = m(−q), which implies that b ≡ a (mod m)
.
Given a ≡ b (mod m) and b ≡ c (mod m), there exist integers q and r such

that a − b = mq and b − c = mr. Adding these two equations give
a − c = m(q + r) = mk, where k = q + r ∈ Z.

Hence, a ≡ c (mod m).  □

Thus, the relation R = {(a, b) ∈ Z × Z : a ≡ b (mod m)} is an equivalence relation on Z.

For any a ∈ Z, the set a = {b ∈ Z : a ≡ b (mod m)} = {b ∈ Z : m divides a − b} is

called an equivalence class or residue class of a modulo m.
Let Zm  denote the quotient set Z/R. Then Zm = {a : a ∈ Z}.

In view of the properties of equivalence classes, we have the following result.
Theorem 1.2.3.

Let Zm  denotes the set of residue classes modulo m. Then for a, b ∈ Zm  we have the following:

a ∈ a ∀a ∈ Z.

a = b if and only if a ≡ b (mod m).

a ≠ b if and only if a ∩ b = ϕ.

⋃a∈Zm
a = Z.

Theorem 1.2.4.

For any positive integer m, Zm = {0, 1, … ,m − 1}.

Proof.

Let a ∈ Z. Then by the division algorithm, there exist q, r ∈ Z such that a = mq + r, with
0 ≤ r < m. Or equivalently, a − r = mq is divisible by m. This shows that a ≡ r (mod m), and



hence from the above theorem, we have a = r. Thus, each residue class a is identical with one of

the residue classes 0, 1, … ,m − 1. Also, if 0 ≤ r < s ≤ m − 1, then r − s is not divisible by m.
This shows that r ≠ s. That is, all the elements of Zm  are distinct.  □

Theorem 1.2.5.
Let Zm  be the set of residue classes modulo m. Then the operations ⊕ : Zm × Zm → Zm  and

∗ : Zm × Zm → Zm  defined by a ⊕ b = a + b and a ∗ b = ab, respectively, are binary operations.

Proof.

To prove that the operation, ⊕ is a binary operation, we need to show that ⊕ is a function.

Let (a, b) = (c, d) ∈ Zm × Zm . Then we need to show that the images of (a, b) and (c, d) under

operation ⊕ are equal, i. e., a ⊕ b = c ⊕ d.

Since (a, b) = (c, d), we have a = c and b = d. Hence, a ≡ c (mod m) and b ≡ d (mod m)
or a − c = mr and b − d = ms for some r, s ∈ Z.
Adding the above equations, we get

Similarly, for the operation ∗ we need to show that a ∗ b = c ∗ d.
From

we see that m divides ab − cd. Hence, ab ≡ cd (mod m) and so ab = cd. This proves that

a ∗ b = c ∗ d.  □

Note 1.

The binary operation ⊕ on Zm  is associative and commutative. The element 0 is the identity of

(Zm, ⊕) and (−a) = m − a is the inverse of a ∈ Zm .

Note 2.

The binary operation ∗ on Zm  is also associative and commutative. The element 1 is the identity
of (Zm, ∗).

Example 1.2.6.

For m = 3, Z3 = {0, 1, 2}, where

(a + b) − (c + d) = m(r + s) ⇒ (a + b) ≡ (c + d) (modm) ⇒ a + b = c + d ⇒ a ⊕ b = c ⊕

ab − cd= ab − cd + 0 = ab − cd + (bc − bc) = ab − bc + bc − cd = (a − c)b + (b − d)c

= mrb + msc = m(rb + sc),

0= {… , −9, −6, −3, 0, 3, 6, 9, …} = {3k : k ∈ Z},

1= {… , −8, −5, −2, 1, 4, 7, 10, …} = {3k + 1 : k ∈ Z},

2= {… , −7, −4, −1, 2, 5, 8, 11, …} = {3k + 2 : k ∈ Z}.



It is clear that 0 ∪ 1 ∪ 2 = Z. Also, we have 0, 1 and 2 are pairwise disjoint. That is,

0 ∩ 1 = 1 ∩ 2 = 2 ∩ 0 = ϕ.

Example 1.2.7.

In Z5 = {0, 1, 2, 3, 4}, the binary operations ⊕ and ∗ are defined as follows:

Remark.

In Zm, 0 = {… , −3m, −2m, −m, 0,m, 2m, 3m, …} and in

Zn, 0 = {… , −3n, −2n, −n, 0,n, 2n, 3n, …}. This shows that both the zeros are distinct if

m ≠ n. That is, the identity element 0 in (Zm, ⊕) is not equal to the identity element 0 in

(Zn, ⊕) if m ≠ n.
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1.3  Group

Definition 1.3.1.

A pair (G, ∗), where G is a set and ∗ is a binary operation on G, is called a group if (i) the binary

operation ∗ is associative, (ii) there exists an identity element in G with respect to operation ∗
and (iii) for every element of G has an inverse with respect to the identity. That is, the pair (G, ∗)
is a group if it satisfies the following properties:

(a ∗ b) ∗ c = a ∗ (b ∗ c) ∀a, b, c ∈ G.

There exists an element e ∈ G such that e ∗ a = a ∗ e = a ∀a ∈ G.
For each element a ∈ G, there exists an element b ∈ G such that a ∗ b = b ∗ a.

If the binary operation ∗ is commutative, i. e., a ∗ b = b ∗ a ∀a, b ∈ G, then the group (G, ∗) is

called a commutative group or an Abelian group.

Example 1.3.2.

From Example →1.1.5, it is clear that the pairs (Z, +), (Q, +), (R, +) and (C, +) are infinite

Abelian groups.

Example 1.3.3.

In (Z, ⋅), for any a ∈ Z other than ±1, there is no inverse. That is, for a ≠ ±1, there is no b ∈ Z

such that a ⋅ b = 1, where 1 is the multiplicative identity. In (Q, ⋅), (R, ⋅) and (C, ⋅), the element

0 has no inverse. Therefore, the sets (Z, ⋅), (Q, ⋅), (R, ⋅) and (C, ⋅) are not groups under the

usual multiplication.
After removing the element 0 from the sets Q, R and C, the resulting sets become Abelian
groups under usual multiplication. In other words, (Q − {0}, ⋅), (R − {0}, ⋅) and (C − {0}, ⋅)
are Abelian groups.

Example 1.3.4.

The pair (Zm, ⊕) is an Abelian group.

We will demonstrate that (Zm, ⊕) satisfies all the properties of a group.

Associativity: Let a, b, c ∈ Zm . Then

Here, we have used the associativity of (Z, +).

Identity: Let a ∈ Zm . Then

Inverse: Let a ∈ Zm . Then 0 ≤ a ≤ m − 1. Now,

and similarly,

(a ⊕ b) ⊕ c = (a + b) ⊕ c = (a + b) + c = a + (b + c) = a ⊕ (b + c) = a ⊕ (b ⊕ c).

0 ⊕ a = (0 + a) = a and a ⊕ 0 = (a + 0) = a.

a ⊕ m − a = a + m − a = a − a + m = 0 + m = m = 0



(a)

(b)

shows that for any a ∈ Zm  there exists an inverse m − a = −a.

Commutative: For all a, b ∈ Zm ,

Example 1.3.5.

The set Zm  does not form a group under the binary operation ∗ defined as a ∗ b = ab, where

a, b ∈ Zm , because 0 has no inverse in Zm . However, one can consider the structure

(Zm − {0}, ∗). For example, let Z6 − {0} = {1, 2, 3, 4, 5}. Then, from the calculations,

it is clear that 2 has no inverse in (Z6 − {0}, ∗) with respect to the identity 1.

This proves that (Z6 − {0}, ∗) is not a group with respect to the binary operation ∗, and hence

(Zm − {0}, ∗) may not be a group.

Let p be a positive prime in Z. Then it can be proven that (Zp − {0}, ∗) is an Abelian group. For

example, consider Z5 − {0} = {1, 2, 3, 4}. Then

i. e., 2 and 3 are inverses of each other, and

shows that 4 is its own inverse. Hence, (Z5 − {0}, ∗) is an Abelian group.

Example 1.3.6.

Let (G1, ∗1), (G2, ∗2), … , (Gn, ∗n) be a family of groups. Then their Cartesian product

G1 × G2 × ⋯ × Gn  is a group under the binary operation ∗ defined by

(g1, g2, … , gn) ∗ (ǵ1, ǵ2, … , ǵn) = (g1 ∗1 ǵ1, g2 ∗2 ǵ2, … , gn ∗n ǵn), where (g1, g2, … , gn)
and (ǵ1, ǵ2, … , ǵn) are members of G1 × G2 × ⋯ × Gn .
The identity element of the group G1 × G2 × ⋯ × Gn  is (e1, e2, … , en) where ei ∈ Gi ,

1 ≤ i ≤ n is the identity of Gi  and the inverse of any element (g1, g2, … , gn) of

G1 × G2 × ⋯ × Gn  is (g−1
1 , g−1

2 , … , g−1
n ).

For example, the Cartesian product Rn = R × R × ⋯ × R is a group under the operation
coordinatewise addition.
Below, we mention some important properties of groups without proof.

Theorem 1.3.7.
Let (G, ∗) be a group. Then

identity element in (G, ∗) is unique;

inverse element a−1  of an element a in (G, ∗) is unique;

m − a ⊕ a = 0

a ⊕ b = a + b = b + a = b ⊕ a.

2 ∗ 1 = 2 ⋅ 1 = 2, 2 ∗ 2 = 4, 2 ∗ 3 = 0, 2 ∗ 4 = 2, 2 ∗ 5 = 4,

2 ∗ 3 = 3 ∗ 2 = 6 = 1,

4 ∗ 4 = 16 = 1



(c)

(d)

(a ∗ b)−1 = b−1 ∗ a−1 , for all a, b ∈ G;

both (left and right) the cancellation laws hold in (G, ∗), i. e., a ∗ b = a ∗ c ⇒ b = c
and b ∗ a = c ∗ a ⇒ b = c.

Definition 1.3.8.

Let (G, ∗) be a group. The number of elements in G is called the order of the group. The order of

the group (G, ∗) is denoted by |G| or O(G).

The groups (Z, +), (Q, +), (R, +) and (C, +) have infinite order, while (Zm, ⊕) is a group

of finite order m.

Definition 1.3.9.

Let (G, ∗) be a group. The order of an element g ∈ G is the smallest positive integer n such that

gn = g ∗ g ∗ ⋯ ∗ g (n times) = e. The order of an element g ∈ G is denoted by |g| or O(g).

The order of the identity element e in a group is 1. The order of 1 in (Zm, ⊕) is m, and in

Z6 = {0, 1, 2, 3, 4, 5}, the order of 2 is 3 ( 2
3

= 2 ⊕ 2 ⊕ 2 = 6 = 0). Every nonzero element in

(Z, +) has infinite order.

Definition 1.3.10.

Let (G, ∗) be a group. A subset H of G is called a subgroup of (G, ∗) if H is itself a group under

the operation ‘∗’ of G.

We use the notation H ≤ G to indicate that H is a subgroup of G. Let (G, ∗) be a group with

identity e. Then {e} and G are subgroups of G, called the trivial subgroups. (Z, +) is a subgroup

of (R, +), and if m ∈ N ∪ {0}, then mZ = {mk : k ∈ Z} is a subgroup of (Z, +). The

following results are useful for testing whether a subset of a group is a subgroup.
Test 1. Let (G, ∗) be a group. A nonempty subset H of G is a subgroup of G if and only if (i)

e ∈ H , (ii) a ∗ b ∈ H  and (iii) a ∈ H ⇒ a−1 ∈ H  for all a, b ∈ H .
Test 2. Let (G, ∗) be a group. A nonempty subset H of G is a subgroup of G if and only if

a ∗ b−1 ∈ H  for all a, b ∈ H .
Test 3. Let (G, ∗) be a group. A nonempty finite subset H of G is a subgroup of G if and only if

a ∗ b ∈ H  for all a, b ∈ H .

Definition 1.3.11.

The set Z(G) = {g ∈ G : g ∗ x = x ∗ g ∀x ∈ G} is called the center of the group (G, ∗).

The center Z(G) of G is a subgroup of (G, ∗).

Definition 1.3.12.

Let (G, ∗) be a group and H be its subgroup. Then for any g ∈ G, the set

g ∗ H = {g ∗ h : h ∈ H} is called the left coset of H in G. Similarly, H ∗ g = {h ∗ g : h ∈ H} is

called the right coset of H in G.
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Here, we list some properties of left cosets in the form of the following theorem, which
similarly apply to right cosets.
Theorem 1.3.13.
Let (G, ∗) be a group and H be its subgroup. Then we have the following properties:

g ∈ g ∗ H ;

g ∗ H = H  if and only if g ∈ H ;

g1 ∗ H = g2 ∗ H  if and only if g−1
1 g2 ∈ H ;

g1 ∗ H ≠ g2 ∗ H  if and only if g1 ∗ H ∩ g2 ∗ H = ϕ;

⋃g∈G g ∗ H = G.

Definition 1.3.14.

Let (G, ∗) be a group. Then a subgroup H of G is called a normal subgroup of G if g ∗ H = H ∗ g
∀g ∈ G. The normal subgroup H of G is denoted by H ⊲ G.

It is clear that every subgroup of an Abelian group is a normal subgroup. The center Z(G) is a

normal subgroup of G.

Definition 1.3.15.

Let (G, ∗) be a group and H be its normal subgroup. Then the quotient set

G/H = {g ∗ H : g ∈ G} is a group under the operation (g1 ∗ H)(g2 ∗ H) = (g1 ∗ g2) ∗ H  is

called the quotient group or the factor group of G modulo H. The identity of the quotient group
G/H  is H.

1.4  Homomorphism

Definition 1.4.1.

A homomorphism f from a group (G1, ∗1) to a group (G2, ∗2) is a mapping f : G1 → G2  that

satisfies f(x ∗1 y) = f(x) ∗2 f(y) for all x, y ∈ G1 . A homomorphism f is called an isomorphism

if f is bijective (one-one onto), and in this case G1  is said to be isomorphic to G2  (denoted
G1 ≅G2 ). If G1 = G2 , the homomorphism f is called an endomorphism. A bijective
endomorphism is known as an automorphism.

Below, we list some properties of homomorphism without proof.
Theorem 1.4.2.
Let (G1, ∗1) and (G2, ∗2) be groups with identities e1  and e2 , respectively, and let f : G1 → G2  be

a homomorphism. Then

f(e1) = e2 ;

f(g−1
1 ) = (f(g1))−1

 for all g1 ∈ G1 ;

f(gn1 ) = (f(g1))n  for all g1 ∈ G1  and n ∈ Z;

for a homomorphism g : G2 → G3 , the composition g ∘ f : G1 → G3  is a

homomorphism;

inverse of an isomorphism is an isomorphism, i. e., if f : G1 → G2  is an

isomorphism, then f−1 : G2 → G1  is an isomorphism;



(a)

(b)

if H1  is a subgroup of (G1, ∗1), then f(H1) is a subgroup of (G2, ∗2) and for the

subgroup H2  of (G2, ∗2), f−1(H2) is a subgroup of (G1, ∗1).

Example 1.4.3.

Let (G1, ∗1) and (G2, ∗2) be groups. Then the map f : G1 → G2 , defined by

f(g1) = e2  for all g1 ∈ G1  ( e2  is the identity of (G2, ∗2)) is called zero

homomorphism or trivial homomorphism.
Define a map f : Z → Zm  by f(n) = nr, where (Zm, ⊕) and (Z, +) are groups

and r ∈ Zm . Then

f(n1 + n2) = (n1 + n2)r = n1r + n2r = n1r ⊕ n2r = f(n1) ⊕ f(n2) shows
that f is a homomorphism.

Definition 1.4.4.

Let f be a homomorphism from a group (G1, ∗1) to a group (G2, ∗2). Then the set

Ker(f) = {g ∈ G1 : f(g) = e2} is called the kernel of f.

It is easy to prove that Ker(f) = f−1(e2) is a subgroup of (G1, ∗1).

Theorem 1.4.5.
Let (G1, ∗1) and (G2, ∗2) be groups. Then the homomorphism f : G1 → G2 , is injective (one-one) if

and only if Ker(f) = {e1}, where e1  is the identity of (G1, ∗1).

Proof.

Suppose f is injective.
Let g ∈ Ker(f). Then f(g) = e2 = f(e1).

Since f is injective, g = e1 . Hence, Ker(f) = {e1}.

Conversely, suppose that Ker(f) = {e1}.

Let f(g) = f(h), where g,h ∈ G1 . Then

Hence, f is injective.  □

Here are three fundamental theorems of isomorphism.
Theorem 1.4.6 (First isomorphism theorem).
Let (G1, ∗1) and (G2, ∗2) be groups and let f : G1 → G2  be a surjective homomorphism. Then the

quotient group G1/ Ker(f) is isomorphic to G2 .

Theorem 1.4.7 (Second isomorphism theorem).
Let (G, ∗) be a group, H be a subgroup of G and K be a normal subgroup of G. Then H/H ∩ K  is

isomorphic to HK/K .

Theorem 1.4.8 (Third isomorphism theorem).
Let H and K be normal subgroups of a group (G, ∗) and H ≤ K . Then (G/H)/(K/H) is

isomorphic to G/K .

e2= f(g)(f(g))
−1

= f(g)(f(h))
−1

= f(g)f(h−1) = f(gh−1)

⇒ gh−1 ∈ Ker(f) = {e1}

⇒ gh−1 = e1 ⇒ g = h.



(a)

(b)

(c)

Example 1.4.9.

Let (Z, +) and (Zm, ⊕) be groups. Then the map f : Z → Zm  defined by

f(n) = n is a homomorphism. This follows from the calculation:

Moreover, for any k ∈ Zm , we have k ∈ Z such that f(k) = k, i. e., f is surjective.

Now,

Thus, by the first isomorphism theorem, we have Z/ Ker f ≅Zm , i. e.,

Z/mZ ≅Zm .

It is easy to prove that mZ, m ∈ Z is a subgroup of the group (Z, +). Suppose n

is an integer such that m divides n. Then nZ is a normal subgroup of mZ.
Define a map f : Z → mZ/nZ by f(k) = mk + nZ. Now,

showing that f is a homomorphism.
For all mk + nZ ∈ mZ/nZ, there exists k ∈ Z such that f(k) = mk + nZ.

Hence, f is a surjective homomorphism.
Also, Ker f = {k ∈ Z : f(k) = nZ}, where nZ is the identity of the quotient

group mZ/nZ. Thus,

Hence, by the first isomorphism theorem,

Let m,n ∈ Z such that m divides n. Then mZ and nZ are normal subgroups of
(Z, +), and nZ is also a normal subgroup of mZ. By the third isomorphism

theorem, we have

f(n1 + n2) = n1 + n2 = n1 ⊕ n2 = f(n1) ⊕ f(n2).

ker f = {n ∈ Z ∣ f(n) = 0} = {n ∈ Z ∣ n = 0} = {mk : k ∈ Z} = mZ.

f(k1 + k2)= m(k1 + k2) + nZ = (mk1 + mk2) + nZ = (mk1 + nZ) + (mk2

= f(k1) + f(k2),

Ker f= {k ∈ Z : mk + nZ = nZ}

= {k ∈ Z : mk ∈ nZ}

= {k ∈ Z : mk = nt for some t ∈ Z}

= {k ∈ Z k =
n

m
t, t ∈ Z}

= {
n

m
t : t ∈ Z}

=
n

m
Z. ∣Z/ Ker f ≅mZ/nZ or mZ/nZ ≅Z/

n

m
Z ≅Z n

m
.

Z/nZ

mZ/nZ
≅Z/mZ ≅Zm.



(d)

(a)

(b)

(c)

Let m,n ∈ Z. Then mZ and nZ are normal subgroups of (Z, +). By the second

isomorphism theorem, we have

In particular, consider 8Z and 4Z. Clearly,

is a normal subgroup of

Take m = 4 and n = 8. Then

and

are isomorphic.
Also,

and

are isomorphic.

1.5  Rings and fields

Definition 1.5.1.

A set R with two internal binary operations + (addition) and · (multiplication) is called a ring if:

(R, +) is an Abelian group;

binary operation · on R is associative, i. e., (a ⋅ b) ⋅ c = a ⋅ (b ⋅ c) ∀a, b, c ∈ R;

the binary operation · is distributive over + from both (left and right) sides, i. e., for
all a, b, c ∈ R, a ⋅ (b + c) = a ⋅ b + a ⋅ c and (a + b) ⋅ c = a ⋅ c + b ⋅ c.

A ring R is called commutative if a ⋅ b = b ⋅ a ∀a, b ∈ R. An identity element with respect to
multiplication · in R is called the identity of the ring. That is, if 1 ∈ R is the identity of R, then
1 ⋅ a = a ⋅ 1 = a, ∀a ∈ R. In a ring, the binary operation · need not be commutative and also a
ring need not have an identity element.

mZ + nZ

nZ
≅

mZ

mZ ∩ nZ
and

mZ + nZ

mZ
≅

nZ

mZ ∩ nZ
.

8Z = {… , −24, −16, −8, 0, 8, 16, 24, …},

4Z = {… , −16, −12, −8, −4, 0, 4, 8, 12, 16, 20, 24, …}.

4Z + 8Z

8Z
≅

4Z

8Z
≅Z 8

4
≅Z2,

4Z

4Z ∩ 8Z
≅

4Z

8Z
≅Z2,

4Z + 8Z

4Z
≅

4Z

4Z
= {identity element},

8Z

4Z ∩ 8Z
≅

8Z

8Z
= {identity element},



(i)
(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

Note.

We use the notation (R, +, ⋅) for a ring with respect to binary operations + and ·.

Example 1.5.2.

With the help of Examples →1.3.2, →1.3.3, →1.3.4 and →1.3.5 it is easy to prove that (Z, +, ⋅),

(Q, +, ⋅), (R, +, ⋅), (C, +, ⋅) and (Zm, ⊕, ∗) are commutative rings with identity.

Example 1.5.3.

Let (R1, +1, ⋅1), (R2, +2, ⋅2), … , (Rn, +n, ⋅n) be rings. Then the product

R1 × R2×, … , ×Rn , is also a ring with respect to the operations ⊕ and ∗ defined as follows:

and

Theorem 1.5.4 (Elementary properties of rings).
Let (R, +, ⋅) be a ring. Then for a, b, c ∈ R:

a ⋅ 0 = 0 ⋅ a = 0, where 0 is the additive identity,

a ⋅ (−b) = −(a ⋅ b) = (−a) ⋅ b,

(−a) ⋅ (−b) = a ⋅ b,

a ⋅ (b − c) = a ⋅ b − a ⋅ c.

Proof.

a ⋅ 0 = a ⋅ (0 + 0) = a ⋅ 0 + a ⋅ 0 or a ⋅ 0 + 0 = a ⋅ 0 + a ⋅ 0. By the

cancellation law in the group (R, +), we have 0 = a ⋅ 0. Similarly, we can show

that 0 = 0 ⋅ a.
We have to prove that a ⋅ (−b) = −(a ⋅ b), i. e., we have to prove that the

additive inverse of a ⋅ b in (R, +), denoted by −(a ⋅ b), is a ⋅ (−b). Then

a ⋅ b + a ⋅ (−b) = a ⋅ (b + (−b)) = a ⋅ 0 = 0, which gives that

−(a ⋅ b) = a ⋅ (−b). Similarly, −(a ⋅ b) = (−a) ⋅ b.

(−a) ⋅ (−b) = −(a ⋅ (−b)) = a ⋅ b, by (ii).

a ⋅ (b − c) = a ⋅ (b + (−c)) = a ⋅ b + a ⋅ (−c) = a ⋅ b − a ⋅ c.  □

Definition 1.5.5.

A ring (R, +, ⋅) is called an integral domain if it satisfies the condition a ⋅ b = 0 ⇒ a = 0 or

b = 0 for all a, b ∈ R.

Example 1.5.6.

Rings (Z, +, ⋅), (Q, +, ⋅), (R, +, ⋅) and (C, +, ⋅) are integral domains but the ring (Z4, ⊕, ∗) is

not an integral domain because 2 ∗ 2 = 0.

(x1,x2, … ,xn) ⊕ (y1, y2, … , yn) = (x1 +1 y1,x2 +2 y2, … ,xn +n yn)

(x1,x2, … ,xn) ∗ (y1, y2, … , yn) = (x1 ⋅1 y1,x2 ⋅2 y2, … ,xn ⋅n yn).



(a)

(b)

(c)

(1.1)

(1.2)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

Definition 1.5.7.

A ring (R, +, ⋅) is called a field if the set R − {0} forms a commutative group under

multiplication. In other words, the triple (R, +, ⋅), where + and · are binary operations, is called a

field if the following conditions hold:

(R, +) is an Abelian group;

(R − {0}, ⋅) is an Abelian group;

a ⋅ (b + c) = a ⋅ b + a ⋅ c and (a + b) ⋅ c = a ⋅ c + b ⋅ c for all a, b, c ∈ R.

Example 1.5.8.

The rings (Q, +, ⋅), (R, +, ⋅) and (C, +, ⋅) are fields.

Example 1.5.9.

From Example →1.3.5, the ring (Z5, ⊕, ∗) is a field. In general, (Zm, ⊕, ∗) is a field if and only if

m is a prime.

Definition 1.5.10.

Let R, +, · be a ring. Then the small positive integer n is called the characteristic of R if nx = 0 for
all x ∈ R. If no such integer exist, we say that R is of characteristic zero. The characteristic of R is
denoted by CharR.

It is easy to prove that the characteristic of an integral domain is zero or a prime and order of
a finite integral domain or field is pn  for some prime p and n > 0.

Exercises

Show that ordinary substraction ‘−’ is not a binary operation on the set of
natural numbers N.
Let M3,3(Z) denote the set of all 3×3 matrices with entries in Z. Then show

that the matrix addition and matrix multiplication both are binary
operations on M3,3(Z).

Do all four conditions of Definition →1.1.4 hold for the pairs (N, +), (N, ⋅),

(Z, ⋅), (Q, ⋅), (R, ⋅) and (C, ⋅)? If not, provide the appropriate reasons.

Construct binary operation tables for the following pairs:
(Z7, ⊕), (Z7, ∗), (Z8, ⊕), (Z8, ∗).

Find the inverses of 5 in the groups (Z12, ⊕), (Z12, ∗).

Find the order of 6 in the group (Z10, ⊕) and order of 4 in the group

(Z7, ∗).

Prove that (Zp − {0}, ∗) is a group, where p is a prime.

Prove that the set {0, 3, 6, 9} is a subgroup of the group (Z12, ⊕).

Prove that for any divisor d of an integer m, the set

{0, d, 2d, 3d, … , (r − 1)d}, is a subgroup of (Zm, ⊕), where r = m
d .

Let H1  and H2  be subgroups of a group (G, ∗). Then prove that H1 ∩ H2

is also, a subgroups of (G, ∗).



(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

The set S 1 = {eit : t ∈ R} is a group under the multiplication of complex

numbers called the unit circle group. Using the isomorphism theorem,

prove that the quotient group R/Z is isomorphic to S 1 .

Prove that the ring (Zm, ⊕, ∗), is a field if and only if m is a prime.

Let p be a prime and n > 0. Then prove that the order of a finite integral
domain, and hence a finite field is pn .

Let C(R[0,1]) be the set of all continuous real valued functions on [0,1].

Then show that C(R[0,1]) is a commutative ring with identity under the

operations pointwise addition and pointwise multiplication. Also, prove that
it is not an integral domain.
Is the ring (Z12, ⊕, ∗) an integral domain?

Is the ring (Z31, ⊕, ∗) a field?



(i)

(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

(v)

2  Vector spaces

2.1  Definition and examples

Before delving into the formal definition of a vector space, it is important to grasp the underlying
concept. When we refer to a vector space, we are essentially referring to a collection of vectors.
This notion becomes clear when considering Rn , where the elements are referred to as vectors,
making Rn  itself a vector space. Upon observing the properties of Rn , we notice several key
characteristics:

The structure (Rn, +) forms an Abelian group, where the operation +, defined as

(x1,x2, … ,xn) + (y1, y2, … , yn) = (x1 + y1,x2 + y2, … ,xn + yn)
represents vector addition.
For the real field (R, +, ⋅), an external binary operation ⋅ : R× Rn → Rn  is

defined as α ⋅ (x1,x2, … ,xn) = (αx1,αx2, … ,αxn), representing scalar

multiplication.
The zero vector (0, 0, … , 0) ∈ Rn  serves as the additive identity, while 0 ∈ R

acts as the identity element for (R, +).

Scalar multiplication by 0 yields the zero vector
0 ⋅ (x1,x2, … ,xn) = (0, 0, … , 0) ∈ Rn , and multiplication by 1 results in the

original vector, 1 ⋅ (x1,x2, … ,xn) = (x1,x2, … ,xn) ∈ Rn , among other

favorable properties.

Similarly, when considering other sets such as Mn,n(R) (the collection of all n × n matrices with

real entries) and Pn(x) (the set of all polynomials of degree at most n with real coefficients), it

can be verified that they satisfy the same properties as Rn  over the field (R, +, ⋅). Instead of

individually analyzing these types of spaces, it is more convenient to provide a general definition
containing most of the common properties.

Definition 2.1.1.

A nonempty set V is called a vector space over a field F if it possesses an internal binary operation
+, referred to as vector addition and an external binary operation ⋅ : F × V → V  defined as
(α,x) → α ⋅ x, known as scalar multiplication. These operations must satisfy the following

properties:

(V , +) forms an Abelian group;

α ⋅ (x + y) = α ⋅ x + α ⋅ y;

(α + β) ⋅ x = α ⋅ x + β ⋅ x;

(αβ) ⋅ x = α ⋅ (β ⋅ x);

1 ⋅ x = x, where 1 represents the multiplicative identity of F, for all α,β ∈ F  and
x ∈ V .

The elements within a vector space V are denoted as vectors, while the elements of F are called
scalars. Throughout this text, αx is used to denote α ⋅ x.



(a)
(b)
(c)

(d)

(a)

(b)

(c)

(d)

Remark.

It may be asked, “Why is the above vector space not called left vector space due to left scalar
multiplication?” The answer is that (αβ)x = (βα)x, and the vector space V remains the same if

we define xα = αx.

Theorem 2.1.2.
Let V represent a vector space over the field F. The following properties hold:

0x = 0, for all x ∈ V ,

a0 = 0, for all a ∈ F ,

(−a)x = −(ax) = a(−x), for all a ∈ F  and x ∈ V ,

If ax = 0, for a ∈ F  and x ∈ V , then either a = 0 or x = 0, where 0 ∈ V
represents the zero vector.

Proof.

We have 0x = (0 + 0)x = 0x + 0x, or equivalently, 0x + 0 = 0x + 0x. By the

cancellation law in an Abelian group, we conclude 0 = 0x.
Similarly, a0 = a(0 + 0) = a0 + a0. Applying cancellation law, we get 0 = a0.

To prove (−a)x = −(ax), it is sufficient to show that (−a)x serves as the

inverse of ax in the group (V , +). Therefore,

(−a)x + ax = (−a + a)x = 0x = 0, satisfying the requirement. Similarly,

−(ax) = a(−x).

Suppose ax = 0 and a ≠ 0. Then a−1  exists in F. Consequently,

a−1ax = a−10 ⇒ 1x = 0 ⇒ x = 0.
Now, assume x ≠ 0, and we aim to prove a = 0. If a ≠ 0, then x = 0,
contradicting the assumption x ≠ 0. Thus, a must be 0.  □

Hereafter, the notation 0 will be used to denote both the zero vector and the zero element of
the field.

Example 2.1.3.

Let Rn = {(x1,x2, … ,xn) : xi ∈ R}, the set of all ordered n-tuples of elements of R. Then Rn

is a vector space over the field R, under the operations addition and scalar multiplication defined
as follows:

Similarly, the set Cn = {(z1, z2, … , zn) : zi ∈ C} constitutes a vector space over the field of

complex numbers C, and Zn
p  serves as a vector space over Zp . In general, for any field F, the set

F n  forms a vector space over F, under the operations defined as above. Moreover, if n = 1, then

F 1  represents a vector space over F. Consequently, every field can be considered a vector space
over itself.

(x1,x2, … ,xn) + (y1, y2, … , yn)= (x1 + y1,x2 + y2, … ,xn + yn), and

a(x1,x2, … ,xn)= (ax1, ax2, … , axn), where a ∈ R.



Example 2.1.4.

Let F be a subfield of the field L. Consequently, (L, +) forms an Abelian group. When scalar

multiplication is defined as ax for a ∈ F  and x ∈ L, L emerges as a vector space over the field F.
Thus, every field serves as a vector space over its subfield, and particularly, every field is a vector
space over itself. In particular, C over R, R over Q and C over Q are vector spaces. However, the
converse of this result does not hold true. For instance, considering the subfield Q of the field R,
(Q, +) forms an Abelian group, but for an irrational number i ∈ R and x ∈ Q, the product

ix ∉ Q. Hence, Q is not a vector space over R. Similarly, R is not a vector space over C.

Example 2.1.5.

Let Pn(x) denote the set of all polynomials of degree at most n ∈ N with coefficients in a field F.

Then Pn(x) is a vector space over F under the operations given below:

Let f(x) = a0 + a1x + a2x
2 + ⋯ + anx

n , g(x) = b0 + b1x + b2x
2 + ⋯ + bnx

n ∈ Pn(x),

and c ∈ F . Then

Particularly, Pn(x) is a vector space over each of the following fields: Q, R, C and Zp .

Example 2.1.6.

Let F be a field. Then the set Mm,n(F) of all m × n matrices with entries in F, constitutes a vector

space under matrix addition and scalar multiplication of matrices. In particular, we can replace F
by any one of the following fields Q, R, C, Zp .

The example given below plays an important role to obtain various examples of vector spaces.

Example 2.1.7.

Consider V as a vector space over the field F, and let S be a nonempty set. Then

V S = {f : f : S → V be a function} forms a vector space over F with the operations f + g

defined by (f + g)(x) = f(x) + g(x) and af  defined by (af)(x) = af(x) for f, g ∈ V S  and

a ∈ F . It can be shown that (V S, +) constitutes an Abelian group, and the external binary

operation ⋅ : F × V S → V S  defined by a ⋅ f = af  represents scalar multiplication.

Remark.

Since every field is a vector space over itself, V can be replaced by F in Example →2.1.7.

Consequently, F S  serves as a vector space over the field F. This observation, along with the
Cartesian product, leads to the generation of numerous examples of vector spaces.

Definition 2.1.8.

Consider a family of nonempty sets:

f(x) + g(x)= (a0 + b0) + (a1 + b1)x + (a2 + b2)x2 + ⋯ + (an + bn)xn, and

cf(x)= ca0 + ca1x + ca2x
2 + ⋯ + canx

n.

{Xα : α ∈ I, I is an index set}.



(a)

(b)

(c)

(d)

(e)

(f)

The Cartesian product of sets Xα , denoted by ∏α∈I Xα , is defined as the collection of all

functions {x : I → ⋃α∈I Xα such that x(α) ∈ Xα}, for each α ∈ I . We denote x(α) by xα

and represent x by (xα)α∈I . Therefore, ∏α∈I Xα = {x : x : I → ⋃α∈I Xα} = {(xα)α∈I}. The

function x is referred to as an I-tuple of the collection {Xα : α ∈ I}.

Example 2.1.9.

Let S = [0, 1] be the unit closed internal and F = R be the field of real numbers.

Then R[0,1] , the set of real-valued functions defined on [0,1], forms a vector space
over R. Utilizing the preserving property of continuity, differentiability and
Riemann integrability under addition, we can define the following vector spaces
over R:

C(R[0,1]), the set of continuous real valued functions on [0,1];

D(R[0,1]), the set of differentiable real valued functions on [0,1] and

R(R[0,1]), the set of Riemann integrable functions on [0,1].

Here, [0,1] can be replaced by any closed interval [a, b] ⊂ R.

Let the index set I = {1, 2, … ,n}. Then the Cartesian product

represents all functions from {1, 2, … ,n} to the field of real numbers R. Hence,

Rn  is a vector space over R.

If the index set I = N, then RN = {x : x : N → R} = {(xn) : xn ∈ R}
represents the set of real sequences.

Thus, RN  is a vector space over R. If Con(RN) denotes the set of all convergent

real sequences, then Con(RN) also forms a vector space over R due to the

property that the sum of convergent sequences is convergent.

Define F(RN) as the set of all sequences with finite nonzero elements only. Then

F(RN) ⊂ RN  is a vector space over R.
Let P(x) denote the set of all polynomials with real coefficients. It is equivalent to

F(RN) under the mapping

(a0, a1, a2, … , an, …) → a0 + a1x + a2x
2 + ⋯ + anx

n + ⋯  , where only a
finite number of an ’s are nonzero. Thus, P(x) is a vector space over R.

Similarly, Pn(x) is equivalent to Rn+1  under the mapping

(a0, a1, a2, … , an) → a0 + a1x + a2x
2 + ⋯ + anx

n .
The vector space Rm×n  is equivalent to Mm,n(R) under the mapping

(aij)m×n
→ (a11, a12, … , a1n, a21, … , a2n, … , am1, … , amn).

Remark.

These examples provide an alternative approach to prove many well-known vector spaces. In
these examples, R can be replaced by any field F.

Rn= {x : x : I → R ∪ R ∪ ⋯ ∪ R(n times)}

= {x : x : I → R} = {(x1,x2, … ,xn) : xi ∈ R, 1 ≤ i ≤ n},



(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)
(i)

(ii)

(iii)

(i)

(ii)

(i)

Exercises

Let V be a vector space over the field F. If ax = bx, where x(≠ 0) ∈ V  and

a, b ∈ F , then show that a = b.

Show that R3  is not a vector space over the field R under the operations;
(x1, y1, z1) + (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2) and

a(x, y, z) = (a2x, a2y, a2z), where a ∈ R.

Let n be a positive integer. Then prove that Pn(x), the set of polynomials of

degree less than or equal to n with coefficients in Z5  is a vector space over
the field Z5 .
If V1 ⊆ V2 ⊆ V3 ⊆ ⋯  is a chain of subspaces of a vector space V, then
prove that their union is a subspace of V.
Using the definition of a vector space show that:

R[0,1] , the collection of real valued functions on [0,1],

RN , the set of real sequences and
P(x), the set of all polynomials with real coefficients are

vector spaces over the field of real numbers.

2.2  Vector subspaces

A subspace of a vector space V refers to a subset W of V that also functions as a vector space
under the same operations. More precisely, we have the following definition.

Definition 2.2.1.

Given a vector space V over a field F, a nonempty subset W of V is called a subspace of V if W
constitutes a subgroup of (V , +) and is closed under scalar multiplication, implying that ax ∈ W
for all a ∈ F  and x ∈ W .

For a given set W if we are asked to show that W is a vector space, then we have to show that
W satisfies all the axioms of a vector space. But if W is a subset of a vector space V, then some of
the axioms automatically hold in W. Hence, to show that a subset W of a vector space V over a field
F is a vector space it is sufficient to employ certain straightforward criteria. With consideration to
Definition →2.2.1 and the diverse approaches for testing a subgroup, several subspace tests listed
below can be effectively utilized interchangeably.

Let W be a nonempty subset of a vector space V over a field F. Then W is considered a
subspace of V if it satisfies any of the following criteria:

Test 1.

0 belongs to W, and the sum of any two elements in W is also in W, i. e., 0 ∈ W
and x + y ∈ W , ∀x, y ∈ W .
Scalar multiplication holds, i. e., for any scalar a in F and any vector x in W,
ax ∈ W .

The condition for including −x is omitted here as ( −x = (−1) ⋅ x) it is covered in (ii).

Test 2.

x − y ∈ W  for all x, y ∈ W .



(ii)

(i)
(ii)

Scalar multiplication holds, i. e., ax ∈ W  ∀a ∈ F  and x ∈ W .

Test 3 (If W is a finite subset).

x + y ∈ W  ∀x, y ∈ W .
Scalar multiplication holds, i. e., ax ∈ W  ∀a ∈ F  and x ∈ W .

The following theorem demonstrates that these conditions can be unified into a single
condition.
Theorem 2.2.2.
Let V be a vector space over a field F and let W be a nonempty subset of V. Then W is a subspace of V if

and only if ax + by ∈ W  for all a, b ∈ F  and x, y ∈ W .

Proof.

Suppose W is a subspace of V. Then, for any a, b in F and x, y in W, both ax and by are in W,
leading to ax + by being in W as well.
Conversely, if W is a nonempty subset of V where ax + by ∈ W  for all a, b in F and x, y in W, it can
be observed that 1x + (−1)y = x − y is in W. Therefore, (W , +) forms a subgroup of (V , +).

Furthermore, for any a in F and b = 0, ax + 0y = ax ∈ W , establishing that W is a subspace of
V.  □

Theorem 2.2.3.
Let {Wα : α ∈ I, I is an index set} be a family of subspaces of a vector space V over a field F. Then

their intersection ⋂α∈I Wα  is a subspace of V.

Proof.

Since each Wα  is a subspace of the vector space V , 0 ∈ Wα  ∀α ∈ I , and hence 0 ∈ ⋂α∈I Wα . If

⋂α∈I Wα = {0}. Then it is a subspace of V.

Suppose x and y belong to ⋂α∈I Wα , and let a and b be elements of F. Since x and y are in

⋂α∈I Wα , it implies that x and y are in Wα  for all α ∈ I . As each Wα  is a subspace of V, it follows

that ax + by is in Wα  for all α ∈ I , and consequently, ax + by belongs to ⋂α∈I Wα . Thus,

according to Theorem →2.2.2, ⋂α∈I Wα  is a subspace of the vector space V.  □

Theorem 2.2.4.
Suppose W1  and W2  are two subspaces of a vector space V over a field F. Then W1 ∪ W2  forms a

subspace of V if and only if either W1 ⊆ W2  or W2 ⊆ W1 .

Proof.

Let us first assume W1 ⊆ W2 . In this case, W1 ∪ W2 = W2 , which is indeed a subspace of V.
Similarly, if W2 ⊆ W1 , then W1 ∪ W2 = W1  forms a subspace of V.
Now, let us consider the converse. Suppose W1 ∪ W2  is a subspace of V. Our goal is to show that
either W1 ⊆ W2  or W2 ⊆ W1 . Suppose W1  is not a subset of W2 . Then there exists x ∈ W1
such that x ∉ W2 .
We aim to prove W2 ⊆ W1 . Let y be an arbitrary element of W2 . Since W1 ∪ W2  is a subspace,
x + y must belong to W1 ∪ W2 , which implies x + y ∈ W1  or x + y ∈ W2 . If x + y ∈ W2 ,
then (x + y) − y = x ∈ W2 , contradicting our assumption. Therefore, x + y ∈ W1 , and

subsequently (x + y) − x = y ∈ W1 , proving W2 ⊆ W1 .



(a)

(b)

(c)

(i)

(ii)

Similarly, by symmetry, if W2  is not a subset of W1 , then W1  must be contained in W2 .  □

Example 2.2.5.

In a vector space V, the set containing only the zero vector, denoted as {0} ⊆ V , forms a

subspace of V.

Example 2.2.6.

Let V = Rn . Then W = {(0,x2, … ,xn) : x2, … ,xn ∈ R} is a subspace of V.

Let a, b ∈ R and (0,x2,x3, … ,xn), (0, y2, y3, … , yn) ∈ Rn . Then

Since a, b,xi, yi ∈ R, for 2 ≤ i ≤ n, it follows that axi + byi = zi ∈ R and, therefore,
(0, z2, … , zn) ∈ W . This demonstrates that W is a subspace of V.

Similarly,

All the above results are also true for any vector space F n .

Example 2.2.7.

D(R[0,1]) is a subspace of C(R[0,1]), which is a subspace of R[0,1] .

C(R[0,1]) is a subspace of R(R[0,1]), which is a subspace of R[0,1] .

Con(RN) is a subspace of RN  and F(RN) is a subspace of RN .

Example 2.2.8.

Let V = Rn . Then:

The set W1 = {(x1,x2, … ,xn) ∈ Rn : xn ≥ 0} is not a subspace of V because

for any (x1,x2, … ,xn) ∈ W1 , −2(x1,x2, … ,xn) does not belong to W1 .

The set W2 = {(x1,x2, … ,xn) ∈ Rn : x2
1 + x2

2 + ⋯ + x2
n ≤ 2} is not a

subspace of V. This is because (1, 0, … , 0) ∈ Rn , and

12 + 02 + ⋯ + 02 = 1 ≤ 2, which means (1,0,…,0) is in W2  but 2(1,0,…,0)=

(2,0,…,0) does not belong to W2  since 22 + 02 + ⋯ + 02 = 4 ≥ 2.

Example 2.2.9.

Let P20(x) denote the vector space consisting of all polynomials with degrees at most 20 and real

coefficients over the real field. Now, consider the subset

a(0,x2,x3, … ,xn) + b(0, y2, y3, … , yn)

= (0, ax2, ax3, … , axn) + (0, by2, by3, … , byn)

= (0, ax2 + by2, ax3 + by3, … , axn + byn).

W1= {(x1,x2, … ,xn−1, 0) : x1,x2, … ,xn−1 ∈ R},

W2= {(x1,x2, 0,x4, … ,xn) : x1,x2, … ,xn ∈ R},

W3= {(x1,x2, … ,xn−2, 0, 0) : x1,x2, … ,xn−2 ∈ R},

W4= {(x1, 0, 0, … , 0) : x1 ∈ R}, are subspaces of Rn.



W = {p(x) ∈ P20(x) : p(1) = 0, p(1/2) = 0, p(5) = 0, p(7) = 0}. This subset W is a subspace

of P20(x).

For any polynomials p(x), q(x) ∈ W  and scalars a, b ∈ R, let h(x) = ap(x) + bq(x).

It can be observed that:

Thus, h(x) = ap(x) + bq(x) ∈ W . This proves that W is a subspace of P20(x).

The following definition outlines a method for constructing a subspace from a given subset of
a vector space.

Definition 2.2.10.

Let V be a vector space over a field F and let S be a nonempty subset of V. Then the subspace
generated by S, denoted as ⟨S⟩, is defined as the intersection of all subspaces of V that contain S.

Formally, if Wi : i ∈ I  is a family of subspaces of V containing S, then ⟨S⟩ = ⋂i∈I Wi .

This definition relies on the fact that the intersection of subspaces of a vector space remains a
subspace, and the assurance that V itself is a subspace containing S.

Definition 2.2.11.

A linear combination of vectors x1,x2, … ,xn  in a vector space V over a field F is an expression of
the form a1x1 + a2x2 + ⋯ + anxn , where a1, a2, … , an ∈ F .
More generally, for a subset S of V, not necessarily finite, an element x ∈ V  is called a linear
combination of elements of S if there exist finitely many x1,x2, … ,xn ∈ S  such that
x = a1x1 + a2x2 + ⋯ + anxn , where a1, a2, … , an ∈ F .

Theorem 2.2.12.
In a vector space V over a field F, if S is a nonempty subset of V, then ⟨S⟩, the subspace generated by S,

consists precisely of all linear combinations of elements of S.

Proof.

Let us denote the set of all linear combinations of S by W. For any α,β ∈ F  and
a1x1 + a2x2 + ⋯ + anxn, b1y1 + b2y2 + ⋯ + bmym ∈ W ,

is a linear combination of elements of S, and hence belongs to W. This proves that W is a subspace
of V.
Now, let U be a subspace of V containing S. It follows that all linear combinations of elements of S
are contained in U. Therefore, W ⊆ U , indicating that W is the smallest subspace containing S.
Thus, W = ⟨S⟩.  □

h(1)= ap(1) + bq(1) = 0,

h(1/2)= ap(1/2) + bq(1/2) = 0,

h(5)= ap(5) + bq(5) = 0, and

h(7)= ap(7) + bq(7) = 0.

α(a1x1 + a2x2 + ⋯ + anxn) + β(b1y1 + b2y2 + ⋯ + bmym)

= αa1x1 + αa2x2 + ⋯ + αanxn + βb1y1 + βb2y2 + ⋯ + βbmym



(2.2.1)

(2.2.2)

(a)

(b)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

Note that if S is a finite subset of V such that V = ⟨S⟩, then V is said to be finitely generated.

Example 2.2.13.

Let V be a vector space over a field F. Then

In particular, let V = R3  and x = (1, 0, 0). Then

⟨{x}⟩ = ⟨{(1, 0, 0)}⟩ = {α(1, 0, 0) : α ∈ R} = {(α, 0, 0) : α ∈ R} is a subspace of R3 .

If V = Z 2
5 , a vector space over Z5 , then for (2, 3) ∈ Z 2

5 ,

Example 2.2.14.

Let P(x) be the vector space of polynomials over a field F, and let S = {1,x,x2,x3, …} be an
infinite subset of P(x).

Then ⟨S⟩ = {a0 + a1x + a2x
2 + ⋯ + anx

n : a0, a1, … , an ∈ F} = P(x). Thus, the infinite

set {1,x,x2, …}, generates or spans the vector space of polynomials.

Exercises

Prove that the subsets W1 , W2 , W3  and W4  given in Example →2.2.6 are
subspaces of the vector space V.
Let P(x) be the vector space of polynomials with coefficients in the field F.

Then show that the following subsets of P(x):

W1 = {f(x) ∈ P(x) : f(x) is an even function},

W2 = {f(x) ∈ P(x) : f(0) = f(1)},

are subspaces of P(x).

Show that W = {(x, y, z) ∈ R3 : 2x + 3y − 6z = 2} is not a subspace of

R3 .
Show that P5(x), the set of all polynomials of degree less than or equal to

5 with real coefficients is a vector space over the field R. If
W = {f(x) ∈ P5(x) : f(1) ∈ Q}, then show that W is not a subspace of

P5(x).

Let M3,3(R) be the vector space of all 3×3 real matrices over R. Then prove

that W1 = {A ∈ M3,3(R) :det (A) ≠ 0} and

W2 = {A ∈ M3,3(R) :det (A) = 0} are not subspaces of M3(R).

Let V = R[0,1] . Then show that
W = {f(x) ∈ V : f(x) = f(1 − x), for x ∈ [0, 1]} is a subspace of V.

Let P15(x) be the vector space of polynomials of degree less than or equal

to 15 over the field R. Then show that
W = {f(x) ∈ P15(x) : f(1/2) = f(3) = f(4) = f(7) = 0} is a

subspace of P15(x).

for S= {x} ⊂ V , ⟨S⟩ = {αx : α ∈ F} and

for S= {s, y} ⊂ V , ⟨S⟩ = {αx + βy : α,β ∈ F}.

¯̄

⟨{(2, 3)}⟩= {0(2, 3), 1(2, 3), 2(2, 3), 3(2, 3), 4(2, 3)}

= {(0, 0), (2, 3), (4, 1), (1, 4), (3, 2)}.

¯̄̄̄̄̄̄̄̄̄̄̄̄̄̄̄̄

¯̄̄̄̄̄̄̄̄̄



(2.2.8)

(2.2.9)

(2.2.10)

(a)

(b)

(c)

Let Z 2
5  be the vector space over the field Z5 . Then find the subspace

generated by the set {(1̄, 2̄), (3̄, 4̄)}.
Show that the set W = {f :limx→5 f(x) = 0} is a subspace of the vector

space RR .
Let Mn,n(R) denote the vector space of all n-square real matrices. Then

show that the following sets are subspaces of Mn,n(R): (i)

W1 = {A ∈ Mn,n(R) : trace(A) = 0} and (ii)

W2 = {BA : A ∈ Mn,n(R)}, where B is a fixed matrix in Mn,n(R).

2.3  Linear dependence and linear independence

The concepts of linear dependence and linear independence play an important role in the theory
of linear algebra.

Definition 2.3.1.

Let V be a vector space over a field F. Then the set {x1,x2, … ,xn} of vectors in V is said to be

linearly dependent if there exist scalars a1, a2, … , an ∈ F , not all zero, such that
a1x1 + a2x2 + ⋯ + anxn = 0.
Conversely, the set {x1,x2, … ,xn} is considered linearly independent if it is not linearly

dependent. In other words, if a1x1 + a2x2 + ⋯ + anxn = 0, then each ai = 0 for 1 ≤ i ≤ n.
More generally, a subset S of V, not necessarily finite is said to be linearly dependent (linearly
independent) if every finite subset of S is linearly dependent (linearly independent).

Example 2.3.2.

Let V be a vector space over a field F. Then we have the following illustrations:

A set of vectors containing zero vector of V is linearly dependent.
Let S = {0,x1,x2, … ,xn} ⊆ V . Then k0 + 0x1 + 0x2 + ⋯ + 0xn = 0, for

all k ∈ F . This implies that there exists a nonzero scalar k such that
k0 + 0x1 + 0x2 + ⋯ + 0xn = 0.
It is evident from the definition that: (i) every subset of a linearly independent set
remains linearly independent, and (ii) a set containing a linearly dependent subset
is itself linearly dependent.
Let S = {x1,x2, … ,xn} be a subset of V such that x1  is the linear combination

of remaining vectors. Then S is linearly dependent.
Since x1 = a2x2 + ⋯ + anxn , we have x1 − a2x2 − a3x3 − ⋯ − anxn = 0.
This gives that at least one coefficient which is 1, the coefficient of x1  is nonzero.

Example 2.3.3.

Let R3  be a vector space over R. Then the set {e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)} in

R3  is linearly independent.

Suppose a1e1 + a2e2 + a3e3 = (0, 0, 0) where a1, a2, a3 ∈ R. This implies



More generally, in the vector space F n  over a field F the set {e1, e2, … , en} is linearly

independent, where ei = (0, 0, … 0, 1, 0, … , 0) ∈ F n , with each entry 0 except ith entry which

is 1.

Example 2.3.4.

Let V be a vector space over a field F and let {x1,x2, … ,xn} be a linearly independent set in V.

Then the set x1 + x2,x2 + x3, … ,xn−1 + xn,xn  is also linearly independent.
Suppose we have scalars a1, a2, … , an ∈ F  such that

This simplifies to

Since x1,x2, … ,xn  are linearly independent, we conclude that

Solving these equations yields a1 = a2 = ⋯ = an = 0. Thus, the set
x1 + x2,x2 + x3, … ,xn−1 + xn,xn  is linearly independent.
In Example →2.3.3, it is shown that the vectors e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1) in

R3  are linearly independent. Consequently, the set
{e1 + e2, e2 + e3, e3} = {(1, 1, 0), (0, 1, 1), (0, 0, 1)} is also linearly independent.

Example 2.3.5.

The set of vectors {(2,1,1),(1,−1,1),(3,0,2)} in R3  is linearly dependent.
For a1, a2, a3 ∈ R, let a1(2, 1, 1) + a2(1, −1, 1) + a3(3, 0, 2) = (0, 0, 0). Then

Solving these equations, we get infinitely many nonzero solutions. As the solution a1 = a2 = 1
and a3 = −1 is one of them. Hence, the given set is linearly dependent.

Remark.

The task of determining linearly dependent and linearly independent sets can be efficiently
addressed using the matrix representation of systems of linear equations. We will explore this
approach later on.

Theorem 2.3.6.
Let V be a vector space over a field F. Then the set {x, y} ⊆ V  is a linearly dependent if and only if one

vector is a scalar multiple of the other.

a1(1, 0, 0) + a2(0, 1, 0) + a3(0, 0, 1) = (0, 0, 0)

⇒ (a1, a2, a3) = (0, 0, 0)

⇒ a1 = a2 = a3 = 0.

a1(x1 + x2) + a2(x2 + x3) + ⋯ + an−1(xn−1 + xn) + anxn = 0.

a1x1 + (a1 + a2)x2 + (a2 + a3)x3 + ⋯ + (an − 1 + an)xn = 0.

a1 = 0, a1 + a2 = 0, a2 + a3 = 0, … , an−1 + an = 0.

(2a1 + a2 + 3a3, a1 − a2, a1 + a2 + 2a3) = (0, 0, 0)

⇒ 2a1 + a2 + 3a3 = 0, a1 − a2 = 0 and a1 + a2 + 2a3 = 0.



(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)

(i)
(ii)

(2.3.7)

(i)
(ii)

Proof.

Suppose the set {x, y} ⊆ V  is a linearly dependent.Then there exist a and b in F, not both zero,

such that ax + by = 0. If a ≠ 0, then x = a−1(−by) = −a−1by = ky, where k = −a−1b ∈ F .
Conversely, suppose x is scalar multiple of y, meaning there exists k ∈ F  such that x = ky. Then
x − ky = 0. Hence, the set x, y is linearly dependent.  □

In particular, the set {(1,−1,3),(1/3,−1/3,1)} in R3  is linearly dependent because
(1,−1,3)=3(1/3,−1/3,1).

Example 2.3.7.

Let Z 2
3  be the vector space over the field Z3 . Then the number of distinct linearly dependent sets

of the form {x, y}, where x, y ∈ Z 2
3 − {(0, 0)} and x ≠ y is 4.

Since 1(0, 1) = (0, 1) and 2(0, 1) = (0, 2), the set {(0, 1), (0, 2)} is linearly dependent and

both elements are distinct and nonzero.

Similarly, {(1, 0), (2, 0)}, {(1, 1), (2, 2)} and {(1, 2), (2, 1)} are linearly dependent sets.

Exercises

Let V be a vector space over a field F and let the set of vectors
{x1,x2, … ,xn} in V are linearly independent. Then show that the set

{x1 + x2,x2 + x3,x3 + x4, … ,xn−1 + xn,xn + x1} is (i) linearly

independent if n is odd and (ii) linearly dependent if n is even.

Let C(RR) be the vector space of all continuous functions over the field R.
Then show that the set {f0, f1, f2, … , fn, …} is linearly independent in

C(RR), where fn(x) = xn  for n = 0, 1, 2, … .

Let V be a vector space over a field F. Then prove that the set
S = {x1,x2, … ,xn} in V is linearly dependent if and only if one vector of

S is a linear combination of remaining vectors of S.

In the vector space C(R[0,1]) over R, show that the set {x, ex, e−x} is

linearly independent.

Show that the set {1 + 2x + x2, 1 + x + 2x2, 2 + x + x2} in polynomial
space P3(x) over real field is linearly independent.

Show that the following set of vectors in R3  are linearly independent:
{(1, 2, −2), (−1, 3, 0), (0, −2, 1)};
{(1, 6, 4), (0, 2, 3), (0, 1, 2)}.

Show that the following set of vectors in R3  are linearly dependent:
{(2, 2, −3), (3, 1, −4), (0, −4, 1)};
{(1, 6, 4), (0, −2, 1), (1/2, 9, −1)}.

¯̄

Z 2
3 = Z3 × Z3, where Z3 = {0, 1, 2}.

Z 2
3 = {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2), (2, 0), (2, 1), (2, 2)}.

¯̄̄

¯̄̄̄̄̄̄̄̄̄̄̄̄̄̄̄̄̄

¯̄̄̄̄̄̄̄̄̄̄̄̄̄

¯̄̄̄̄̄̄̄̄̄̄̄



(a)
(b)

2.4  Basis and dimension of a vector space

In this section, we introduce the fundamental concepts of basis and dimension within a vector
space, both of which are pivotal in the realm of linear algebra. Initially, we present the following
definition of a basis for a vector space, and subsequently, we will elucidate additional equivalent
definitions.

Definition 2.4.1.

Let V be a vector space over a field F. Then a subset B of V is called a basis of V if it satisfies the
following conditions:

B is linearly independent.
B spans V, meaning that ⟨B⟩ = V .

Example 2.4.2.

Consider the set {e1, e2, e3} within the vector space R3  over R. This set serves as a basis for the

vector space R3 .
In Example →2.3.3, it is shown that the set {e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)} is

linearly independent in R3 .

Now, let (x, y, z) be an arbitrary element in R3 . Then it can be expressed as

or equivalently, (x, y, z) = xe1 + ye2 + ze3 .

Thus, R3  is generated by the set {e1, e2, e3}.

In general, if F n  denotes a vector space over a field F, then the set {e1, e2, … , en} forms a basis

for F n , where e1 = (1, 0, 0, … , 0), e2 = (0, 1, 0, … , 0),

e3 = (0, 0, 1, 0, … , 0), … , en = (0, 0, … , 1) are elements of F n . This basis {e1, e2, … , en}
is commonly referred to as the standard basis of F n .

Example 2.4.3.

The collection B = {1,x,x2,x3, … ,xn} forms a basis for the vector space Pn(x), and

similarly, the infinite set {1,x,x2,x3, … ,xn, …} serves as a basis for the vector space of
polynomials P(x).

Example 2.4.4.

The set B = {(2, 1, 1), (1, −1, 1), (3, 0, 2)} does not constitute a basis for R3 . This conclusion

follows from the fact shown in Example 2.3.5 that the set B is linearly dependent.

Definition 2.4.5.

A subset B of a vector space V is called a maximal linearly independent set if it is linearly
independent and if for any element x ∈ V  not already in B, adding x to B results in a linearly
dependent set.

Theorem 2.4.6.

(x, y, z) = x(1, 0, 0) + y(0, 1, 0) + z(0, 0, 1),



(i)
(ii)

Every maximal linearly independent set in a vector space is a basis, and conversely, every basis is a

maximal linearly independent set.

Proof.

Let V be a vector space over a field F, and let B be a maximal linearly independent set in V. Since B
is linearly independent, it suffices to prove that V = ⟨B⟩.

Consider a nonzero element x ∈ V . If x ∈ B, then there is nothing further to demonstrate.
Assume x ∉ B. By the definition of a maximal linearly independent set, B ∪ {x} is linearly

dependent. Thus, there exist a0, a1, a2, … , an , not all zero in F and x1,x2, … ,xn  in B such that

Since a0 ≠ 0, otherwise, some ai ≠ 0 for 1 ≤ i ≤ n, implying that

a1x1 + a2x2 + ⋯ + anxn = 0 and so B is linearly dependent, a contradiction. Hence,

Thus, x is a linear combination of elements of B, and so V = ⟨B⟩.

Conversely, suppose B is a basis of V. Then B is linearly independent, and ⟨B⟩ = V . If B is not

maximal, there exists an element 0 ≠ x ∈ V ∖ B such that the set B ∪ {x} is linearly

independent. However, x ∈ ⟨B⟩ = V  implies that x is a linear combination of finitely many

elements of B. Therefore, B ∪ {x} must be linearly dependent. Thus, B is a maximal linearly

independent set.  □

Definition 2.4.7.

An element x in a vector space V is called uniquely represented as a linear combination of
elements of a subset B of V, when expressed as
x = a1x1 + a2x2 + ⋯ + amxm = b1y1 + b2y2 + ⋯ + bnyn , where ai ≠ 0, bj ≠ 0 and

xi : 1 ≤ i ≤ m, yj : 1 ≤ j ≤ n are sets of distinct elements in B, the following conditions hold:

m = n and xi = yi  for all i;
after some rearrangement, ai = bi  for all i.

Theorem 2.4.8.
Let V be a vector space over a field F. Then a subset B of V is a basis of V if and only if every element of V

is uniquely represented by a linear combination of elements of B.

Proof.

Let B be a basis of V. Then ⟨B⟩ = V , and B is a linearly independent set in V. Suppose for x ∈ V ,

where ai ≠ 0, bj ≠ 0 and {xi : 1 ≤ i ≤ m}, {yj : 1 ≤ j ≤ n} are sets of distinct elements in B.

Then

a0x + a1x1 + a2x2 + ⋯ + anxn = 0.

a0x= −a1x1 − a2x2, … , −anxn,

x= −a−1
0 a1x1 − a−1

0 a2x2−, … , −a−1
0 anxn.

x = a1x1 + a2x2 + ⋯ + amxm = b1y1 + b2y2 + ⋯ + bnyn,

a1x1 + a2x2 + ⋯ + amxm − b1y1 − b2y2 − ⋯ − bnyn = 0.



If the sets {xi : 1 ≤ i ≤ m} and {yj : 1 ≤ j ≤ n} are disjoint, then all xi ’s and yj ’s in B are

distinct. Since all ai ’s and bj ’s are nonzero in the above equation, it is a contradiction that the set

{x1,x2, … ,xm, y1, y2, … , yn} in B is linearly independent or B is linearly independent. Hence,

there must be some overlap between the two sets.
Let x1 = y1,x2 = y2, … ,xr = yr , for some r. Then
{x1,x2, … ,xm} ∩ {y1, y2, … , yn} = {x1,x2, … ,xr}.

Now we prove that m = n = r. Suppose on contrary, r < m or r < n. Then from the above
equation we have

This is again a contradiction that B is a linearly independent set. Hence, m = n = r. This gives
that xi = yi  for each i and

Since B is linearly independent,

Conversely, suppose that every element of V is uniquely represented by a linear combination of
elements of B. Then to prove that B is a basis of V, it suffices to show that B is linearly
independent. We prove it by contradiction. Suppose {x1,x2, … ,xn} is linearly dependent in B.

Then there exist a1, a2, … , an  not all zero in F such that a1x1 + a2x2 + ⋯ + anxn = 0.
Also, 0 = 0x1 + 0x2 + ⋯ + 0xn . By unique representation property, we have
a1 = a2 = ⋯ = an = 0, which is a contradiction that {x1,x2, … ,xn} are linearly dependent.

Hence, B is linearly independent.  □

Theorem 2.4.9.
Let V be a vector space over a field F. Then a subset B of V is a basis of V if and only if B is a minimal set

of generators.

Proof.

Let B be a basis of the vector space V. Then ⟨B⟩ = V  and B is linearly independent. Now, we

prove that B is a minimal set of generators of V.
Suppose there exists a proper subset B′  of B such that ⟨B′⟩ = V . Then for x ∈ B ∖ B′ , there

exist x1,x2, … ,xn  in B′  and a1, a2, … , an  in F such that x = a1x1 + a2x2 + ⋯ + anxn .
This implies that the set {x,x1,x2, … ,xn} in B is linearly dependent. However, this contradicts

the fact that B is a basis. Therefore, there is no proper subset of B generating V. This proves that B
is a minimal set of generators of V.
Conversely, suppose that B is a minimal set of generators of V. Then ⟨B⟩ = V . We still need to

prove that B is linearly independent. If B is not linearly independent, then there exist distinct
elements x1,x2, … ,xn  in B and scalars a1, a2, … , an , not all zero in F, such that
a1x1 + a2x2 + ⋯ + anxn = 0. Let us assume a1 ≠ 0. Then

x1 = a−1
1 (−a2x2 − ⋯ − anxn) = −a−1

1 a2x2 − ⋯ − a−1
1 anxn .

This implies that x1  belongs to ⟨B − {x1}⟩. Hence, B ⊆ ⟨B − {x1}⟩. Since ⟨B⟩ = V , we have

⟨B − {x1}⟩ = V . This contradicts the fact that B is a minimal set of generators. Therefore, B

a1x1 + a2x2 + ⋯ + arxr + ar+1xr+1 + ⋯ + amxm − b1x1 − b2x2 − ⋯

−brxr − br+1yr+1 − ⋯ − bnyn = 0,

(a1 − b1)x1 + ⋯ + (ar − br)xr + ar+1xr+1 + ⋯ + amxm − br+1yr+1 − ⋯ − bnyn = 0.

(a1 − b1)x1 + (a2 − b2)x2 + ⋯ + (am − bm)xm = 0.

a1 − b1 = 0, a2 − b2 = 0, … , (am − bm) = 0 ⇒ ai = bi ∀i.



must be linearly independent.  □

Considering the implications of the above three theorems, we can regard the following
statements as a definition of a basis for a vector space.

Definition 2.4.10.

In a vector space V over a field F, a subset B is considered a basis of V if it satisfies any of the
following conditions:

B is a maximal linearly independent set in V
OR
every element of V can be uniquely expressed as a linear combination of elements from B
OR
B is a minimal set of generators for V.

Lemma 2.4.11.

Suppose V is a vector space over a field F, and let S = {x1,x2, … ,xm} be a linearly dependent set of

nonzero vectors in V. Then there exists a vector xi  in S, where 1 < i ≤ m that can be expressed as a

linear combination of preceding vectors.

Proof.

We construct the chain S1 ⊂ S2 ⊂ S3 ⊂ ⋯ ⊂ Sm = S , where Si = {x1,x2, … ,xi} for

1 < i ≤ m. Since x1 ≠ 0, S1 = {x1} is a linearly independent set. As Sm = S  is linearly

dependent, there must exist a smallest index i, where 2 ≤ i ≤ m, such that Si  is linearly
dependent. Therefore, there exist scalars a1, a2, … , ai  in F, not all zero, such that
a1x1 + a2x2 + ⋯ + aixi = 0.
Now, ai ≠ 0, otherwise some aj ≠ 0, 1 ≤ j < i and then a1x1 + a2x2 + ⋯ + ai−1xi−1 = 0
imply Si−1  linearly dependent, which contradicts our assumption that Si  is the first linearly
dependent set in the chain. Hence, aixi = −a1x1 − a2x2 − ⋯ − ai−1xi−1 , and so

Therefore, xi  can be expressed as a linear combination of preceding vectors x1,x2, … ,xi−1 .  
□

Theorem 2.4.12.
Let A = {x1,x2, … ,xm} be a set of generators of a vector space V over a field F. If

B = {y1, y2, … , yn} is a linearly independent set in V, then n ≤ m.

Proof.

Without loss of generality, we assume that xi ∈ A, where 1 ≤ i ≤ m is nonzero. Since V = ⟨A⟩,

y1 ∈ B ⊂ V  can be expressed as a linear combination of elements of A. Thus, the set
{y1,x1,x2, … ,xm} is linearly dependent and spans V.

By Lemma →2.4.11, there exists xi  in the above set such that xi  can be expressed as a linear
combination of preceding vectors. Since y1  belongs to a linearly independent set, xi ≠ y1 . After

xi = −a−1
i
a1x1 − a−1

i
a2x2 − ⋯ − a−1

i
ai−1xi−1.



removing xi  from the above set, let A1 = {y1,x1,x2, … ,xi−1,xi+1, … ,xm}. Here, A1

remains a generating set. By repeating this process on A1  and B, we obtain

In this manner, at each step, we add one member of B and delete one member of A.
If n ≤ m, then we eventually obtain a generating set:

and this completes the proof.
Now, we claim that n > m is not possible. If n > m, then after m steps we obtain
Am = {y1, y2, … , ym}, which is a spanning set. This implies that ym+1  can be expressed as a

linear combination of vectors y1, y2, … , ym . However, this contradicts the assumption that the
set B is linearly independent.  □

Theorem 2.4.13.
Every finitely generated vector space contains a basis.

Proof.

Consider a vector space V over a field F and let S denote the set of generators of V. If S = {0} or

S = ∅, then V = {0}, and ϕ serves as a basis for V.

Let S = {x1,x2, … ,xm} be a set of nonzero vectors in V such that ⟨S⟩ = V . If S is linearly

dependent, then according to Lemma →2.4.11, there exists xi ∈ S  such that xi  can be expressed
as a linear combination of preceding vectors. If we remove xi  from S, the set S − {xi} still

remains a generating set, i. e., ⟨S − {xi}⟩ = V .

If S − {xi} is linearly independent, then it constitutes a basis for V. If S − {xi} is linearly

dependent, we can remove another element, xj , from S − {xi}, yielding S − {xi,xj}. If

S − {xi,xj} is linearly independent, then it forms a basis for V.

If S − {xi,xj} is linearly dependent, we continue this process iteratively. After a finite number of

attempts, we will eventually obtain a basis for V. Since S is finite, the number of elements in the
basis is less than or equal to the number of elements in the generating set.  □

Theorem 2.4.14.
In a finitely generated vector space V, any two bases of V have the same number of elements.

Proof.

Let B1 = {x1,x2, … ,xm} and B2 = {y1, y2, … , yn} be two bases of a vector space V. Since

⟨B1⟩ = V  and B2  is a linearly independent, it follows that n ≤ m. Similarly, ⟨B2⟩ = V  and B1

is a linearly independent imply m ≤ n. Consequently, we conclude that m = n.  □

As we have proved that the number of elements in each basis of a finitely generated vector
space V is invariant, we have the following definition.

Definition 2.4.15.

The number of elements in a basis of a finitely generated vector space is called the dimension of
the vector space. A vector space that is not finitely generated is called infinite-dimensional. We
represent the dimension of a vector space V over F as dim (V ).

A2 = {y1, y2,x1, … ,xi−1,xi+1, … ,xj−1,xj+1, … ,xm}.

An = {y1, y2, … , yn,xr1 ,xr2 , … ,xrm−n
}, where {xr1 ,xr2 , … ,xrm−n

} ⊂ A,



(a)
(b)

(a)

(b)

Theorem 2.4.16 (Extension theorem).
Let S = {x1,x2, … ,xm} be a linearly independent set in a finite-dimensional vector space V over a

field F. Then either S is a basis or can be extended to be a basis of V.

Proof.

Given S is a linearly independent set in V, if ⟨S⟩ = V , then S already constitutes a basis.

Let the dimension of V be n, and let B = {y1, y2, … , yn} be its basis. Consequently, ⟨B⟩ = V ,

implying ⟨S ∪ B⟩ = V . According to Lemma →2.4.11, we can eliminate each vector from

S ∪ B = {x1,x2, … ,xm, y1, y2, … , yn}, which is a linear combination of preceding vectors, to

obtain a maximal linearly independent set M in V. Since S is linearly independent, none of its
elements will be discarded during this process. Therefore, M contains every vector from S,
signifying that S is extended to form a basis M of V.  □

Theorem 2.4.17.
If the dimension of a vector space is n, the following assertions hold:

If a set A contains more than n vectors in V, then it is linearly dependent.

A subset B of V containing n vectors serves as a basis of V if and only if B is linearly

independent.

Proof.

Given that V is a vector space with dimension n, a maximal linearly independent
set within V contains exactly n elements. Thus, any set A containing more than n
vectors must be linearly dependent.
If B constitutes a basis, then it is a linearly independent set. Conversely, if B is a
linearly independent set with n elements, then being a maximal linearly
independent set, B serves as a basis for V.  □

Example 2.4.18.

In the vector space F n  over the field F, the set S = {e1, e2, … , en} is the standard basis of F n .

Consequently, F n  is an n-dimensional vector space. In particular, Qn , Rn , Cn , Zn
p  are n-

dimensional vector spaces.
The vector spaces Qn , Rn  and Cn  are finite-dimensional, despite having an infinite number of
vectors, where as in the vector space Zn

p  the number of elements are pn .

Example 2.4.19.

Let V is an n-dimensional vector space over a finite field F containing p elements. Then there exists
a basis {x1,x2, … ,xn} of V and so every element x ∈ V  can be uniquely expressed as

x = a1x1 + a2x2 + ⋯ + anxn , where a1, a2, … , an  are member of F. Thus, for every n-tuple
(a1, a2, … , an) ∈ F n , there corresponds a unique x ∈ V  and vice versa. Consequently, the

number of elements in V equals the number of elements in Zn
p , which is pn .

Therefore, the number of elements in a finite-dimensional vector space over a finite field amounts
to pn , where p represents a prime and n denotes the dimension of the vector space.
In particular, there does not exist a vector space with 51 elements since pn = 51 is not possible
for any prime p.



(a)

(b)

(c)

(d)

Example 2.4.20.

Every field F is a vector space over itself. The singleton set {1}, where 1 is the
identity of the field is the basis of the vector space F. Hence, dim (F) = 1.

The set {1, i} is a basis of the vector space of complex numbers over the field R.

Since x + iy ∈ C, can be written as x.1 + y. i, where x, y ∈ R. Hence, the
dimension of complex vector space over R is 2.
Vector space R over the field Q is infinite-dimensional. Since Q is countable and
the vector space generated by a finite subset of R over Q must be countable but
R is uncountable.
dim (Pn(x)) = n + 1 and dim (P(x)) is infinite.

Example 2.4.21.

Let W = {(x1,x2,x3) ∈ R3 : x1 + x2 + x3 = 0} be a subset of the vector space R3  over R.

Then W = {(x1,x2, −x1 − x2) : x1,x2 ∈ R}.

Now, observe that

This demonstrates that W is generated by (1,0,−1) and (0,1,−1).
For a1, a2 ∈ R, consider

Thus, the set {(1,0,−1),(0,1,−1)} is linearly independent. Hence,

More generally, the dimension of the subspace,

where the set {(1,0,0,…,0,−1),(0,1,0,…,0,−1),…,(0,0,…,1,−1)} forms a basis of W.

Example 2.4.22.

Let W = {(x1,x2,x3,x4,x5) : 3x1 − x2 + x3 = 0} be a subspace of R5 . Then, given

x3 = −3x1 + x2 , we can express W as
W = {(x1,x2, −3x1 + x2,x4,x5) : x1,x2,x3,x4 ∈ R}.

Now, observe

(x1,x2, −x1 − x2)= x1(1, 0, 0) + x2(0, 1, 0) + (−x1 − x2)(0, 0, 1)

= x1(1, 0, 0) + x2(0, 1, 0) + x1(0, 0, −1) + x2(0, 0, −1)

= x1(1, 0, −1) + x2(0, 1, −1).

a1(1, 0, −1) + a2(0, 1, −1) = (0, 0, 0),

(a1, 0, −a1) + (0, a2, −a2) = (0, 0, 0),

(a1, a2, −a1 − a2) = (0, 0, 0),

a1 = 0, a2 = 0.

dim (W) = 2.

W = {(x1,x2, … ,xn) ∈ Rn : x1 + x2 + ⋯ + xn = 0} is n − 1,



(a)

(b)

(a)

(b)

This shows that the set B = {(1, 0, −3, 0, 0), (0, 1, 1, 0, 0), (0, 0, 0, 1, 0), (0, 0, 0, 0, 1)} is a

generating set of W.
Let a, b, c, d ∈ R, such that

Then we have

Thus, B is a linearly independent set, and hence B constitutes a basis of W. Consequently,
dim (W) = 4.

Theorem 2.4.23.
Let W be a subspace of an n-dimensional vector space V over a field F. Then:

dim (W) ≤dim (V ).

If B = {x1,x2, … ,xn} is a basis of V, then every subset {x1,x2, … ,xm},

m ≤ n, of B generates a subspace of dimension m.

Proof.

Let B = {x1,x2, … ,xm} be a basis of W. As B is linearly independent in W, it is

also linearly independent in V. According to the extension theorem, B is either a
basis of V or can be extended to form a basis of V. Thus, dim (W) ≤dim (V ).

Consider B1 = {x1,x2, … ,xm} ⊆ B. Then ⟨B1⟩ is a vector space with a

maximal linearly independent set B1 . Consequently, B1  acts as a basis for ⟨B1⟩,

and dim (⟨B1⟩) = m.

 □

Theorem 2.4.24.
Let F1  be a subfield of a field F2 , and let V be a vector space over F2 . Suppose the dimension of the

vector space F2  over F1  is m1 , and the dimension of the vector space V over F2  is m2 . Then the

dimension of the vector space V over F1  is m1m2 .

Proof.

Let {x1,x2, … ,xm1
} be a basis of the vector space F2  over F1 , and let {y1, y2, … , ym2

} be a

basis of the vector space V over F2 . We claim that the set
B = {xrys : 1 ≤ r ≤ m1, 1 ≤ s ≤ m2} forms a basis of the vector space V over F1 .

(x1,x2, −3x1 + x2,x4,x5)= x1(1, 0, 0, 0, 0) + x2(0, 1, 0, 0, 0) + (−3x1 + x2)(0, 0, 1, 0, 0)

+x4(0, 0, 0, 1, 0) + x5(0, 0, 0, 0, 1)

= x1(1, 0, 0, 0, 0) − 3x1(0, 0, 1, 0, 0) + x2(0, 1, 0, 0, 0)

+x2(0, 0, 1, 0, 0) + x4(0, 0, 0, 1, 0) + x5(0, 0, 0, 0, 1)

= x1(1, 0, −3, 0, 0) + x2(0, 1, 1, 0, 0) + x4(0, 0, 0, 1, 0)

+x5(0, 0, 0, 0, 1).

a(1, 0, −3, 0, 0) + b(0, 1, 1, 0, 0) + c(0, 0, 0, 1, 0) + d(0, 0, 0, 0, 1) = (0, 0, 0, 0, 0).

(a, b, −3a + b, c, d) = (0, 0, 0, 0, 0) ⇒ a = 0, b = 0, c = 0, d = 0.



Let x ∈ V . Then x can be expressed as a linear combination of the basis elements
{y1, y2, … , ym2}, such that

Further, as {x1,x2, … ,xm1
} forms a basis of the vector space F2  over F1 , each bs ,

1 ≤ s ≤ m2 , can be expressed as bs = ∑m1

r=1 bsrxr , for some bsr ∈ F1 .

Hence,

This shows that B spans vector space V over F1 .
To demonstrate linear independence, suppose

Since {y1, y2, … , ym2} is linearly independent, we have

Additionally, from the linear independence of {x1,x2, … ,xm1},

Hence, B is linearly independent.  □

Example 2.4.25.

Cn  is a vector space over C, and C is a 2-dimensional vector space over R. By the previous
theorem, the dimension of the vector space Cn  over R is equal to the product of the dimension
of Cn  over C and the dimension of C over R. Thus, dim (Cn) over R =dim (Cn) over C×
dimension of C over R = n × 2 = 2n.
The basis of Cn  over C is {e1, e2, … , en}, where e1 = (1, 0, 0, … , 0),

e2 = (0, 1, 0, … , 0), … , en = (0, 0, … , 1) and the basis of C over R is {1, i}.

Hence, the basis of Cn  over R is {e1, e2, … , en, ie1, ie2, … , ien}, where ie1 = (i, 0, 0, … , 0),

ie2 = (0, i, 0, … , 0), … , ien = (0, 0, … , i).

In the following example, we obtain the number of bases and the number of subspaces of a
finite-dimensional vector space over a finite field Zp .

x = b1y1 + b2y2 + ⋯ + bm2ym2 , where b1, b2, … , bm2 ∈ F2.

x= (
m1

∑
r=1

b1rxr)y1 + (
m1

∑
r=1

b2rxr)y2 + ⋯ + (
m1

∑
r=1

bm2rxr)ym2

=
m1

∑
r=1

m2

∑
s=1

brsxrys.

m1

∑
r=1

m2

∑
s=1

brsxrys = 0.

m2

∑
s=1

(
m1

∑
r=1

brsxr)ys = 0 ⇒
m1

∑
r=1

brsxr = 0.

m1

∑
r=1

brsxr = 0 ⇒ brs = 0 ∀r, s.



(i)
(ii)

(iii)

(iv)

(1)

(2)

Example 2.4.26.

Let V = Z3
p  be a 3-dimensional vector space over the field Zp . Then the number of elements in V

is p3 .
First, we determine the number of bases in V. To count the number of linearly independent sets of
the form {x1,x2,x3} ⊂ V , we employ the fundamental principle of counting. However, this

principle yields the number of ordered 3-tuples (x1,x2,x3) in V.

Hence, the number of bases {x1,x2,x3} is calculated as

To select the ordered 3-tuples (x1,x2,x3), we need to make a series of choices. The first choice,

x1 ≠ 0, can be made in p3 − 1 ways. The second choice, x2 , can be made in p3 − p ways. Since

the set {x1,x2} should not be linearly dependent. It means x2  should not be of the form

x2 = αx1 , α ∈ Zp  or x2 ∉ ⟨x1⟩. Next, the third choice x3  can be made in p3 − p2  ways. Since

the number of elements in 2-dimensional subspace ⟨{x1,x2}⟩ is p2  and x3  should not be written
as linear combination of x1  and x2 , i. e., x3 ∉ ⟨{x1,x2}⟩. Hence, the sequence (x1,x2,x3) of

choices can be made in (p3 − 1)(p3 − p)(p3 − p2) ways. Therefore, the number of bases of V is
(p3−1)(p3−p)(p3−p2)

3! .

Now, we determine all the subspaces of V:

0-dimensional subspace of V is {0}.
1-dimensional subspaces of V:
Let x1 ≠ 0 ∈ V . Then ⟨x1⟩ is a subspace of V of dimension one. Thus, each of the

p3 − 1 nonzero vectors of V, generates a 1-dimensional subspace of V. However,
each subspace ⟨x1⟩ = {αx1 : α ∈ Zp} contains p − 1 nonzero elements of V.

Hence, the number of 1-dimensional subspaces of V is 
p3−1
p−1 .

2-dimensional subspaces of V:
The number of linearly independent sets in V containing two elements is
(p3−1)(p3−p)

2! . Each 2-dimensional subspace ⟨{x1,x2}⟩ of V is generated by
(p2−1)(p2−p)

2!  linearly independent sets. Hence, the number of 2-dimensional

subspaces of V is 
(p3−1)(p3−p)
(p2−1)(p2−p) .

3-dimensional subspace of V is V itself.

Thus, the total number of subspaces of V is 1 + p3−1
p−1 +

(p3−1)(p3−p)
(p2−1)(p2−p)

+ 1.

From above observations, we have the following remarks.

Remark.

If V is an n-dimensional vector space over a finite field containing p elements, then:

the number of bases of V = (pn−1)(pn−p)⋯(pn−pn−1)
n! ;

the number dk  of (k ≥ 1)-dimensional subspace of V is

the number of ordered 3-tuples(x1,x2,x3)

3!
.



(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)
(i)

(ii)

(2.4.8)

and the total number of subspace of V is

Example 2.4.27.

Consider the vector space Z 3
5  over Z5 . Then from the above formula, the number of bases of V is

(53−1)(53−5)(53−52)
3! = 248000.

The total number of subspaces of Z 3
5  is 1 + d1 + d2 + d3 , where

Thus, the total number of subspaces of the vector space Z 3
5  over Z5  is 1+31+31+1=64.

Exercises

Prove that it is always possible to choose a maximal linearly independent
set from a generating set of a vector space.
Let V be an n-dimensional vector space. Then prove that a subset of V
containing n + 1 elements is always linearly dependent.
Let V be a finitely generated vector space and let S be a subset of V such
that ⟨S⟩ = V . Then prove that {x} ∪ S  is linearly dependent and

⟨S⟩ = V , for any x ∈ V .

Let V be an n-dimensional vector space and let S be a set of generators of V.
Then show that S contains at least n elements.
Find the dimension of the subspace W = {[aij] : aij = 0, if j is even} of

the vector space of all 10×10 real matrices.
Show that W1 = {(x1, 0,x3, 0) : x1,x3 ∈ R} and

W2 = {(0,x2, 0,x4) : x2,x4 ∈ R} are subspaces of the vector space R4

and find their bases and dimensions.
Find the bases and dimensions of the subspaces:

W1 = {(x1,x2,x3,x4,x5) : x1 + 2x2 − x3 = 0} and

W2 = {(x1,x2,x3,x4,x5) : 2x2 + 3x3 + 4x4 = 0} of

the vector space R5  over R.
Prove that the set

{1, 1 + x, 1 + x + x2, 1 + x + x2 + x3, … , 1 + x + x2 + ⋯ + xn} is

dk =
(pn − 1)(pn − p) ⋯ (pn − pk−1)

(pk − 1)(pk − p) ⋯ (pk − pk−1)
,

1 + d1 + d2 + ⋯ + dn, where dn = 1.

dk=
(pn − 1)(pn − p) ⋯ (pn − pk−1)

(pk − 1)(pk − p) ⋯ (pk − pk−1)
, 1 ≤ k ≤ 3,

d1=
(p3 − 1)

(p − 1)
=

53 − 1

5 − 1
=

124

4
= 31,

d2=
(p3 − 1)(p3 − p)

(p2 − 1)(p2 − p)
=

(53 − 1)(53 − 5)

(52 − 1)(52 − 5)
=

124 × 120

24 × 20
= 31,

d3=
(p3 − 1)(p3 − p)(p3 − p2)

(p3 − 1)(p3 − p)(p3 − p2)
= 1.



(2.4.9)

(2.4.10)

(i)

(ii)

(iii)

(iv)

(2.4.11)

(2.4.12)

(i)

(ii)

(2.4.13)

(2.4.14)

(2.4.15)

(2.4.16)
(i)

(ii)

(iii)

a basis of the polynomial space Pn(x) over the field F.

Find the number of bases and the number of subspaces of the following
vector spaces:

Show that the following sets of vectors are bases of R3  over R:
B1 = {(3, 2, 0), (−3, −3, −1), (4, 4, 1)},

B2 = {(1, 0, −2), (−1, 0, 3), (0, 1, −3)},

B3 = {(1, 2, 1), (−1, 0, 2), (2, 1, −3)},

B4 = {(1, 1, 2), (1, 2, 2), (2, 2, 3)}.

Let V be an n-dimensional vector space over a field F. Then show that there
exists a k-dimensional subspace of V for all 0 ≤ k ≤ n.
Find the dimension of the following subspaces of the polynomial space:
Pn(x):

V1 = {f(x) ∈ Pn(x) : f(1) = 0},

V2 = {f(x) ∈ Pn(x) : f(1) = f(2) = 0}.

Show that the set {1, (1 − x), (1 − x)2, (1 − x)3, (1 − x)4, (1 − x)5} is a

basis of the polynomial space P5(x) over the field F.

Let Q[√2] = {a + b√2 : a, b ∈ Q}. Then Q[√2] is a field and Q is its

subfield. Find a basis and dimension of the vector space (Q[√2])
n

 over Q.
Let W = {(x1,x2, … ,xn) ∈ Cn : ∑αixi = 0,αi ∈ C} be a vector

space over C. Then find the dimension of the vector space W over R.
Show that the set:

{(1, −i), (1, i)} is a basis of C2 ,

{(1, 0, 0), (0, i, 0), (1, 1, i)} is a basis of C3 ,

{(1 − i, 1 + i, i), (−3 + 3i, 2 + 2i, 2i), (0, i, 1 − i)} is a

basis of C3 .

2.5  Sum and direct sum of subspaces

Definition 2.5.1.

Let U and W be subspaces of a vector space V over a field F. Then the sum
U + W = {u + w : u ∈ U ,w ∈ W} is a subspace of V, called the sum of subspaces U and W.

Theorem 2.5.2.
Let U and W be finite-dimensional subspaces of a vector space V over a field F. Then U + W  is also

finite-dimensional and its dimension is given by

dim (U + W) =dim (U)+ dim (W)− dim (U ∩ W).

Proof.

Since U ∩ W  is a finite-dimensional subspace of U and W both, we can write bases of U and W as
an extended form of basis of U ∩ W . Let {x1,x2, … ,xr} be a basis of U ∩ W , and

{x1,x2, … ,xr,u1,u2, … ,um−r} and {x1,x2, … ,xr,w1, … ,wn−r} be the bases of U and

W, respectively, where m =dim (U) and n =dim (W). Then we claim that the set

(i) Z 3
3 over Z3 (ii) Z 4

5 over Z5 (iii) Z 2
7 over Z7 (iv) Z 4

2 over Z2.



Since S contains bases of both U and W, every element of U + W  can be represented as a linear
combination of elements from S, implying that U + W  is generated by S. We now demonstrate
that S is linearly independent.
Suppose

where ai, bj, ck ∈ F .

Then

Since the left side belongs to U and the right side belongs to W, we have

As {x1,x2, … ,xr} forms a basis of U ∩ W , there exist d1, d2, … , dr  in F such that

−c1w1 − c2w2 ⋯ − cn−rwn−r = d1x1 + d2x2 + ⋯ + drxr .
This leads to

Since the set {x1,x2, … ,xr,w1, … ,wn−r} forms a basis of W and is linearly independent, we

have d1 = d2 = ⋯ = dr = c1 = ⋯ = cn−r = 0.
Similarly, a1x1 + a2x2 + ⋯ + ar + xr + b1u1 + ⋯ + bm−rur = 0 implies
b1 = b2 = ⋯ = bm−r = a1 = a2 = ⋯ = ar = 0.

Thus, S is a linearly independent set, and hence a basis of U + W .
Finally,
dim (U + W) = r + (m − r) + (n − r) = m + n − r =dim (U)+ dim (W)− dim (U ∩ W)
.  □

Definition 2.5.3.

A vector space V is said to be the direct sum of its subspaces U and W if V = U + W  and every
x ∈ V  can be uniquely expressed as x = x1 + x2 , where x1 ∈ U  and x2 ∈ W . If V is the direct
sum of U and W, then we write V = U ⊕ W .

Theorem 2.5.4.
Let U and W be subspaces of a vector space V. Then V = U ⊕ W  if and only if V = U + W  and

U ∩ W = {0}.

Proof.

Let us first assume V = U ⊕ W . This implies that every vector x ∈ V  can be uniquely expressed
as x = x1 + x2 , where x1 ∈ U  and x2 ∈ W . Thus, V = U + W . Now, let x ∈ U ∩ W . Then
x ∈ U  and x ∈ W . Also, 0 = x + (−x) = 0 + 0, where x ∈ U  and −x ∈ W . From the

definition of a direct sum of subspaces, we know that both expressions of 0 must be unique,
implying x = 0. This leads to U ∩ W = {0}.

S = {x1,x2, … ,xr,u1,u2, … ,um−r,w1,w2, … ,wn−r} is a basis of U + W .

a1x1 + a2x2 + ⋯ + arxr + b1u1 + b2u2 + ⋯ + bm−rum−r + c1w1 + c2w2 + ⋯ + cn−rwn−r

a1x1 + a2x2 + ⋯ + arxr + b1u1 + ⋯ + bm−rum−r = −c1w1 − c2w2 − ⋯ − cn−rwn−r.

a1x1 + a2x2 + ⋯ + arxr + b1u1 + ⋯ + bm−rum−r = −c1w1 − c2w2 − ⋯ − cn−rwn−r ∈ U

d1x1 + d2x2 + ⋯ + drxr + c1w1 + ⋯ + cn−rwn−r = 0.



Conversely, assume V = U + W  and U ∩ W = {0}. Every vector x ∈ V  can be expressed as

x = x1 + x2 , where x1 ∈ U  and x2 ∈ W . To show uniqueness, let us assume x = y1 + y2 ,
where y1 ∈ W  and y2 ∈ W . Then x1 + x2 = y1 + y2 ⇒ x1 − y1 = y2 − x2 . Since
x1 − y1 ∈ U  and y2 − x2 ∈ W , x1 − y1 = y2 − x2 ∈ U ∩ W = {0}. Hence,

x1 − y1 = 0 ⇒ x1 = y1 , and y2 − x2 = 0 ⇒ y2 = x2 . Thus, x1 + x2 = y1 + y2 = x. This
demonstrates that x = x1 + x2  is unique.  □

Remark.

More generally, we say that V is direct sum of its subspaces W1,W2, … ,Wk , if
V = W1 + W2 + ⋯ + Wk  and for all x ∈ V  the expression x = w1 + w2 + ⋯ + wk  is
unique, where wi ∈ Wi , 1 ≤ i ≤ k and we write V = W1 ⊕ W2 ⊕ ⋯Wk .

Theorem 2.5.5.
Let W1  and W2  be subspaces of a finite-dimensional vector space V. Then V = W1 ⊕ W2  if and only

if dim (V ) =dim (W1)+ dim (W2).

Proof.

Assume V = W1 ⊕ W2 . From the previous theorem, we know that V = W1 + W2  and
W1 ∩ W2 = {0}. Also, dim (V ) =dim (W1)+ dim (W2)− dim (W1 ∩ W2). Since

W1 ∩ W2 = {0}, we have dim (V ) =dim (W1)+ dim (W2).

Conversely, suppose dim (V ) =dim (W1)+ dim (W2). This implies dim (W1 ∩ W2) = 0, and

hence W1 ∩ W2 = {0}. Moreover, dim (W1 + W2) =dim (W1)+ dim (W2) =dim (V ),

indicating W1 + W2  is a subspace of V with the same dimension as V. Hence, V = W1 + W2 .  
□

Example 2.5.6.

Let V1  and V2  be two distinct subspaces of dimension m − 1 of a vector space V of dimension m.
Then we shall show that the dimension of their intersection, V1 ∩ V2 , is m − 2.
Considering V1 = V1 + {0} and V2 = {0} + V2 , it follows that V1 ⊆ V1 + V2  and

V2 ⊆ V1 + V2 . Consequently, dim (V1) =dim (V2) = (m − 1) ≤dim (V1 + V2).

Moreover, since V1  and V2  are distinct subspaces, there exists a nonzero vector v ∈ V2 − V1 .
Thus, ⟨v⟩ forms a subspace of V with dimension 1, and ⟨v⟩ ∩ V1 = {0}.

This implies that

Since (⟨v⟩ + V1) ⊆ (V1 + V2) ⊆ V , we have

m =dim (⟨v⟩ + V1) ≤dim (V1 + V2) ≤dim (V ) = m, thus yielding dim (V1 + V2) = m.

Utilizing the result dim (V1 + V2) =dim (V1)+ dim (V2)− dim (V1 ∩ V2), we derive

which simplifies to

dim (⟨v⟩ + V1) =dim (⟨v⟩)+ dim (V1) = 1 + m − 1 = m.

m = (m − 1) + (m − 1)− dim (V1 ∩ V2),

dim (V1 ∩ V2) = m − 2.



Example 2.5.7.

Let U = {(x, 0, z) : x, z ∈ R}, W = {(0, y, 0) : y ∈ R} and S = {(0, y, z) : y, z ∈ R} be

subspaces of the vector space R3  over R.

Then U + W = {(x, y, z) : x, y, z ∈ R} = R3  and U ∩ W = {(0, 0, 0)}. This gives that

R3 = U ⊕ W , the direct sum of subspaces U and W.

Next, U + S = {(x, y, z) : x, y, z ∈ R} = R3  but U ∩ S = {(0, 0, z) ∈ R3} ≠ {(0, 0, 0)}.

Hence, R3 , is not the direct sum of subspaces U and S.

Example 2.5.8.

Let U = {p(x) ∈ P9(x) : p(x) = a0 + a2x
2 + a4x

4 + a6x
6 + a8x

8} and

W = {p(x) ∈ P9(x) : p(x) = a1x + a3x
3 + a5x

5 + a7x
7 + a9x

9} be subspaces of the
polynomial space P9(x). Then P9(x) = U ⊕ W .

Example 2.5.9.

Consider two subspaces of R2 , denoted by W1  and W2 , where

W1 = {(x, y) ∈ R2 : x − y = 0} and W2 = {(x, y) ∈ R2 : x + y = 0}. Simplifying the

conditions, we find that W1  represents the set of points where y = x, resulting in
W1 = {(x,x) : x ∈ R}. Similarly, W2  can be expressed as W2 = {(x, −x) : x ∈ R}.

It is evident that {(1,1)} forms the basis of W1 , and {(1,−1)} serves as the basis of W2 .
Considering the intersection, (x, y) ∈ W1 ∩ W2 , we obtain x + y = 0 and x − y = 0. Solving

these equations yield x = 0 and y = 0, implying W1 ∩ W2 = {(0, 0)}.

Therefore, applying the formula dim (W1 + W2) =dim (W1)+ dim (W2)− dim (W1 ∩ W2),

we find dim (W1 + W2) = 2, which equals dim (R2). Hence, we conclude that R2 = W1 ⊕ W2

.

Example 2.5.10.

Let W1 = {(x1,x2,x3) : x1 + x2 + x3 = 0} and W2 = {(x1,x2,x3) : x1 − x2 + x3 = 0} be

subspaces of the vector space R3 . Then W1  and W2  can be written as

W1 = {(x1, −x1 − x3,x3) : x1,x3 ∈ R} and W2 = {(x1,x1 + x3,x3) : x1,x3 ∈ R}.

If we consider the standard basis {e1, e2, e3} of R3 , any vector (x1, −x1 − x3,x3) in W1  can be

represented as a linear combination:

This implies that the set B1 = {(1, −1, 0), (0, −1, 1)} generates W1 . It can be easily shown that

B1  is linearly independent, hence forming a basis of W1 , leading to dim (W1) = 2. Similarly,

using a similar approach, we can demonstrate that the set B2 = {(1, 1, 0), (0, 1, 1)} is a basis of

W2 , also resulting in dim (W2) = 2.

Further, (x1,x2,x3) ∈ W1 ∩ W2 ⇒ x1 + x2 + x3 = 0 and x1 − x2 + x3 = 0,

⇒ (x1,x2,x3) = (x1, 0, −x1).

Thus, W1 ∩ W2 = {(x1, 0, −x1) : x1 ∈ R}. Consequently, the set B3 = {(1, 0, −1)} is a basis

of W1 ∩ W2 , resulting in dim (W1⋂W2) = 1.

(x1, −x1 − x3,x3)= x1e1 + (−x1 − x3)e2 + x3e3 = x1(e1 − e2) + x3(e3 − e2)

= x1(1, −1, 0) + x3(0, −1, 1).



Therefore, dim (W1 + W2) = 2 + 2 − 1 = 3 =dim (R3), indicating that R3 = W1 + W2 , but

R3 ≠ W1 ⊕ W2 .

Example 2.5.11.

Consider two subspaces of the vector space P3(x) over R, denoted by U and W, where

In this example, we determine the dimensions of U, W and U ∩ W .

For any polynomial p(x) = a0 + a1x + a2x
2 + a3x

3 ∈ U , we have p(0) = 0 = a0  and

p(1) = 0 = a0 + a1 + a2 + a3 . This implies a1 = −a2 − a3 , leading to the expression:

Thus, the set B1 = {(x2 − x), (x3 − x)} forms a basis of U as it spans U and is linearly
independent. Hence, dim (U) = 2.

Similarly, for p(x) = a0 + a1x + a2x
2 + a3x

3 ∈ W , we find a0 + a1 + a2 + a3 = 0 and
a0 + 2a1 + 4a2 + 8a3 = 0. Solving these equations, we obtain a0 = 2a2 + 6a3  and
a1 = −3a2 − 7a3 . Thus,

This yields B2 = {(x2 − 3x + 2), (x3 − 7x + 6)} as a basis of W. Hence, dim (W) = 2.
Next, U ∩ W = {p(x) ∈ P3(x) : p(0) = 0, p(1) = 0 and p(2) = 0}.

Let p(x) = a0 + a1x + a2x
2 + a3x

3 ∈ U ∩ W . Then:

Solving these equations, we get a0 = 0, a1 = 2a3  and a2 = −3a3 . Hence,

p(x) = 2a3x − 3a3x
2 + a3x

3 = a3(2x − 3x2 + x3). This gives that B3 = {2x − 3x2 + x3} is
a basis of U ∩ W , and hence dim (U ∩ W) = 1.

Consequently, dim (U + W) =dim (U)+ dim (W)− dim (U ∩ W) = 2 + 2 − 1 = 3.

Example 2.5.12.

Consider the subset W = {p(x) ∈ P3(x) : p′(0) = 0 = p′′(1)} of the vector space P3(x).

Let f(x), g(x) ∈ W  and a, b ∈ R. Then

and

This implies af(x) + bg(x) ∈ W , and hence W is a subspace of P3(x).

U= {p(x) ∈ P3(x) : p(0) = 0, p(1) = 0},

W= {p(x) ∈ P3(x) : p(1) = 0, p(2) = 0}.

p(x) = (−a2 − a3)x + a2x
2 + a3x

3 = a2(x
2 − x)+ a3(x

3 − x).

p(x) = 2a2 + 6a3 + (−3a2 − 7a3)x + a2x
2 + a3x

3 = (x2 − 3x + 2)a2 + (x3 − 7x + 6)a3.

p(0)= 0 = a0,

p(1)= 0 = a0 + a1 + a2 + a3,

p(2)= 0 = a0 + 2a1 + 4a2 + 8a3.

(af(x) + bg(x))
′
(0) = (af ′(x) + bg′(x))(0) = af ′(0) + bg′(0) = 0,

(af(x) + bg(x))
′′
(1) = af ′′(1) + bg′′(1) = 0.



(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7)

(2.5.8)

For any p(x) = a0 + a1x + a2x
2 + a3x

3 ∈ W , we find p′(x) = a1 + 2a2x + 3a3x
2  and

p′′(x) = 2a2 + 6a3x. From p′(0) = 0 = a1  and p′′(1) = 0 = 2a2 + 6a3 , we deduce that

a1 = 0 and a2 = −3a3 . Hence, p(x) = a0 + (−3a3)x2 + a3x
3 = a0 + a3(x3 − 3x2). Thus,

the set B = {1,x3 − 3x2} spans W and is linearly independent, serving as a basis of W.
Therefore, dim (W) = 2.

Example 2.5.13.

Let V be a vector space of dimension 120. If U and W are subspaces of V of dimensions 50 and 85,
respectively, then we find minimum and maximum possible dimensions of U ∩ W .
Since U ∩ W  is a subspace of both U and W, dim (U ∩ W) ≤ 50.

So, the maximum possible dimension of U ∩ W  is 50.
Now,

Thus, dim (U ∩ W) is minimum if dim (U + W) is maximum. Since max

dim (U + W) =dim (V ) = 120, min dim (U ∩ W) = 50 + 85 − 120 = 15.

Exercises

If W1  and W2  are subspaces of a vector space V, then show that W1 + W2

is a subspace of V.

Let W1 = {(x1,x2,x3,x4) ∈ R4 : x1 + x2 + x3 + x4 = 0} and

W2 = {(x1,x2,x3,x4) ∈ R4 : x1 − x2 + x3 − x4 = 0} be two

subspaces of R4 . Then find the dimension of W1 + W2  and show that
R4 ≠ W1 ⊕ W2 .
For even n ∈ N, let
W1 = {(x1,x2, … ,xn) ∈ Rn : x1 + x2 + ⋯ + xn = 0} and

W2 = {(x1,x2, … ,xn) ∈ Rn : x1 − x2 + x3 − x4 ⋯ − xn = 0} be

two subspaces of Rn . Then show that Rn ≠ W1 ⊕ W2 .
For odd n ∈ N, let
W1 = {(x1,x2, … ,xn) ∈ Rn : x1 + x2 + ⋯ + xn = 0} and

W2 = {(x1,x2, … ,xn) ∈ Rn : x1 − x2 + x3 − x4 ⋯ + xn = 0} be

two subspaces of Rn . Then show that Rn ≠ W1 ⊕ W2 .
Let U = {p(x) ∈ P5(x) : p(1) = p(−1) = 0} and

W = {p(x) ∈ P5(x) : p(0) = p(1) = 0} be subspaces of the polynomial

space P5(x) over R. Then find dimensions of U ∩ W  and U + W .

Let U = {p(x) ∈ P4(x) : p′(1) = p′′(−1) = 0}, where p′(x) =
dp(x)
dx

and p′′(x) = d2p(x)
dx2  be a subset of P4(x). Then show that U is a subspace

of the polynomial space P4(x) over the field R.

Let U = {p(x) ∈ P5(x) : p(1) + p(−1) = 0 and p(2) + p(−2) = 0}.

Then show that U is a subspace of P5(x) over R and find a basis and

dimension of U.

dim (U + W)=dim (U)+ dim (W)− dim (U ∩ W)

⇒dim (U ∩ W) =dim (U)+ dim (W)− dim (U + W)

= 50 + 85− dim (U + W).



(2.5.9)

(2.5.10)

If V is a vector space of dimension 150 and U and W are subspaces of V
having dimensions 75 and 100, respectively, then find maximum and
minimum possible dimensions of U ∩ W .
Let V be a vector space of dimension 10. If U is a subspace of V of dimension
9 and W is a subspace of dimension 6, which is not contained in U, then find
the dimension of U ∩ W .
Show that the intersection of two distinct planes passing through origin is a
line passing through origin.

2.6  Quotient space

Definition 2.6.1.

Let W be a subspace of a vector space V over a field F. Then the set (W , +) forms an Abelian

subgroup of (V , +), and consequently, it is a normal subgroup of (V , +). The quotient group V
W

is regarded as a vector space over the field F, called the quotient space under the following vector
addition and scalar multiplication defined as

where x + W , y + W ∈ V
W  and a ∈ F .

Theorem 2.6.2.
Let V be a finite-dimensional vector space over a field F, and let W be its subspace. Then the dimension

of the quotient space V
W

 is given by dim ( V
W

) =dim (V )− dim (W).

Proof.

Let {x1,x2, … ,xr} be a basis of W. Since W is a subspace of V, the basis of W can be extended to

form a basis {x1,x2, … ,xr, y1, y2, … , ys} of V. Specifically, this implies dim (W) = r and

dim (V ) = r + s. To establish the result, we demonstrate that dim V
W

= r + s − r = s.

We claim that B = y1 + W , y2 + W , … , ys + W  serves as a basis of V
W .

Let x + W ∈ V
W . Given x ∈ V , we can represent x as a linear combination of the basis elements

of V:

where ai, bj ∈ F  for 1 ≤ i ≤ r and 1 ≤ j ≤ s.

Since a1x1 + ⋯ + arxr ∈ W , we have a1x1 + a2x2 + ⋯ + arxr + W = W . Consequently,

(x + W) + (y + W)= (x + y) + W , and

a. (x + W)= ax + W ,

x = a1x1 + a2x2 + ⋯ + arxr + b1y1 + b2y2 + ⋯ + bsys,

x + W= (a1x1 + a2x2 + ⋯ + arxr) + (b1y1 + b2y2 + ⋯ + bsys) + W

= (b1y1 + b2y2 + ⋯ + bsys) + W

= (b1y1 + W) + (b2y2 + W) + ⋯ + (bsys + W)

= b1(y1 + W) + b2(y2 + W) + ⋯ + bs(ys + W).



Thus, every element of V
W

 can be expressed as a linear combination of elements in B, establishing
V
W

= ⟨B⟩.

Next, we demonstrate that B is linearly independent.

Assume that a1(y1 + W) + a2(y2 + W) + ⋯ + as(ys + W) = W  (the zero vector of V
W

) for

some a1, a2, … , as ∈ F . This implies

or (a1y1 + a2y2 + ⋯ + asys) + W = W .

Since {x1,x2, … ,xr} forms a basis of W, we can write

Thus, a1y1 + a2y2 + ⋯ + asys − b1x1 − b2x2 − ⋯ − brxr = 0.
Given that {x1,x2, … ,xr, y1, y2, … , ys} forms a linearly independent basis of V, we conclude

that a1 = a2 = ⋯ = as = b1 = b2 = ⋯ = br = 0. Consequently, B is linearly independent.

Therefore, dim ( V
W

) = s = r + s − r =dim (V )− dim (W).  □

Example 2.6.3.

Let V be a vector space over a field F. Then

Example 2.6.4.

Let V = R2  and W = {(0,x) : x ∈ R}. Then

For any (r, s) ∈ R2 ,

In other words, the coset (r, s) + W  represents the line passing through (r, s) and parallel to

the y-axis.
Now, (r, s) + W = (r′, s′) + W ⇔ (r, s) − (r′, s′) ∈ W = (r − r′, s − s′) ∈ W . This means

r − r′ = 0. Hence, two elements (r, s) and (r′, s′) of V yield the same elements in V
W

 if and only

if r = r′ . Consequently, V
W

 can be identified with the set of vectors of the form (r, 0), or

equivalently, with the x-axis.

Furthermore, dim ( V
W

) =dim (V )− dim (W) = 2 − 1 = 1.

(a1y1 + W) + (a2y2 + W) + ⋯ + (asys + W) = W

a1y1 + a2y2 + ⋯ + asys = b1x1 + b2x2 + ⋯ + brxr for some b1, b2, … , br ∈ F .

V

{0}
= {x + {0} : x ∈ V } = {x : x ∈ V } = V and

V

V
= {x + V : x ∈ V } = {V } = {0}, the null space.

V

W
= {(r, s) + W : (r, s) ∈ R3}.

(r, s) + W= {(r, s) + (0,x) : x ∈ R} = {(r, s + x) : x ∈ R}

= {(r,x′) : x′ ∈ R}, where x′ = s + x.



(2.6.1)

(2.6.2)

(2.6.3)

(2.6.4)

Example 2.6.5.

Let W = {(0, y, z) ∈ R3} be the yz-plane in R3 . Then W is a subspace of the vector space

V = R3 . The quotient space

Each coset

represents a plane parallel to yz-plane passing through the point (r, s, t) ∈ R3 .

Exercises

Let W be a subspace of a vector space V over a field F. Then show that the

quotient set V
W

 is a vector space under the operations

(x + W) + (y + W) = (x + y) + W  and a. (x + W) = ax + W , where

a ∈ F .
Let {(x1 + W), (x2 + W), … , (xm + W)} be a basis of the quotient

space V
W  and let {y1, y2, … , yn} be a basis of W. Then prove that

{x1,x2, … ,xm, y1, y2, … , yn} is a basis of V.

Let V = R2  and let W be any line in V passing through the origin. Then

describe cosets of V
W  and find dim ( V

W
).

Let V = P20(x) and W = {p(x) ∈ V : p(1) = p(2) = 0}. Then find

dim ( V
W

).

V

W
= {(r, s, t) + W : (r, s, t) ∈ R3}.

(r, s, t) + W= {(r, s, t) + (0, y, z) : y, z ∈ R}

= {(r, y + s, z + t) : y, z ∈ R}

= {(r, y′, z′) : y′, z′ ∈ R},



3  Matrices and spaces of matrices

This chapter is devoted to several vector spaces obtained form the collection of various types of
matrices under the matrix addition and scalar multiplication operations. Also, we discuss basis,
dimension and some interesting properties of such vector spaces.

3.1  Matrix definition and matrix operations

Definition 3.1.1.

A rectangular arrangement of mn elements of a field F(R or C) in m rows and n columns is

called a matrix of order m × n. Thus, a matrix A of order m × n can be represented in the
following form:

In brief, the above matrix is denoted by A = [aij]m×n
, where aij  is the entry at the

intersection of i-th row and j-th column, called (i, j)-th element of A. Some special types of

matrices are defined as follows.
Row matrix: A matrix having only one row is called a row matrix or a row vector.
Column matrix: A matrix is called a column matrix if it has only one column or column vector.
Square matrix: A matrix in which the number of rows and columns are equal is called a square

matrix. A square matrix of order n × n, denoted by An  is called an n-square matrix.
Zero matrix: A matrix is said to be a zero matrix or a null matrix if all its elements are zeros. We

use the notation 0m×n  to denote the zero matrix of order m × n.

Definition 3.1.2.

Two matrices A = [aij]m×n
 and B = [bij]r×s

 are said to be equal if and only if (i) m = r, n = s

and (ii) aij = bij  for all i, j.

In other words, two matrices are said to be equal if and only if they have the same order and their
corresponding entries are equal.

Definition 3.1.3.

Let A = [aij]m×n
 and B = [bij]m×n

. Then the sum A + B is a matrix C = [cij]m×n
, where

cij = aij + bij .

Note that the sum of two matrices can only be calculated when both matrices have the same
orders. This operation is referred to as matrix addition.

A = .

⎛⎜⎝a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮ ⋮ ⋱ ⋮
am1 am2 ⋯ amn

⎞⎟⎠



(i)
(ii)

(iii)

(iv)

(v)

(i)

(ii)

(iii)

(iv)

(v)

Definition 3.1.4.

Let A = [aij]m×n
. The product of the matrix A by a scalar k is defined as kA = [kaij]m×n

 and is

referred to as scalar multiplication.

For example, if A = [ ] and k = 3, then 3A = [ ].

Also, (−1)A = −A = [−aij] is called the negative matrix of the matrix A.

Theorem 3.1.5.
Let A, B and C be matrices of order m × n. Then:

A + B = B + A (commutative);

(A + B) + C = A + (B + C) (associative);

k(A + B) = kA + kB;

(k + l)A = kA + lA;

k(lA) = (kl)A,

where k and l are scalars.

Proof.

Let A = [aij]m×n
, B = [bij]m×n

 and C = [cij]m×n
.

Since aij , bij , cij , k and l are elements of a field, aij + bij = bij + aij  and

k(aij + bij) = kaij + kbij .

Hence,

A + B = [aij]m×n
+ [bij]m×n

= [aij + bij]m×n
= [bij + aij]m×n

= [bij]m×n
+ [a

.
(A + B) + C = ([aij]m×n

+ [bij]m×n
) + [cij]m×n

= ([aij + bij]m×n
) + [cij]m×n

.
k(A + B) = k([aij]m×n

+ [bij]m×n
) = k[(aij + bij)]

m×n
= [k(aij + bij)]

m×n
=

.
(k + l)A = (k + l)[aij]m×n

= [(k + l)aij]m×n
= [kaij + laij]m×n

= [kaij]m×n
+

.
k(lA) = k(l[aij]m×n

) = k[laij]m×n
= [klaij]m×n

= kl[aij]m×n
= klA.  □

Definition 3.1.6.

Let A = [aij] be an m × n matrix and B = [bij] be an n × p matrix. Then the product AB is a

matrix C = [cij] of order m × p, with entries

cij = ai1b1j + ai2b2j + ⋯ + ainbnj = ∑n
k=1 aikbkj .

The product AB is defined only when the number of columns of A is equal to the number of
rows of B.

For example, if

1 −1 2
3 4 −2

3 −3 6
9 12 −6

A = [ ] and B = ,
1 −1 0

3 2 1

⎡⎢⎣1 2 0
2 1 3

1 1 −1

⎤⎥⎦



(i)

(ii)

(iii)

(i)

then

In this example, order of matrix A is 2×3 and order of matrix B is 3×3, therefore the product
matrix AB is of order 2×3. However, since the number of columns of matrix B is not equal to the
number of rows of matrix A, the product BA is not defined.

The following example demonstrates that matrix multiplication is not commutative.

Example 3.1.7.

Let A = [ ] and B = [ ] be matrices of order 2×2. Then AB = [ ] and BA = [ ] are

not equal.

The matrix multiplication satisfies the following properties.
Theorem 3.1.8.
Let A, B and C be matrices. Then:

(AB)C = A(BC) (associative);

A(B + C) = AB + AC  and (B + C)A = BA + CA (distributive);

for any scalar k, k(AB) = (kA)B = A(kB).

Proof.

Let A = [aij]m×n
, B = [bij]n×p

 and C = [cij]p×q
. Then (i, j)-th element of the

product AB is denoted by [AB]ij . To prove that the matrices (AB)C  and

A(BC) are equal, we need to show that their corresponding entries are equal.

That is, we have to show that [(AB)C]ij = [A(BC)]ij . Since order of AB is

m × p,

AB= [ ]

= [ ].

1.1 + (−1).2 + 0.1 1.2 + (−1).1 + 0.1 1.0 + (−1).3 + 0. (−1)

3.1 + 2.2 + 1.1 3.2 + 2.1 + 1.1 3.0 + 2.3 + 1. (−1)
−1 1 −3

8 9 5

1 2
0 3

3 −1
2 1

7 1
6 3

3 3
2 7



(ii)

(iii)

Let A = [aij]m×n
, B = [bij]n×p

 and C = [cij]n×p
. Then

Hence, A(B + C) = AB + AC .

Similarly, (B + C)A = BA + CA, where matrices B and C are of order m × n
and matrix A is of order n × p.
Let A = [aij]m×n

 and B = [bij]n×p
. Then

[(AB)C]
ij

=
p

∑
k=1

[AB]ikckj

=
p

∑
k=1

(
n

∑
l=1

ailblk)ckj

=
p

∑
k=1

n

∑
l=1

(ailblk)ckj

=
p

∑
k=1

n

∑
l=1

ail(blkckj)

=
n

∑
l=1

ail(
p

∑
k=1

blkckj)

=
n

∑
l=1

ail[BC]lj

= [A(BC)]
ij

.

[A(B + C)]
ij

=
n

∑
l=1

ail[B + C]lj

=
n

∑
l=1

ail(blj + clj)

=
n

∑
l=1

ailblj +
n

∑
l=1

ailclj

= [AB]ij + [AC]ij
= [AB + AC]ij.

k[AB]ij= k(
n

∑
l=1

ailblj)

=
n

∑
l=1

(kail)blj (= [(kA)B]
ij
)

=
n

∑
l=1

ail(kblj) (= [A(kB)]
ij
).



(i)

(ii)

(iii)

(iv)

(i)

(ii)

(iii)

(iv)

This proves that (i, j)-th element of matrices k(AB), (kA)B and A(kB) are

equal. Hence, k(AB) = (kA)B = A(kB).  □

Definition 3.1.9.

Let A = [aij] be an m × n matrix with entries in a field F. Then the transpose of A denoted by At

is an n × m matrix [bji], where bji = aij . That is, At  is obtained by changing rows of A into

corresponding columns.

For example, if A = [ ], then At = [ ].

Theorem 3.1.10.
When the relevant sums and products are defined, then for the matrices A, B and k ∈ F  we have:

(A + B)t = At + Bt ;

(At)t = A;

(kA)t = kAt ;

(AB)t = BtAt .

Proof.

Let A = [aij]m×n
 and B = [bij]m×n

. Then

Let A = [aij]m×n . Then At = [aji]n×m , and hence

Let A = [aij]m×n
. Then kA = [kaij]m×n

, and hence

Let A = [aij]m×n
 and B = [bij]n×p

.

If [(AB)t]ji  denotes the (j, i)-th entry of the matrix (AB)t , then

1 2 3
0 2 −1

1 0
2 2
3 −1

(A + B)t= ([aij]m×n
+ [bij]m×n

)
t

= [aij + bij]
t

m×n

= [aji + bji]n×m

= [aji]n×m
+ [bji]n×m

= [aij]
t
m×n

+ [bij]
t
m×n

= At + Bt.

(At)
t

= [aij]m×n
= A.

(kA)t = [kaji]n×m
= k[aji]n×m

= kAt.



(i)

(ii)

(iii)

(iv)

(v)

This shows that (j, i)-th entry of the matrix (AB)t  is equal to (j, i)-th entry of

the matrix BtAt  for all i, j. Hence, (AB)t = BtAt .  □

Definition 3.1.11.

Let A = [aij] be an n-square matrix. Then the trace of A denoted by tr(A) is defined as

Thus, the sum of the diagonal elements of a square matrix is called the trace of the matrix.

For example, if A = [ ], then tr(A) = 1 + 4 + 5 = 10.

Theorem 3.1.12.
Let A and B be n-square matrices and let k ∈ F . Then:

tr(A + B) = tr(A) + tr(B);

tr(kA) = k(tr(A));

tr(At) = tr(A);

tr(AB) = tr(BA);

tr(AAt) = tr(AtA) = ∑i,j a
2
ij , where aij  denotes the (i, j)-th entry of A.

Proof.

We prove parts (iv) and (v) of the theorem and remaining are left as an exercise.

[(AB)t]
ji

= [AB]ij =
n

∑
l=1

ailblj =
n

∑
l=1

bljail

=
n

∑
l=1

[Bt]
jl
[At]

li

= [BtAt]
ji

.

tr(A) = a11 + a22 + ⋯ + ann =
n

∑
i=1

aii.

1 2 3
−1 4 0
2 3 5



(iv)

(v)

(3.1.1)
(i)

(ii)

(iii)

(3.1.2)

Using the property aji ∈ At ⇒ aij ∈ A, we have

Hence, tr(AAt) = ∑i,j a
2
ij .

Similarly, tr(AtA) = ∑i,j a
2
ij .

From (iv), we have tr(AAt) = tr(AtA). Hence,

 □

Exercises

Let A and B be n-square matrices and let k ∈ F . Then prove that:
tr(A + B) = tr(A) + tr(B);

tr(kA) = k(tr(A));

tr(At) = tr(A).
Let A = [aij], where aij = i + j and

tr(AB)=
n

∑
i=1

[AB]ii

=
n

∑
i=1

(
n

∑
j=1

aijbji)

=
n

∑
i=1

(
n

∑
j=1

bjiaij)

=
n

∑
j=1

n

∑
i=1

bjiaij

=
n

∑
j=1

[BA]jj

= tr(BA).

tr(AAt)=
n

∑
i=1

[AAt]
ii

=
n

∑
i=1

(
n

∑
j=1

aijaji)

=
n

∑
i=1

n

∑
j=1

aijaij

= ∑
i,j

a2
ij.

tr(AAt) = tr(AtA) = ∑
i,j

a2
ij.



(i)
(ii)
(iii)
(iv)

(v)

(3.1.3)

(i)
(ii)
(iii)
(iv)

(v)
(3.1.4)

(i)

(ii)

(iii)

(3.1.5)

(i)

(ii)

(iii)

(iv)

(v)

(vi)

be matrices of order 4×4. Then find:
2A + 5B;
3A − 5B;
AB and BA;

A2B and AB2 ;

At  and Bt .

Let A = [aij], where aij = (−1)i+j
 and

be matrices of order 4×4. Then find:
A − B;
−A + 5B;
AB and BA;

A2B and AB2 ;

At  and Bt .

Let A = [ ] and B = [ ] be 3×4 matrices. Then show

that

(A + B)t = At + Bt ;

(At)t = A;

(7A)t = 7At .

For the matrices A = [ ] and B = [ ], show that:

(AB)t = BtAt ;

tr(A + B) = tr(A) + tr(B);

tr(5A) = 5(tr(A));

tr(At) = tr(A);
tr(AB) = tr(BA);

tr(AAt) = tr(AtA) = ∑i,j a
2
ij , where aij  denotes the

(i, j)-th entry of A.

3.2  Some special matrices and their properties

Definition 3.2.1 (Identity matrix).

An n-square matrix In  is called an identity matrix or unit matrix if its all diagonal entries are one
and all off diagonal entries are zero.

For example, I3 = [ ].

If A is an n-square matrix, then AIn = InA = A.
If A is an m × n matrix, then AIn = ImA = A.

B = [bij], where bij = {
1, if i + j is odd,

0, otherwise

B = [bij], where bij = {
1, if i + j is even,
0, otherwise

1 2 3 4
0 2 −1 −3

−2 2 −5 1

4 3 2 1
2 0 −1 −3
4 −2 3 6

1 2 3
0 2 −1

−2 2 −5

4 3 2
2 0 −1
4 −2 3

1 0 0
0 1 0
0 0 1



Definition 3.2.2 (Diagonal matrix).

An n-square matrix A = [aij] is called a diagonal matrix if aij = 0 for all i ≠ j. That is, a square

matrix in which all its off diagonal entries are zero is called a diagonal matrix. Diagonal matrix A is
denoted by diag(a11, a22, … , ann).

For example, diag(1, −1, 2) = [ ].

Identity matrix In  is a diagonal matrix.

If A = diag(a11, a22, … , ann) is a diagonal matrix, B is an n × m matrix and C is an

m × n matrix, then
AB = the matrix obtained by multiplying by i-th row of B by aii  for all i = 1, 2, … ,n,
and
CA = the matrix obtained by multiplying by i-th column of C by aii  for all
i = 1, 2, … ,n.

For example, let

Then

If A = diag(a11, a22, … , ann) and B = diag(b11, b22, … , bnn) be two diagonal matrices,

then AB = BA = diag(a11b11, a22b22, … , annbnn) is also a diagonal matrix. Hence,

An = diag(an11, an22, … , annn).

Definition 3.2.3 (Scalar matrix).

A diagonal matrix is called a scalar matrix if all its diagonal entries are equal. For any scalar k, the
scalar matrix is of the form kIn .

For example, A = [ ] = 5I3  is a scalar matrix. Since every scalar matrix is a diagonal

matrix, it satisfies all the properties of a diagonal matrix.

Definition 3.2.4 (Triangular matrix).

A square matrix A is called an upper (lower) triangular matrix if all the entries below (above) the
main diagonal are zero. Thus, an n-square matrix A = [aij] is upper triangular if all aij = 0 for

1 0 0
0 −1 0
0 0 2

A = , B = and C = .
⎡⎢⎣2 0 0

0 3 0
0 0 5

⎤⎥⎦ ⎡⎢⎣a1 a2 a3 a4

b1 b2 b3 b4

c1 c2 c3 c4

⎤⎥⎦ ⎡⎢⎣a1 a2 a3

b1 b2 b3

c1 c2 c3

d1 d2 d3

⎤⎥⎦AB = and CA = .
⎡⎢⎣2a1 2a2 2a3 2a4

3b1 3b2 3b3 3b4

5c1 5c2 5c3 5c4

⎤⎥⎦ ⎡⎢⎣2a1 3a2 5a3

2b1 3b2 5b3

2c1 3c2 5c3

2d1 3d2 5d3

⎤⎥⎦5 0 0
0 5 0
0 0 5



i > j and lower triangular if all aij = 0 for i < j.

For example, A = [ ] is an upper triangular matrix, and B = [ ] is a lower triangular

matrix.

Transpose of an upper (lower) triangular matrix is a lower (upper) triangular matrix. In the
above example, At = B and Bt = A.
Product of upper (lower) triangular matrices is an upper (lower) triangular matrix.

For example, let A = [ ] and B = [ ] be upper triangular matrices. Then

AB = [ ] is an upper triangular matrix.

Similarly, if C = [ ] and D = [ ] are lower triangular matrices, then CD = [ ] is a

lower triangular matrix.
If A = [aij]n×n

 and B = [bij]n×n
 are upper (lower) triangular matrices, then diagonal

elements of upper (lower) triangular matrix AB are {a11b11, a22b22, … , annbnn}.

For example, see the diagonals of AB and CD matrices given as above.

Definition 3.2.5 (Invertible or nonsingular matrix).

An n-square matrix A is called invertible or nonsingular if there exists an n-square matrix B such
that AB = BA = In .

The matrix B is called the inverse of A and we write A−1 = B. Clearly, (A−1)−1 = A.

Theorem 3.2.6.
Inverse of an invertible matrix is unique.

Proof.

Let A be an invertible matrix of order n × n. Suppose B1  and B2  are n-square matrices such that
AB1 = B1A = In  and AB2 = B2A = In . Then
B1 = B1In = B1(AB2) = (B1A)B2 = InB2 = B2 . Thus, both the inverses B1  and B2  of A

are equal.  □

Theorem 3.2.7.
The product of invertible matrices is invertible.

Proof.

Let A and B be n-square invertible matrices. Then we shall show that (AB)−1 = B−1A−1 :

prove that B−1A−1  is the inverse of the matrix AB.

Hence, AB is invertible and (AB)−1 = B−1A−1 .  □

Theorem 3.2.8.

Let A be an n-square invertible matrix. Then At  is invertible and (At)−1 = (A−1)t .

1 2 3
0 4 5
0 0 6

1 0 0
2 4 0
3 5 6

1 2
0 3

−1 2
0 1

−1 4
0 3

1 0
3 2

−1 0
2 4

−1 0
1 8

(AB)(B−1A−1)= A(BB−1)A−1 = AInA
−1 = AA−1 = In and

(B−1A−1)(AB)= B−1(A−1A)B = B−1InB = B−1B = In



(a)
(b)

(i)

(ii)

(i)

(ii)

Proof.

From the properties of transpose of a matrix, we have

This proves that (A−1)t  is the inverse of the matrix At . Hence, (At)−1 = (A−1)t .  □

Example 3.2.9.

Every identity matrix is invertible.
Let D = diag(a11, a22, … , ann) be a diagonal matrix, where aii ≠ 0
∀1 ≤ i ≤ n. Then D−1 = diag(a−1

11 , a−1
22 , … , a−1

nn) is the inverse of D. Since

DD−1 = D−1D = diag(a11a
−1
11 , a22a

−1
22 , … , anna−1

nn) = In .

Thus, a diagonal matrix is invertible if and only if all its diagonal entries are nonzero.

Definition 3.2.10 (Symmetric matrix).

Let A = [aij] be an n-square matrix. Then A is called symmetric if At = A. If At = −A, then

matrix A is called skew-symmetric.

In a skew-symmetric matrix A = [aij], aij = −aji , ∀1 ≤ i, j ≤ n, and hence

aii = −aii ⇒ 2aii = 0 ⇒ aii = 0, ∀1 ≤ i ≤ n. Thus, in a skew-symmetric matrix all the
diagonal entries are zero.

For example, A = [ ] is a symmetric matric and B = [ ] is a skew-symmetric

matrix.
Theorem 3.2.11.
Let A be an n-square matrix. Then:

AAt  and AtA are symmetric matrices,

If A is symmetric and invertible, then A−1  is symmetric.

Proof.

From the properties of transpose of a matrix, we have the result:

(AAt)t = (At)tAt = AAt  and (AtA)t = At(At)t = AtA.

From Theorem →3.2.8, we have that (At)−1 = (A−1)t . Since A is symmetric,

At = A, and hence (A−1)
t

= (At)−1 = (A)−1 = A−1 . This proves that A−1  is

a symmetric matrix.  □

Theorem 3.2.12.
Every square matrix can be expressed uniquely as the sum of a symmetric matrix and a skew-symmetric

matrix.

At(A−1)
t
= (A−1A)

t
= (In)t = In, and

(A−1)
t
At= (AA−1)

t
= (In)t = In.

1 −1 2
−1 2 5
2 5 3

0 1 2
−1 0 3
−2 −3 0



Proof.

Let A be an n-square matrix. Then

where

prove that A+At

2  is symmetric and A−At

2  is skew-symmetric.

Now, we shall that above expression is unique. Suppose A = B + C , where B is symmetric and C

is skew-symmetric. Then At = Bt + C t = B − C . Hence, A + At = 2B ⇒ B = A+At

2  and

A − At = 2C ⇒ C = A−At

2 .  □

Example 3.2.13.

Let A = [ ], and hence At = [ ]. If

then A = B + C , where B is a symmetric matrix and C is a skew symmetric matrix.

Definition 3.2.14 (Orthogonal matrix).

An n-square matrix A is said to be orthogonal if AAt = AtA = In . Thus, an orthogonal matrix is

invertible and At = A−1 . In other words, an invertible matrix A is orthogonal if A−1 = At .

Let A = [ ]. Then AAt = AtA = I2 . Hence, A is an orthogonal matrix.

Theorem 3.2.15.
The product of two orthogonal matrices is an orthogonal matrix.

Proof.

Let A and B be n × n orthogonal matrices. Then

(AB)(AB)t = ABBtAt = AInA
t = AAt = In  and

A =
(A + At)

2
+

(A − At)
2

,

(
(A + At)

2
)

t

=
1
2
(At + (At)

t
) =

1
2
(At + A) =

1
2
(A + At) and

(
(A − At)

2
)

t

=
1
2
(At − (At)

t
) =

1
2
(At − A) = −

1
2
(A − At),

1 −1 2
3 4 −2
6 2 3

1 3 6
−1 4 2
2 −2 3

B=
1
2
(A + At) =

1
2

= and

C=
1
2
(A − At) =

1
2

= ,

⎡⎢⎣2 2 8

2 8 0

8 0 6

⎤⎥⎦ ⎡⎢⎣1 1 4

1 4 0

4 0 3

⎤⎥⎦⎡⎢⎣0 −4 −4

4 0 −4

4 4 0

⎤⎥⎦ ⎡⎢⎣0 −2 −2

2 0 −2

2 2 0

⎤⎥⎦cos x sin x
− sin x cos x



(a)

(b)

(c)

(AB)t(AB) = BtAtAB = BtInB = BtB = In . Hence, AB is an orthogonal matrix.  □

Definition 3.2.16 (Nilpotent matrix).

A square matrix A of order n × n is called a nilpotent matrix if Am = 0 for some m ≥ 1.

Example 3.2.17.

Let A = [ ]. Then A3 = [ ]. Hence, A is a nilpotent matrix.

If we take A = [ ] and B = [ ], then A and B are nilpotent matrices but

A + B = [ ] and AB = [ ] are not nilpotent matrices.

Every nilpotent matrix is a singular matrix.

Theorem 3.2.18.
Let A be an n-square nilpotent matrix such that Am = 0, m ≥ 1. Then the matrix In + A is
nonsingular.

Proof.

To prove the result, we shall show that In + A is invertible and

We have

This proves that In + A is invertible, and hence nonsingular.  □

Definition 3.2.19 (Similar matrices).

Let A and B be n-square matrices. Then A is said to be similar to B if there is a nonsingular matrix P

such that A = P −1BP .

Theorem 3.2.20.
Similarity is an equivalence relation on Mn,n(F), the set of all n-square matrices with entries in the

field F.

0 1 0
0 0 1
0 0 0

0 0 0
0 0 0
0 0 0

0 1
0 0

0 0
1 0

0 1
1 0

1 0
0 0

(In + A)−1 = In − A + A2 − ⋯ + (−1)m−1
Am−1.

(In + A)(In − A + A2 − ⋯ + (−1)m−2
Am−2 + (−1)m−1

Am−1)

= In(In − A + A2 − ⋯ + (−1)m−2
Am−2 + (−1)m−1

Am−1)

+A(In − A + A2 − ⋯ + (−1)m−2
Am−2 + (−1)m−1

Am−1)

= (In − A + A2 − ⋯ + (−1)m−2Am−2 + (−1)m−1Am−1)

+(A − A2 + A3 − A4 + ⋯ + (−1)m−2Am−1 + (−1)m−1Am)

= In + (−1)m−1
Am

= In.



(i)

Proof.

Let A,B,C ∈ Mn,n(F). Then A = I−1
n AIn  implies that A is similar to itself. Hence, similarity

relation is reflexive.

Now, suppose that A is similar to B. Then there exist P ∈ Mn,n(F) such that A = P −1BP .

Next, A = P −1BP ⇒ PAP −1 = B ⇒ (P −1)
−1
AP −1 = B.

This shows that there exist a nonsingular matrix P −1  such that B = (P −1)
−1
AP −1 . That is, B is

similar to A. Hence, similarity is a symmetric relation.
Finally, we shall show that the similarity relation is transitive.
Let A be similar to B and B be similar to C. Then there exist nonsingular matrices P and Q such that

A = P −1BP  and B = Q−1CQ.
Since (QP) is the product of invertible matrices, (QP) is invertible, and hence

(QP)−1C(QP) = P −1Q−1CQP = P −1BP = A gives that A is similar to C. Thus, similarity is

an equivalence relation on Mn,n(F).  □

Definition 3.2.21 (Complex matrices).

A matrix A with complex entries is called a complex matrix. That is, a matrix A = [aij] is a

complex matrix if aij ∈ C, ∀i, j.

Complex matrices satisfy the following additional definitions and properties along with all
definitions and properties of matrices discussed previously:

Let A = [aij]m×n  be a complex matrix. Then the matrix Ā = [āij]m×n  is called the complex

conjugate of A, where āij  is the conjugate of the complex number aij .

The matrix A∗ = (Ā)
t

= Āt  is called conjugate transpose or tranjugate of A.

An n-square complex matrix A is called Hermitian if A∗ = A, skew-Hermitian if A∗ = −A
and unitary if A∗A = AA∗ = In  (i. e., A∗ = A−1 ).

Note that in a Hermitian matrix āii = aii  and in a skew-Hermitian matrix āii = −aii . It means all
the diagonal entries of a Hermitian matrix are real and all the diagonal entries of a skew-
Hermitian matrix are purely imaginary or zero.

Example 3.2.22.

Let A = [ ] be a complex matrix of order 2×3. Then

Some important properties of complex matrices are listed in the form of the following
theorem without proof. The proof is simple and left as an exercise.
Theorem 3.2.23.
When the relevant sums and products are defined, then for the complex matrices A, B and scalar k ∈ C

, we have the following:

A + B = A + B;

2 + 3i i 1 − i
−i 3 + 4i 6

Ā = [ ] and A∗ = (Ā)
t

= .
2 − 3i −i 1 + i

i 3 − 4i 6

⎡⎢⎣2 − 3i i

−i 3 − 4i
1 + i 6

⎤⎥⎦¯̄̄



(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)

AB = A B;

A = A;

kA = k A;

(A + B)∗ = A∗ + B∗ ;

(AB)∗ = B∗A∗ ;

(A∗)∗ = A;

(kA)∗ = kA∗ ;

If A is invertible, then (A∗)−1 = (A−1)
∗

;

If A is an invertible Hermitian matrix, then A−1  is also Hermitian.

Theorem 3.2.24.
Every n-square complex matrix can be expressed uniquely as the sum of a Hermitian matrix and a skew-

Hermitian matrix.

Proof.

Let A be an n-square complex matrix. Then A = A+A∗

2 + A−A∗

2 , where A+A∗

2  is Hermitian and
A−A∗

2  is skew-Hermitian. For uniqueness and a more detailed proof, follow the steps of the

corresponding theorem for symmetric and skew-symmetric matrices.  □

Example 3.2.25.

Let

Then

If

then A = B + C , where B is a Hermitian matrix and C is a skew-Hermitian matrix.

Theorem 3.2.26.

¯̄̄

¯̄

¯̄̄

¯

A = .
⎡⎢⎣1 + 2i −1 2 − 4i

4 − i 4 + 4i −2 − 2i

6 + 3i 2 − 3i 3 − 4i

⎤⎥⎦A∗ = .
⎡⎢⎣1 − 2i 4 + i 6 − 3i

−1 4 − 4i 2 + 3i
2 + 4i −2 + 2i 3 + 4i

⎤⎥⎦B=
1
2
(A + A∗) = and

C=
1
2
(A − A∗) = ,

⎡⎢⎣ 1 3
2 + 1

2 i 4 − 7
2 i

3
2 − 1

2 i 4 1
2 i

4 + 7
2 i − 1

2 i 3

⎤⎥⎦⎡⎢⎣ 2i − 5
2 − 1

2 i −2 − 1
2 i

5
2 − 1

2 i 4i −2 − 5
2 i

2 − 1
2 i 2 − 5

2 i −4i

⎤⎥⎦



(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

If A is a Hermitian (skew-Hermitian) matrix, then iA is a skew-Hermitian (Hermitian) matrix.

Proof.

Let A be a Hermitian matrix. Then A∗ = A.

Hence, (iA)∗ = īA∗ = −iA, proves that iA is skew-Hermitian.

If A is a skew-Hermitian matrix, then A∗ = −A.

Hence, (iA)∗ = īA∗ = −i(−A) = iA, proves that iA is Hermitian.  □

Exercises

Let D be a diagonal matrix. Then for any polynomial f(x) show that f(D)
is a diagonal matrix.
If A is a triangular (upper or lower) matrix, then show that f(A) is a

triangular matrix, where f(x) is a polynomial.

Prove that the transpose of an upper triangular matrix is a lower triangular
matrix and vice versa.
Prove that the product of two lower triangular matrices is a lower triangular
matrix and the product of two upper triangular matrices is an upper
triangular matrix.
Let

Then find

(i) A100  (ii) A103  (iii) B100  (iv) B105 .
Express the following matrices as the sum of symmetric and skew-
symmetric matrices:

Let A = [ ] be a matrix such that (5A + I2)−1 = [ ]. Then find the

relation between (i) a and b and (ii) c and d.
Let A and B be n-square matrices. Then show that BtAB is (a) symmetric if
A is symmetric and (b) skew-symmetric if A is skew-symmetric.
Let A be an n-square matrix. Then show that AtA is a symmetric matrix.

Let A = [ ]. Then find a matrix B such that the matrix BA becomes

a symmetric matrix.
Let A and B be n-square matrices. Then show that (a) Bt(A + At)B is

symmetric, (b) Bt(A − At)B is skew-symmetric and (c) Bt(AtA)B is
symmetric.
If A and B are similar matrices, then show that tr(A) = tr(B).

A = and B = [ ].
⎡⎢⎣ 1

3
1
3

1
3

1
3

1
3

1
3

1
3

1
3

1
3

⎤⎥⎦ 1 0

0 −1

A = , B =
⎡⎢⎣ 4 2 6

6 −7 0
−3 0 1

⎤⎥⎦ ⎡⎢⎣−7 12 9

3 −3 12
8 6 5

⎤⎥⎦a b
c d

1 3
3 1

4 2 6
6 −7 0

−3 0 1



(3.2.13)
(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)

If B is similar to A, then show that Bn  is similar to An .
Let A be a 2-square matrix with real entries such that
det (A + I2) = 1+ det A. Then show that tr(A) = 0.

Show that the matrices

are Hermitian and iA, iB are skew-Hermitian.
Show that the matrices

are skew-Hermitian and iA and iB are Hermitian.
Express the following matrices as the sum of Hermitian and skew-Hermitian
matrices:

Let A and B be n-square complex matrices. Then show that B∗AB is (a)
Hermitian if A is Hermitian and (b) skew-Hermitian if A is skew-Hermitian.
Let A and B be n-square Hermitian matrices. Then show that AB + BA is
Hermitian and AB − BA is skew-Hermitian.
Let A be an n-square invertible complex matrix. If A + A∗  is invertible, then

show that (A + A∗)−1
 is Hermitian.

Let A and B be n-square matrices. Then show that B∗(A + A∗)B is

Hermitian and B∗(A − A∗)B is skew-Hermitian.

Show that an n-square matrix A can be expressed as H1 + iH2  uniquely,
where H1 , H2  are Hermitian matrices. Hint:

H1 + iH2 = { 1
2 (A + A∗)} + i{ 1

2i (A − A∗)}.

3.3  Vector spaces formed by the collection of matrices

In Section →3.1, we defined matrix addition and scalar multiplication. Using the properties of
these operations, we can prove the following result.
Theorem 3.3.1.
Let Mm,n(F) represent the set of all m × n matrices with entries from a field F. Then Mm,n(F)
forms a vector space over F with the operations addition and scalar multiplication defined as follows:

A = and B =
⎡⎢⎣ 2 2 − 2i 4

2 + 2i 6 2i

4 −2i 0

⎤⎥⎦ ⎡⎢⎣ 1 −2 + 3i 1 − 2i

−2 − 3i 0 4 + 3i

1 + 2i 4 − 3i 2

⎤⎥⎦A = and B =
⎡⎢⎣ i 1 + i 3 − 2i

−1 + i i 4 + i

−3 − 2i −4 + i 0

⎤⎥⎦ ⎡⎢⎣ i −1 + 3
2 i −2i

1 + 3
2 i

5
2 i −3

−2i 3 3
2 i

⎤

⎦

A= , B = ,

C= , D = .

⎡⎢⎣ 2 2 − 2i 4
2 + 2i 6 2i

4 −2i 0

⎤⎥⎦ ⎡⎢⎣ i 1 + i 3 − 2i
−1 + i i 4 + i

−3 − 2i −4 + i 0

⎤⎥⎦⎡⎢⎣2 + 3i 2 − 2i 4 − i

2 + 2i −6i 2i

4 −2i 6 − 4i

⎤⎥⎦ ⎡⎢⎣ i 1 − 2i 4 − 2i
−1 + 4i 8 − 2i 4 + i

3 + 4i −4 + i 0

⎤⎥⎦



For A = [aij],B = [bij] ∈ Mm,n(F) and k ∈ F , A + B = [aij + bij] and kA = [kaij].

Proof.

We will first demonstrate that Mm,n(F) is an Abelian group.

Let A,B,C ∈ Mm,n(F). The properties (A + B) + C = A + (B + C) and A + B = B + A

show that matrix addition is associative and commutative.
Clearly, the zero matrix 0m×n  of order m × n serves as the additive identity.
Additionally, for A = [aij] ∈ Mm,n(F), there exists −A = [−aij] ∈ Mm,n(F) such that

A + (−A) = A − A = 0m×n .

Thus, Mm,n(F) is an Abelian group under matrix addition.

Next, for k, l ∈ F  and A,B ∈ Mm,n(F), according to Theorem →3.1.5, we have

and

This proves that Mm,n(F) is a vector space over the field F.  □

Corollary 3.3.2.

The set Mn,n(F) of all n-square matrices with entries from a field F is a vector space over F under the

operations matrix addition and scalar multiplication.

Example 3.3.3.

Let M2,3(R) be the vector space of all 2×3 real matrices. We shall show that the collection

B = {e11, e12, e13, e21, e22, e23} is a basis of the vector space M2,3(R) over R, where

Let A = [ ] be any matrix in M2,3(R). Then

k(A + B)= kA + kB,

(k + l)A= kA + lA,

(kl)A= k(lA),

1 ⋅ A = 1 ⋅ [aij] = [1 ⋅ aij] = [aij] = A.

e11= [ ], e12 = [ ], e13 = [ ],

e21= [ ], e22 = [ ], e23 = [ ].

1 0 0
0 0 0

0 1 0
0 0 0

0 0 1
0 0 0

0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1

a b c
d e f



That is,

Thus, any matrix A ∈ M2,3(R) can be written as the linear combination of members of B.

Also,

This gives that B is linearly independent.
Hence, B is a basis of the vector space M2,3(R).

In view of this example, we have the following result.
Theorem 3.3.4.

The dimension of the vector spaces Mm,n(F) and Mn,n(F) are mn and n2 , respectively.

Proof.

Let B = {eij ∈ Mm,n(F) : eij  is a matrix of order m × n whose ij-th entry is 1 and the rest of the

entries are zero}.
Now, we claim that B is a basis of Mm,n(F).

Suppose ∑ij αijeij = 0m×n , where αij ∈ F . Then

By the equality of matrices, we have αij = 0 ∀i, j.

Hence, B is linearly independent.
Also, any A = [aij] ∈ Mm,n(F) can be written as [aij] = ∑ij aijeij . That is, B generates

Mm,n(F). Hence, B is a basis of the vector space Mm,n(F). Since B contains mn matrices, the

dimension of Mm,n(F) is mn. Similarly, dimension of the vector space Mn,n(F) is n2 .  □

Theorem 3.3.5.
Let UT (Mn,n(F)) and LT (Mn,n(F)) denote the set of all upper triangular matrices and lower

triangular matrices of order n × n, respectively. Then UT (Mn,n(F)) and LT (Mn,n(F)) are

[ ]= a[ ] + b[ ] + c[ ] + d[ ]

+e[ ] + f[ ]

= [ ] + [ ] + [ ] + [ ]

+[ ] + [ ].

a b c

d e f

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1

0 0 0

0 0 0

1 0 0
0 0 0

0 1 0

0 0 0

0 0 1

a 0 0
0 0 0

0 b 0
0 0 0

0 0 c

0 0 0
0 0 0
d 0 0

0 0 0

0 e 0

0 0 0

0 0 f

A = ae11 + be12 + ce13 + de21 + ee22 + fe23.

α1e11 + α2e12 + α3e13 + α4e21 + α5e22 + α6e23 = 02×3

⇒ [ ] = [ ]

⇒ α1 = α2 = α3 = α4 = α5 = α6 = 0.

α1 α2 α3

α4 α5 α6

0 0 0
0 0 0

∑
ij

αijeij = [αij]m×n
= 0m×n.



subspaces of Mn,n(F) of dimension 
n(n+1)

2 .

Proof.

Let A = [aij],B = [bij] ∈ UT (Mn,n(F)).

Then aij = bij = 0 ∀i > j.

Now, for α,β ∈ F , αA + βB = [αaij] + [βbij] = [αaij + βbij].
Since aij = bij = 0, ∀i > j, αaij + βbij = 0, ∀i > j. That is, [αaij + βbij] is an upper

triangular matrix.
Thus, (αA + βB) ∈ UT (Mn,n(F)) for all α,β ∈ F  and A,B ∈ UT (Mn,n(F)). Hence,

UT (Mn,n(F)) is a subspace of Mn,n(F).

Next, we shall show that the set BU  = {eij ∈ Mn,n(F), i ≤ j : eij  is a matrix of order m × n

whose ij-th entry is 1 and rest of the entries are zero} is a basis of the vector space
UT (Mn,n(F)).

In the previous theorem, it is shown that the set B in Mn,n(F) is linearly independent, and hence

BU  being the subset of B is linearly independent. It remains to show that BU  generates
UT (Mn,n(F)).

Let A = [aij] ∈ UT (Mn,n(F)). Then aij = 0 ∀i > j. It means aij  may be zero or may not be

zero for i ≤ j. Hence, [aij] = ∑i≤j aijeij .

Hence, the dimension of UT (Mn,n(F)) = n(n+1)
2 .

Similarly, it can be shown that BL = {eij ∈ Mn,n(F) : i ≥ j} is a basis of LT (Mn,n(F)) and

dim (LT (Mn,n(F))) = n(n+1)
2 .  □

The following example helps to visualize the proof of the above theorem.

Example 3.3.6.

Let UT (M3,3(R)) be the vector space of all 3×3 upper triangular real matrices. Then

BU = {e11, e12, e13, e22, e23, e33} is the basis of UT (M3,3(R)).

Let A = [ ] be an upper triangular real matrix. Then

Total number of eij in BU

=
(total number of eij in Mn,n(F) − total number of eii in Mn,n(F))

2
+total number of eii in Mn,n(F)

=
n2 − n

2
+ n

=
n(n + 1)

2
.

a b c
0 d e
0 0 f



Thus, BU  generates UT (M3(R)).

Also, dim (UT (M3,3(R))) = 3(3+1)
2 = 6, which is equal to the number of members of basis BU .

Similarly, we can show that BL = {e11, e21, e22, e31, e32, e33} is the basis of LT (M3,3(R)).

The following example is helpful to understand and visualize the proof of the next theorem in
general form.

Example 3.3.7.

Let S(M3,3(R)) be the vector space of all real symmetric matrices of order 3×3. Then

BS = {s11, s12, s13, s22, s23, s33} is the basis of S(M3(R)), where

Let A = [ ] be a symmetric matrix. Then A = as11 + bs12 + cs13 + ds22 + es23 + fs33 .

Also, dim (S(M3,3(R))) = Number of elements in BS = 6 = 3(3+1)
2 .

Theorem 3.3.8.
Let S(Mn,n(F)) denotes the set of all n-square symmetric matrices with entries in a field F. Then

S(Mn,n(F)) is a subspace of Mn,n(F) and dim (S(Mn,n(F))) = n(n+1)
2 .

Proof.

Let A,B ∈ S(Mn,n(F)) and α,β ∈ F . Then At = A and Bt = B.

From (αA + βB)t = αAt + βBt = αA + βB, we have that αA + βB is a symmetric matrix,

and hence S(Mn,n(F)) is a subspace of Mn,n(F).

ae11 + be12 + ce13 + de22 + ee23 + fe33

= a + b + c + d

+e + f

= = A.

⎡⎢⎣1 0 0

0 0 0
0 0 0

⎤⎥⎦ ⎡⎢⎣0 1 0

0 0 0
0 0 0

⎤⎥⎦ ⎡⎢⎣0 0 1

0 0 0
0 0 0

⎤⎥⎦ ⎡⎢⎣0 0 0

0 1 0
0 0 0

⎤⎥⎦⎡⎢⎣0 0 0

0 0 1
0 0 0

⎤⎥⎦ ⎡⎢⎣0 0 0

0 0 0
0 0 1

⎤⎥⎦⎡⎢⎣a b c

0 d e

0 0 f

⎤⎥⎦s11= , s12 = , s13 = ,

s22= , s23 = , s33 = .

⎡⎢⎣1 0 0

0 0 0

0 0 0

⎤⎥⎦ ⎡⎢⎣0 1 0

1 0 0

0 0 0

⎤⎥⎦ ⎡⎢⎣0 0 1

0 0 0

1 0 0

⎤⎥⎦⎡⎢⎣0 0 0

0 1 0

0 0 0

⎤⎥⎦ ⎡⎢⎣0 0 0

0 0 1

0 1 0

⎤⎥⎦ ⎡⎢⎣0 0 0

0 0 0

0 0 1

⎤⎥⎦a b c
b d e
c e f



Consider the set BS  = {sij ∈ Mn,n(F) : i ≤ j, sij  is an n-square matrix whose ij-th and ji-th

entries are 1 and rest of the entries are zero}.
Now, we shall show that BS  is a basis of S(Mn,n(F)).

Let ∑i≤j αijsij = 0n×n , where αij ∈ F . Then

Hence, BS  is linearly independent.
Let A = [aij] ∈ S(Mn,n(F)). Then aij = aji  ∀i, j.

Since sij  is a symmetric matrix, aijsij  is a symmetric matrix with ij-th and ji-th entries aij  and

rest of the entries zero. Thus, A = [aij] = ∑i≤j aijsij , shows that S(Mn,n(F)) is generated by

BS . Hence, BS  is a basis of S(Mn,n(F)).

The number of elements in BS  can be counted by using the formula given in previous theorem,

which is n
2−n
2 + n = n(n+1)

2 . Hence, dim (S(Mn,n(F))) = n(n+1)
2 .  □

Theorem 3.3.9.
Let Sk(Mn,n(F)) denotes the set of all skew-symmetric matrices of order n × n with entries in a field

F. Then Sk(Mn,n(F)) is a subspace of Mn,n(F).

Proof.

Let A,B ∈ Sk(Mn,n(F)). Then At = −A and Bt = −B.

For α,β ∈ F , (αA + βB)t = αAt + βBt = α(−A) + β(−B) = −(αA + βB) shows that
αA + βB is a skew-symmetric matrix. Hence, Sk(Mn,n(F)) is a subspace of Mn,n(F).  □

Theorem 3.3.10.
Mn,n(F) is direct sum of S(Mn,n(F)) and Sk(Mn,n(F)), i. e.,

Mn,n(F) = S(Mn,n(F)) ⊕ Sk(Mn,n(F)) and dim (Sk(Mn,n(F))) = n(n−1)
2 .

Proof.

Mn,n(F) = S(Mn,n(F)) ⊕ Sk(Mn,n(F)) follows from the result that every square matrix can

be uniquely expressed as the sum of a symmetric matrix and a skew-symmetric matrix.
Hence,

 □

Example 3.3.11.

The set of all diagonal matrices of order n × n forms a vector space of dimension n. Similarly, the
set of all scalar matrices of order n × n forms a vector space of dimension 1.

∑
i≤j

αijsij = [αij]n×n
= 0n×n implies that αij = 0 ∀i, j.

dim (Mn,n(F))=dim (S(Mn,n(F)))+ dim (Sk(Mn,n(F))) or

n2=
n(n + 1)

2
+ dim (Sk(Mn,n(F))), or

dim (Sk(Mn,n(F)))= n2 −
n2 + n

2
=

n(n − 1)
2

.
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Exercises

Let W1 = {[aij] ∈ Mm,n(C) : ∑n
j=1 aij = 0, i = 1, 2, … ,m} and

W2 = {[aij] ∈ Mm,n(C) : ∑m
i=1 aij = 0, j = 1, 2, … ,n}. Then prove

that:
W1  and W2  are subspaces of the vector space Mm,n(C)
over C and find bases and dimensions of W1 , W2  and
W1 ∩ W2 .
Find bases and dimensions of subspaces W1 , W2  and
W1 ∩ W2  over the field R.

Find the basis and dimension of the subspace
W = {A ∈ Mm,n(C) : tr(A) = 0} over the field R.

Show that the following subsets of Mn,n(F) are not subspaces of the

vector space Mn,n(F).

The set of all nilpotent matrices.
The set of all invertible matrices.
The set of all orthogonal matrices.

Let

Then show that W is a subspace of M2,2(C) and find its basis and

dimension.
Let

Then show that W is a subspace of M3,3(C) and find its basis and

dimension.
Let A and B be n-square matrices with entries in a field F. Then show that
AB − BA ≠ In .

Let A and B be n-square matrices with entries in a field F. Then classify
AB − BA between symmetric and skew-symmetric for the following
cases:

if A and B are symmetric;
if A and B are skew-symmetric;
if A is symmetric and B is skew-symmetric;
if A is skew-symmetric and B is symmetric.

Let Mn,n(C) be the vector space of all n-square complex matrices. Then

show that the set of Hermitian and the set of skew-Hermitian matrices are
not a subspace of Mn,n(C).

Show that the set W = {A ∈ Mn,n(R) : At = 5A} is a subspace of the

vector space Mn,n(R) over R.

W = {A ∈ M2,2(C) : A = [ ]}.
z1 z2

z3 −z1

W = A ∈ M3,3(C) : A = .
⎧⎪⎨⎪⎩ ⎡⎢⎣a11 a12 a13

a21 a11 a23

a31 a32 −2a11

⎤⎥⎦⎫⎪⎬⎪⎭



(i)

(ii)

(i)

(ii)

4  Linear transformations

Linear transformations play a crucial role in numerous branches of mathematics and applied
sciences. Understanding the concept of linear transformations is essential for progress in
disciplines such as linear algebra, functional analysis and more. In this chapter, we explore
examples, properties and fundamental results related to linear transformations.

4.1  Definition and examples of linear transformations

A linear transformation is a function from one vector space to another vector space that preserves
vector addition and scalar multiplication. We have the following definition, which is more precise.

Definition 4.1.1.

Let V and W be vector spaces over the same field F. Then a map T : V → W  is called a linear
transformation if it satisfies the following properties:

T (v1 + v2) = T (v1) + T (v2), ∀v1, v2 ∈ V ;

T (av) = aT (v), ∀a ∈ F  and ∀v ∈ V .

A bijective linear transformation is called an isomorphism. If T : V → W  is an isomorphism, then
V and W are considered isomorphic, denoted as V ≅W .
From an application standpoint, the subsequent definition of a linear transformation is more
useful.
A map T : V → W  from a vector space V to a vector space W is called a linear transformation if
T (av1 + bv2) = aT (v1) + bT (v2) for all a, b ∈ F  and v1, v2 ∈ V .

Hereafter, a map will refer to a map between two vector spaces over a field F.

Remark.

We deduce that (V , +) and (W , +) are groups from the vector spaces V and W. Thus, condition

(i) in the above definition indicates that T : V → W  is a group homomorphism. Consequently, a
linear transformation is also known as a vector space homomorphism.

The following theorem results from the group homomorphism property.
Theorem 4.1.2.
Let T : V → W  be a linear transformation. Then:

T (0) = 0, and

T (−v) = −T (v) ∀v ∈ V .

Example 4.1.3.

The map T : V → W  defined by T (v) = 0 ∀v ∈ V  is a linear transformation, called zero linear

transformation.



Example 4.1.4.

The identity map I : V → V  defined by I(v) = v ∀v ∈ V  is a linear transformation. Since

I(av1 + bv2) = av1 + bv2 = aI(v1) + bI(v2) for all a, b ∈ F  and v1, v2 ∈ V .

Example 4.1.5.

Let T : R3 → R
3  be a map defined by T (x, y, z) = (x + y, y + z, z). Then for all

(x1, y1, z1), (x2, y2, z2) ∈ R
3  and a, b ∈ R,

Thus, T is a linear transformation.

Example 4.1.6.

The map T : R3 → R
3  defined by T (x, y, z) = (x + 1, y + 1, z) is not a linear transformation

since T (0, 0, 0) = (1, 2, 0) ≠ (0, 0, 0).

Example 4.1.7.

Let F be any field. Then the i-th projection pi : F n → F  defined by pi(x1,x2, … ,xn) = xi

∀1 ≤ i ≤ n is a linear transformation.

Example 4.1.8.

Let Pn(x) be the vector space of at most n-degree polynomials over a field F. Then the map

T : Pn(x) → Pn(x) defined by T (f(x)) = f ′(x), where f ′(x) = df(x)
dx  is a linear

transformation.
This follows from the calculus that

T is called differentiation transformation and it is clear that the image of Pn(x) under

differentiation transformation is Pn−1(x).

Example 4.1.9.

Let T : C(R[0,1]) → R be a map defined by

T(a(x1, y1, z1) + b(x2, y2, z2))

= T (ax1 + bx2, ay1 + by2, az1 + bz2)

= (ax1 + bx2 + ay1 + by2, ay1 + by2 + az1 + bz2, az1 + bz2)

= (a(x1 + y1) + b(x2 + y2), a(y1 + z1) + b(y2 + z2), az1 + bz2)

= a(x1 + y1, y1 + z1, z1) + b(x2 + y2, y2 + z2, z2)

= aT (x1, y1, z1) + bT (x2, y2, z2).

T(af(x) + bg(x))=
d(af(x) + bg(x))

dx
= a

df(x)

dx
+ b

dg(x)

dx
= af ′(x) + bg′(x)

= aT(f(x)) + bT(g(x)), ∀f(x), g(x) ∈ Pn(x) and ∀a, b ∈ F .



Then for all f(x), g(x) ∈ C(R[0,1]) and a, b ∈ R,

shows that T is a linear transformation.

Example 4.1.10.

Let LA : Mn,p(F) → Mm,p(F) be a map defined by LA(B) = AB, where A is a fixed matrix of

order m × n with entries in the field F.
Then LA(aB + bC) = A(aB + bC) = aAB + bAC = aLA(B) + bLA(C)
∀a, b ∈ F ,B,C ∈ Mnp(F).

This proves that LA  is a linear transformation.
To be more specific, the map LA : F n → F m  defined by LA(X) = AX , where X ∈ F n  and

vectors in F n  and F m  are considered as column vectors, is a linear transformation if A is a matrix
of order m × n with entries in F.
This linear transformation is called the left multiplication transformation.

Example 4.1.11.

Let T : Mn,n(F) → Mn,n(F) be a map defined by T (A) = At .

Then for a, b, ∈ F  and B,C ∈ Mn,n(F),

shows that T is a linear transformation.

Example 4.1.12.

Let T : R3 → R3  be a map defined by

Then for a, b ∈ R and (x1, y1, z1), (x2, y2, z2) ∈ R
3 ,

T(f(x)) =

1

∫

0

f(x)dx.

T(af(x) + bg(x))=

1

∫

0

(af(x) + bg(x))dx

= a

1

∫

0

f(x)dx + b

1

∫

0

g(x)dx

= aT(f(x)) + bT(g(x)),

T (aB + bC) = (aB + bC)t = aBt + bC t = aT (B) + bT (C)

T (x, y, z) = (x cos θ − y sin θ,x sin θ + y cos θ, z).



Thus, T is a linear transformation.

Example 4.1.13.

Consider the map T : R3 → R
3 , defined by T (x, y, z) = (x cos θ− sin θ, y sin θ+ cos θ, z).

Since T (0, 0, 0) = (− sin θ, cos θ, 0) ≠ (0, 0, 0) ∀θ, T is not a linear transformation.

Example 4.1.14.

Let T : R3 → R
2  be a map defined by T (x, y, z) = (x, yz). Then T (0, 0, 0) = (0, 0) but for any

a ∈ R − {0, 1},

Hence, T is not a linear transformation.

Example 4.1.15.

Maps T1 : R2 → R3  defined by T1(x1,x2) = (x1,x2, 0), and T2 : R3 → R2  defined by

T2(x1,x2,x3) = (x1,x2) are linear transformations.

More generally, for m ≤ n,

are linear transformations.
T1  is called natural inclusion and T2  is called natural projection.

Example 4.1.16.

Let T1 : V → W  and T2 : W → U  be linear transformations. Then the composite map
T2 ∘ T1 : V → U  is a linear transformation.
Since
T2 ∘ T1(ax + by) = T2(T1(ax + by)) = T2(aT1(x) + bT1(y)) = aT2(T1(x)) + bT2(T1(y)) = a
for all a, b ∈ F  and x, y ∈ V .

Definition 4.1.17.

Let T : V → W  be a linear transformation. Then T is said to be singular if there exists a nonzero
vector v ∈ V  such that T (v) = 0. If T (v) = 0 implies v = 0 for all v ∈ V , then T is called a

nonsingular linear transformation. Thus, T is nonsingular ⇔ T is injective.

T(a(x1, y1, z1) + b(x2, y2, z2))

= T (ax1 + bx2, ay1 + by2, az1 + bz2)

= ((ax1 + bx2) cos θ − (ay1 + by2) sin θ, (ax1 + bx2) sin θ + (ay1 + by2) cos θ, az1 + bz2

= (ax1 cos θ − ay1 sin θ, ax1 sin θ + ay1 cos θ, az1)

+(bx2 cos θ − by2 sin θ, bx2 sin θ + by2 cos θ, bz2)

= aT (x1, y1, z1) + bT (x2, y2, z2).

T(a(x, y, z)) = T (ax, ay, az) = (ax, a2yz) ≠ aT (x, y, z) = a(x, yz).

T1 : Rm→ R
n defined by T1(x1,x2, … ,xm) = (x1,x2, … ,xm, 0, … , 0) and

T2 : Rn→ R
m defined by T2(x1,x2, … ,xn) = (x1,x2, … ,xm)



Definition 4.1.18.

A linear transformation T : V → W  is called invertible if there exists a linear transformation
S : W → V  such that ST = IV  and TS = IW , where IV  and IW  are the identity maps on V
and W, respectively. The linear transformation S is called the inverse of T and is denoted by

T −1 = S .

Theorem 4.1.19.
The inverse of a linear transformation is unique.

Proof.

Let T : V → W  be an invertible linear transformation. Suppose T1  and T2  are linear
transformations from W to V such that

Then

This proves that both inverses T1  and T2  of T are equal.  □

Theorem 4.1.20.
A linear transformation is invertible if and only if it is bijective. In other words, a linear transformation is

invertible if and only if it is an isomorphism.

Proof.

Let T : V → W  be an invertible linear transformation. Then

Now, we will show that T is bijective.
Suppose T (v1) = T (v2). Then

Since T −1  is a linear transformation,

Hence, v1 = v2 , so T is injective.

To show that T is surjective, let w ∈ W . Then T −1(w) ∈ V .

We have TT −1(w) = IW (w) = w. This implies that if we take v = T −1(w), then T (v) = w.

Hence, T is surjective.
Conversely, suppose that T : V → W  is a bijective linear transformation. Since T is a bijective

function, there exists a T −1 : W → V  such that TT −1 = IW , T −1T = IV  and (T −1)
−1

= T .

To complete the proof, we need to show that T −1  is a linear transformation.
Let w1,w2 ∈ W  and α,β ∈ F . Then, since T is bijective, there exist v1, v2 ∈ V  such that

T (v1) = w1  and T (v2) = w2  or v1 = T −1(w1) and v2 = T −1(w2).

TT1 = IW = TT2 and T1T = IV = T2T .

T1 = T1IW = T1(TT2) = (T1T )T2 = IV T2 = T2.

TT −1 = IW and T −1T = IV .

T (v1) − T (v2) = 0 ⇒ T (v1 − v2) = 0 ∈ W .

0 = T −1(0) = T −1(T (v1 − v2)) = T −1T (v1 − v2) = IV (v1 − v2) = v1 − v2.
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Now,

This proves that T −1  is a linear transformation, and hence T is invertible.  □

Theorem 4.1.21.
If T1  and T2  are invertible linear transformations on a vector space V, then the composition T2 ∘ T1  is

invertible and (T2 ∘ T1)−1 = T −1
1 ∘ T −1

2 .

Proof.

Since T1  and T2  are invertible, T −1
1  and T −1

2  exist. Then

Also, (T −1
1 ∘ T −1

2 )(T2 ∘ T1) = T −1
1 ∘ T −1

2 T2 ∘ T1 = T −1
1 IV ∘ T1 = IV .

This proves that T −1
1 ∘ T −1

2  is the inverse of (T2 ∘ T1)−1
.

Hence, (T2 ∘ T1)−1 = T −1
1 ∘ T −1

2 .  □

Exercises

Let C be a vector space over R. Then show that the map T : C → C

defined by T (z) = z̄ is a linear transformation. If C is a vector space over

C. Then show that the map T : C → C defined by T (z) = z̄ is a nonlinear

transformation.

Let T : R3 → R
3  be a map defined by T (x, y, z) = (x + y, y + z, z + x).

Then prove that T is a linear transformation.

Determine whether the following maps on R3  are linear transformations:
T (x, y, z) = (x − y, y − z, z − x).

T (x, y, z) = (z, y,x).

T (x, y, z) = (x, y2, z2).

T (x, y, z) = (x, y, 0).

T (x, y, z) = (x − y + 3z, 3x + y, −x − 3y + 3z).

T (x, y, z) = (x − 1, y + 2, z + 3).

T (x, y, z) = (|x|, y, z − x).

Show that the following maps are linear transformations:
T : Mn,n(R) → R defined by T (A) = tr(A).

T : Mn,n(R) → Mn,n(R) defined by T (A) = A+At

2 .

T : Mn,n(R) → Mn,n(R) defined by T (A) = kA, k ∈ R.

T : C(R[0,1]) → R defined by T (f(x)) = ∫ 1
0 f(t2)dt.

Show that the following maps are nonlinear transformations:
T : Mn,n(R) → Mn,n(R) defined by T (A) = AtA.

T : Mn,n(R) → Mn,n(R) defined by T (A) = A2 .

T : Mn,n(R) → Mn,n(R) defined by T (A) = A + In .

T (αv1 + βv2) = αT (v1) + βT (v2) = αw1 + βw2

⇒ T −1(αw1 + βw2) = αv1 + βv2 = αT −1(w1) + βT −1(w2).

(T2 ∘ T1)(T −1
1 ∘ T −1

2 ) = T2 ∘ T1T
−1
1 ∘ T −1

2 = T2 ∘ IV ∘ T −1
2 = IV .
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Let Pn(x) denotes the vector space of all polynomials with real coefficients

of degree at most n ∈ N. Then prove that the following maps are linear
transformations:

T : Pn(x) → Pn−2(x) defined by T (f(x)) = f ′′(x).

T : Pn(x) → Pn−1(x) defined by

T (f(x)) = f ′′(x) + f ′(x).

T : Pn(x) → Pn+1(x) defined by T (f(x)) = ∫ x
0 f(t)dt.

T : Pn(x) → Pn+1(x) defined by

T (f(x)) = f ′(x) − ∫ x
0 f(t)dt.

Show that T : P2(x) → P3(x) defined by T (f(x)) = xf(x) + f ′(x) is a

linear transformation where f ′(x) =
df(x)
dx

.

Let V be a vector space over a field F. Then prove that all the linear
transformations T : F → V  are of the form of T (k) = kw for some

w ∈ V .
Hint: Since k = k.1 ⇒ T (k) = T (k.1) = kT (1), take T (1) = w ∈ V .

4.2  Rank and nullity of a linear transformation

In this section, we will prove the fundamental theorem of linear transformations and the rank-
nullity theorem. Additionally, we will explore some related results and examples concerning the
rank and nullity of linear transformations.

Definition 4.2.1.

Let T : V → W  be a linear transformation. Then T −1({0}) = {v ∈ V : T (v) = 0} is called the

kernel of T and is denoted by Ker(T ). That is, Ker(T ) = {v ∈ V : T (v) = 0}.

Theorem 4.2.2.
Let T : V → W  be a linear transformation. Then the image of T, denoted by Im(T ), is a subspace of

W and the kernel of T, denoted by Ker(T ), is a subspace of V.

Proof.

We have

Since T (0) = 0, both Im(T ) and Ker(T ) are nonempty.

Let w1,w2 ∈ Im(T ). Then there exist v1  and v2  in V such that T (v1) = w1  and T (v2) = w2 .

Now, for a, b ∈ F ,

This implies that aw1 + bw2 ∈ Im(T ). Hence, Im(T ) is a subspace of W.

To prove that Ker(T ) is a subspace of V, we need to show that av1 + bv2 ∈ Ker(T ) where

v1, v2 ∈ Ker(T ) and a, b ∈ F . That is, we need to show that T (av1 + bv2) = 0.

Since T is a linear transformation,

Im(T ) = T (V ) = {w ∈ W : there exists v ∈ V with T (v) = w}.

aw1 + bw2 = aT (v1) + bT (v2) = T (av1 + bv2).

T (av1 + bv2) = aT (v1) + bT (v2) = a0 + b0 = 0.



This completes the proof.  □

Note that Im(T ) is called the rank space of T and Ker(T ) is called the null space of T.

Definition 4.2.3.

Let T : V → W  be a linear transformation from a finite-dimensional vector space V to a vector
space W. Then the dimension of the rank space Im(T ) is called the rank of T, denoted by

rank(T ) and the dimension of the null space Ker(T ) is called the nullity of T, denoted by

null(T ).

Theorem 4.2.4.
Let T : V → W  be a linear transformation. Then T is injective if and only if Ker(T ) = {0}.

Proof.

Let T be an injective linear transformation. Then

Since T is injective, x = 0. Hence, Ker(T ) = {0}.

Conversely, suppose that Ker(T ) = {0}. Then

Hence, T is injective.  □

Theorem 4.2.5 (Fundamental theorem of linear transformation).

Let T : V → W  be a linear transformation. Then V
Ker(T )  is isomorphic to Im(T ), i. e.,

V
Ker(T ) ≅T (V ).

Proof.

Let f : V
Ker(T )

→ T (V ) be a map defined by f(v + Ker(T )) = T (v). Then f is well-defined. This

follows from below:

Now, we shall show that f is a bijective linear transformation.

x ∈ Ker(T ) ⇒ T (x) = 0 = T (0).

T (x) = T (y) ⇒ T (x) − T (y) = 0

⇒ T (x − y) = 0

⇒ (x − y) ∈ Ker(T )

⇒ x − y = 0

⇒ x = y.

v1 + Ker(T ) = v2 + Ker(T ) ⇒ v1 − v2 ∈ Ker(T )

⇒ T (v1 − v2) = 0

⇒ T (v1) − T (v2) = 0

⇒ T (v1) = T (v2)

⇒ f(v1 + Ker(T )) = f(v2 + Ker(T )).



For a, b ∈ F ,

show that f is a linear transformation.
f is injective, for

which is the zero of V
Ker(T )

. Thus, Ker(f) = {0}, and hence f is injective.

Next, for any T (v) ∈ T (V ), f(v + Ker(T )) = T (v), shows that f is surjective.

Hence, f is an isomorphism and so V
Ker(T )

≅T (V ).

In case, T : V → W , a surjective linear transformation T (V ) = W , and hence V
Ker(T )

≅W .  □

Theorem 4.2.6.
Let T : V → W  be a linear transformation from a finite- dimensional vector space V to a vector space

W. Then rank(T ) + null(T ) =dim (V ).

Proof.

Let dim (V ) = n. Since Ker(T ) is a subspace of V, suppose dim Ker(T ) = m ≤ n.

Let B1 = {x1,x2, … ,xm} be a basis of Ker(T ). Then it can be extended to a basis

B2 = {x1,x2, … ,xm, y1, y2, … , yn−m} of V.

Now, we claim that {T (y1),T (y2), … ,T (yn−m)} is a basis of T (V ), which proves that

dim (T (V )) = n − m.

First, we prove that {T (y1),T (y2), … ,T (yn−m)} spans T (V ).

Let w ∈ T (V ). Then there exists v ∈ V  such that T (v) = w. Since B2  is a basis of V, v can be

expressed as

for some scalars a1, a2, … , am, b1, b2, … , bn−m .
Hence,

Since xi ∈ Ker(T ), T (xi) = 0 ∀1 ≤ i ≤ m. Hence, from the above equation, we have

f(a(v1 + Ker(T )) + b(v2 + Ker(T )))

= f(av1 + Ker(T ) + bv2 + Ker(T ))

= f(av1 + bv2 + Ker(T ))

= T (av1 + bv2)

= aT (v1) + bT (v2)

= af(v1 + Ker(T )) + bf(v2 + Ker(T )),

v + Ker(T ) ∈ Ker(f) ⇒ f(v + Ker(T )) = 0 ⇒ T (v) = 0

⇒ v ∈ Ker(T ) ⇒ v + Ker(T ) = Ker(T ),

v = a1x1 + a2x2 + ⋯ + amxm + b1y1 + b2y2 + ⋯ + bn−myn−m,

w= T (v) = T (a1x1 + a2x2 + ⋯ + amxm + b1y1 + b2y2 + ⋯ + bn−myn−m)

= a1T (x1) + a2T (x2) + ⋯ + amT (xm) + b1T (y1) + b2T (y2) + ⋯ + bn−mT (yn−m).

w = b1T (y1) + b2T (y2) + ⋯ + bn−mT (yn−m).



This means T (V ) is generated by {T (y1),T (y2), … ,T (yn−m)}.

Now, we shall show that {T (y1),T (y2), … ,T (yn−m)} is linearly independent.

Let

for some scalars c1, c2, … , cn−m . Then by the property of linear transformation we have that

From the basis B1  of Ker(T ), we have the following expression:

for some scalars d1, d2, … , dm .
Then

Since

is a basis, and thus linearly independent, we have
c1 = c2 = ⋯ = cn−m = d1 = d2 = ⋯ = dm = 0. This proves that
{T (y1),T (y2), … ,T (yn−m)} is linearly independent.

Hence,

This significant result is also known as the rank-nullity theorem.  □

Theorem 4.2.7.
Let V and W be vector spaces over the same field F and let S = {v1, v2, … , vn} be a basis of V. Then

every function f : S → W  can be uniquely extended to a linear transformation T : V → W  such

that T (vi) = f(vi) ∀1 ≤ i ≤ n.

Proof.

Let v ∈ V . Then v can be uniquely expressed as

Now, we claim that the map T : V → W  defined by

is a linear transformation.
Let v = a1v1 + a2v2 + ⋯ + anvn  and u = b1v1 + b2v2 + ⋯ + bnvn  be vectors in V. Then for
α,β ∈ F ,

c1T (y1) + c2T (y2) + ⋯ + cn−mT (yn−m) = 0,

T (c1y1 + c2y2 + ⋯ + cn−myn−m) = 0

⇒ c1y1 + c2y2 + ⋯ + cn−myn−m ∈ Ker(T ).

c1y1 + c2y2 + ⋯ + cn−myn−m = d1x1 + d2x2 + ⋯ + dmxm,

c1y1 + c2y2 + ⋯ + cn−myn−m − d1x1 − d2x2 − ⋯ − dmxm = 0.

B2 = {x1,x2, … ,xm, y1, y2, … , yn−m}

dim (T (V )) = n − m =dim (V )− dim (Ker(T )) or

rank(T ) + null(T ) =dim (V ).

v = a1v1 + a2v2 + ⋯ + anvn, for some a1, a2, … , an ∈ F .

T (v) = T (a1v1 + a2v2 + ⋯ + anvn) = a1f(v1) + a2f(v2) + ⋯ + anf(vn)



This shows that T is a linear transformation.
Further,

Finally, we shall show that the extended linear transformation is unique. Suppose T1 : V → W  is
a linear transformation such that T1(vi) = f(vi) ∀i.
Then

Hence, T1 = T .  □

Theorem 4.2.8.
Let V be an m-dimensional vector space and W be an n-dimensional vector space over a field F. Then V is

isomorphic to W if and only if m = n.

Proof.

Let V ≅W . Then there exists an isomorphism T : V → W . If {v1, v2, … , vm} is a basis of V,

then we claim that {T (v1),T (v2), … ,T (vm)} is a basis of W.

Since T is an isomorphism, for each w ∈ W  there exists a v ∈ V  such that T (v) = w. Suppose

v = ∑m
i=1 aivi , where a1, a2, … , am ∈ F . Then w = T (v) = ∑m

i=1 aiT (vi) shows that w is

generated by {T (v1),T (v2), … ,T (vm)}.

For linear independence, let b1T (v1) + b2T (v2) + ⋯ + bmT (vm) = 0, where

b1, b2, … , bm ∈ F . Then

Since T is injective, Ker(T ) = {0}. Hence, b1v1 + b2v2 + ⋯ + bmvm = 0.

Since v1, v2, … , vm  being basis vectors are linearly independent, b1 = b2 = ⋯ = bm = 0. This
proves that the set {T (v1),T (v2), … ,T (vm)} is linearly independent, and hence a basis of W.

That is, dim (W) = m =dim (V ).

Conversely, suppose that dim (W) =dim (V ) = m. Then we have to prove that V ≅W .

T (αu + βv)= T((αa1 + βb1)v1 + (αa2 + βb2)v2 + ⋯ + (αan + βbn)vn)

= (αa1 + βb1)f(v1) + (αa2 + βb2)f(v2) + ⋯ + (αan + βbn)f(vn)

= αa1f(v1) + αa2f(v2) + ⋯ + αanf(vn) + βb1f(v1) + βb2f(v2) + ⋯ + βbnf(

= α(a1f(v1) + a2f(v2) + ⋯ + anf(vn)) + β(b1f(v1) + b2f(v2) + ⋯ + bnf(vn

= αT (a1v1 + a2v2 + ⋯ + anvn) + βT (b1v1 + b2v2 + ⋯ + bnvn)

= αT (v) + βT (u).

T (vi)= T (0v1 + 0v2 + ⋯ + vi + 0vi+1 + ⋯ + 0vn)

= 0f(v1) + 0f(v2) + ⋯ + f(vi) + 0f(vi+1) + ⋯ + 0f(vn)

= f(vi) ∀1 ≤ i ≤ n.

T1(v)= T1(a1v1 + a2v2 + ⋯ + anvn)

= a1T1(v1) + a2T1(v2) + ⋯ + anT1(vn)

= a1f(v1) + a2f(v2) + ⋯ + anf(vn)

= T (a1v1 + a2v2 + ⋯ + anvn)

= T (v) ∀v ∈ V .

T (b1v1 + b2v2 + ⋯ + bmvm) = 0 ⇒ b1v1 + b2v2 + ⋯ + bmvm ∈ Ker(T ).



Let {v1, v2, … , vm} and {w1,w2, … ,wm} be bases of vector spaces V and W, respectively.

Then we shall show that the linear transformation T : V → W , which is the unique extension of
the function f : {v1, v2, … , vm} → W  defined by f(vi) = wi  ∀1 ≤ i ≤ m is an isomorphism.

That is, T (vi) = f(vi) = wi  ∀1 ≤ i ≤ m and T is injective and surjective both.

Let v = ∑m
i=1 aivi ∈ Ker(T ). Then T (v) = ∑m

i=1 aiT (vi) = 0 ⇒ ∑m
i=1 aiwi = 0.

Since {w1,w2, … ,wm} is a basis, ai = 0 ∀i and so v = 0. Thus, Ker(T ) = {0}, and hence T is

injective.
Let w ∈ W . Then for some a1, a2, … , am ∈ F ,w can be expressed as w = ∑m

i=1 aiwi .

Now, w = ∑m
i=1 aiwi = ∑m

i=1 aiT (vi) = T (∑m
i=1 aivi) = T (v), where v = ∑m

i=1 aivi ∈ V .

That is, there exists v ∈ V  such that T (v) = w. This proves that T is surjective.

Hence, T is a bijective linear transformation and so V ≅W .  □

Corollary 4.2.9.

Let V be an n-dimensional vector space over a field F. Then V ≅F n .

Proof.

Let W = F n . Then W is a vector space of dimension n over the field F. Hence, from the above
theorem we have V ≅F n .  □

Example 4.2.10.

Let V = Mm,n(R). Then V is an mn-dimensional vector space over the field R. Hence, from

above corollary we have Mm,n(R) ≅R
mn .

Theorem 4.2.11.
Let T : V → W  be a linear transformation and let S = {v1, v2, … , vn} be a generator of V. Then

{T (v1),T (v2), … ,T (vn)} is a generator of T (V ).

Proof.

Let w ∈ T (V ). Then there exists v ∈ V  such that T (v) = w. Since S is a generator of V for some

a1, a2, … , an ∈ F , v = a1v1 + a2v2 + ⋯ + anvn .
Then w = T (v) = T (a1v1 + a2v2 + ⋯ + anvn) = a1T (v1) + a2T (v2) + ⋯ + anT (vn)
proves the result.  □

Example 4.2.12.

Let T : R3 → R3  be a linear transformation defined by
T (x, y, z) = (x − y + 2z,x − y, −x − 2y + 2z). Then

Ker(T ) = {(x, y, z) ∈ R
3 : T (x, y, z) = (0, 0, 0)}.

Let (x, y, z) ∈ Ker(T ). Then

After the solution of above equations, we get x = y = z = 0. Hence, Ker(T ) = {(0, 0, 0)}.

T (x, y, z) = (0, 0, 0)

⇒ (x − y + 2z,x − y, −x − 2y + 2z) = (0, 0, 0)

⇒ x − y + 2z = 0,x − y = 0, −x − 2y + 2z = 0.



From the rank-nullity theorem,

That is, dim (T (R3)) = 3.

Example 4.2.13.

Let T : R4 → R
4  be a linear transformation defined by

T (x1,x2,x3,x4) = (x1 + x3, 2x1 + x2 + 3x3, 2x2 + 2x3,x4). Then

Ker(T ) = {(x1,x2,x3,x4) ∈ R
4 : T (x1,x2,x3,x4) = (0, 0, 0, 0)}.

Let (x1,x2,x3,x4) ∈ Ker(T ). Then

Now, x1 + x3 = 0 and 2x2 + 2x3 = 0 ⇒ x1 = x2 = −x3 .
Thus, from above equations we get that

Hence, Ker(T ) = {x3(−1, −1, 1, 0) : x3 ∈ R} and so null(T ) = 1.

By the rank-nullity theorem,

Example 4.2.14.

For any n ∈ N, let Pn(x) denotes the vector space of all polynomials with real coefficients and

degree at most n. Then we find the rank and nullity of the linear transformation

T : P3(x) → P4(x) defined by T (p(x)) = ṕ(x) − ∫ x
0 p(t)dt.

Let p(x) = a0 + a1x + a2x
2 + a3x

3 ∈ KerT . Then

rank(T ) + null(T ) =dim (R3)

⇒ rank(T ) + null(T ) = 3

⇒ rank(T ) + 0 = 3

⇒ rank(T ) = 3.

T (x1,x2,x3,x4) = (0, 0, 0, 0)

⇒ (x1 + x3, 2x1 + x2 + 3x3, 2x2 + 2x3,x4) = (0, 0, 0, 0)

⇒ x1 + x3 = 0, 2x1 + x2 + 3x3 = 0, 2x2 + 2x3 = 0,x4 = 0.

(x1,x2,x3,x4) = (−x3, −x3,x3, 0) = x3(−1, −1, 1, 0).

rank(T ) + null(T ) =dim (R4)

⇒ rank(T ) + null(T ) = 4

⇒ rank(T ) + 1 = 4

⇒ rank(T ) = 3.



Hence,

Alternate method:

Let {1,x,x2,x3} be a basis of P3(x). Then from Theorem →4.2.11, {T (1),T (x),T (x2),T (x3)}
generates P3(x), and hence contains maximal linearly independent set.

Now we have

Let

T(p(x)) = ṕ(x) −

x

∫

0

p(t)dt = 0

⇒ a1 + 2a2x + 3a3x
2 −

x

∫

0

(a0 + a1t + a2t
2 + a3t

3)dt = 0

⇒ a1 + 2a2x + 3a3x
2 − a0x − a1x

2/2 − a2x
3/3 − a3x

4/4 = 0

⇒ a1 + (2a2 − a0)x + (3a3 − a1/2)x2 − a2x
3/3 − a3x

4/4 = 0

⇒ a1 = 0, 2a2 − a0 = 0, 3a3 − a1/2 = 0, −a2/3 = 0, −a3/4 = 0

⇒ a0 = a1 = a2 = a3 = 0

⇒ p(x) = 0.

Ker(T )= {0} or null(T ) = 0 and

rank(T )=dim (P3(x)) − null(T ) = 4.

T (1)= 0 −

x

∫

0

dt = x,

T (x)= 1 −

x

∫

0

tdt = 1 − x2/2,

T(x2)= 2x −

x

∫

0

t2dt = 2x − x3/3,

T(x3)= 3x2 −

x

∫

0

t3dt = 3x2 − x4/4.

a1T (1) + a2T (x) + a3T(x
2) + a4T(x

3) = 0

⇒ a1x + a2(1 − x2/2) + a3(2x − x3/3) + a4(3x2 − x4/4) = 0

⇒ a2 + (a1 + 2a3)x + (−a2/2 + 3a4)x2 + (−a3/3)x3 − (a4/4)x4 = 0

⇒ a2 = 0, a1 + 2a3 = 0, −a2/2 + 3a4 = 0, −a3/3 = 0, −a4/4 = 0

⇒ a1 = a2 = a3 = a4 = 0.



Then the set {T (1),T (x),T (x2),T (x3)} is linearly independent, and hence a basis of Im(T ).

Thus rank(T ) = 4 and null(T ) =dim (P3(x)) − rank(T ) = 4 − 4 = 0.

Example 4.2.15.

Let us find a linear map T : R3 → R
4  whose image is generated by {(1,0,2,3),(−3,2,4,0)}.

Let B = {e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)} be the standard basis of R3 . Define the

linear transformation T by T (e1) = (1, 0, 2, 3), T (e2) = (−3, 2, 4, 0), T (e3) = (0, 0, 0, 0).

From Theorems →4.2.7 and →4.2.11, such a unique linear transformation exists and

spans Im(T ), and hence {(1,0,2,3),(−3,2,4,0)} spans Im(T ).

Let (x1,x2,x3) ∈ R
3 . Then (x1,x2,x3) = x1e1 + x2e2 + x3e3 .

Hence,

Example 4.2.16.

Let V and W be vector spaces of dimensions 2 and 4, respectively, over the same field F. If
T : V → W  is a linear transformation, then by the rank-nullity theorem linearly independent sets
B1 = {w1,w2,w3,w4} and B2 = {w1,w2,w3} cannot be basis of Im(T ). But for

B3 = {w1,w2} and B4 = {w1} there always exist linear transformations T1 : V → W  and

T2 : V → W  such that B3  and B4  are bases of Im(T1) and Im(T2), respectively.

If B = {v1, v2} is a basis of V, then T1  and T2  can be defined as follows:

More generally, if V and W are vector spaces of dimensions m and n, respectively, over the same
field F, then for m < n, there does not exist any linear transformation T : V → W  with
rank(T ) > m, but always there is a possibility of a linear transformation T : V → W  with

rank(T ) ≤ m.

Example 4.2.17.

Let us find the solution of the following question:

Is it possible to construct a linear transformation T : F 2 → F 4  such that
Im(T ) = {(x, y, z,w) ∈ F 4 : x + y + z − w = 0}?
We have the dimension of Im(T ) = 3 (prove). Then by the rank-nullity theorem,

Since null(T ) ≥ 0, 3 + null(T ) ≠ 2. Hence, there does not exist such a linear transformation.

{T (e1),T (e2),T (e3)} = {(1, 0, 2, 3), (−3, 2, 4, 0), (0, 0, 0, 0)},

T (x1,x2,x3)= T (x1e1 + x2e2 + x3e3)

= x1T (e1) + x2T (e2) + x3T (e3)

= x1(1, 0, 2, 3) + x2(−3, 2, 4, 0) + x3(0, 0, 0, 0)

= (x1 − 3x2, 2x2, 2x1 + 4x2, 3x1).

T1(v1) = w1, T1(v2) = w2 and T2(v1) = w1, T2(v2) = 0.

rank(T ) + null(T ) = 2 ⇒ 3 + null(T ) = 2.



(i)

(ii)

(iii)

(i)

(ii)

Example 4.2.18.

In this example, we obtain the linear transformation from the given its image set. Let

T : R2 → R
3  be a linear transformation such that Im(T ) = {(x, y, z) ∈ R

3 : x + y − z = 0}.

Then Im(T ) = {(x, y,x + y) : x, y ∈ R}.

From the standard basis B = {e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)} of R3 , we have

This shows that Im(T ) is generated by {(1,0,1),(0,1,1)}.

Define T (1, 0) = (1, 0, 1) and T (0, 1) = (0, 1, 1).

Then

Theorem 4.2.19.
Let V1 , V2 , V3  be vector spaces over a field F and let T1 : V1 → V2 , T2 : V2 → V3  be linear

transformations. Then we have the following:

rank(T2 ∘ T1) ≤min {rank(T1), rank(T2)},

null(T1) ≤ null(T2 ∘ T1),

if T1  is invertible, then rank(T2 ∘ T1) = rank(T2).

Proof.

We have that T2 ∘ T1 : V1 → V3  is a linear transformation. Since T1(V1) is a

subspace of V2 , T2(T1(V1)) is a subspace of T2(V2). Hence,

rank(T2 ∘ T1) ≤ rank(T2).

Again, since T1(V1) is a subspace of V2 , the restriction map,

Then by the rank-nullity theorem,

This proves that rank(T2 ∘ T1) ≤min {rank(T1), rank(T2)}.

We have that if Ker(T1) ⊆ Ker((T2 ∘ T1)), then

Thus, to prove the result it is sufficient to show that Ker(T1) ⊆ Ker(T2 ∘ T1).

(x, y,x + y)= xe1 + ye2 + (x + y)e3

= x(e1 + e3) + y(e2 + e3)

= x(1, 0, 1) + y(0, 1, 1).

T (x, y)= T(x(1, 0) + y(0, 1))

= xT (1, 0) + yT (0, 1)

= x(1, 0, 1) + y(0, 1, 1)

= (x, y,x + y).

T2/T1(V1) : T1(V1) → V3 is a linear transformation.

dim (T1(V1))=dim (T2(T1(V1))) + null(T2/T1(V1)) or

rank(T2 ∘ T1)= rank(T1) − null(T2/T1(V1)) ≤ rank(T1).

dim (Ker(T1)) ≤dim (Ker(T2 ∘ T1)) and so null(T1) ≤ null(T2 ∘ T1).



(iii)

(a)

Let x ∈ Ker(T1). Then

Hence, Ker(T1) ⊆ Ker(T2 ∘ T1).

From (i), we have

Hence, rank(T2 ∘ T1) = rank(T2).  □

Example 4.2.20.

Let T : V → V  be a linear transformation on a finite-dimensional vector space V,

such that rank(T 2) = rank(T ). Then V = Im(T ) ⊕ Ker(T ).

Since T 2 = T ∘ T : V → V  is a linear transformation, by the rank-nullity

theorem, we have rank(T 2) + null(T 2) =dim (V ).

This implies

Thus,

Also,

In view of Ker(T 2) ≅Ker(T ) and Ker(T ) ⊆ Ker(T 2), we have that

Ker(T 2) = Ker(T ).

Now, T (V ) ⊆ V ⇒ T 2(V ) ⊆ T (V ) and

Hence, Im(T 2) = Im(T ).

Finally, we shall show that Im(T ) ∩ Ker(T ) = {0}.

Let x ∈ Im(T ) ∩ Ker(T ). Then x ∈ Im(T ) and x ∈ Ker(T ).

Hence, x = 0.

T1(x) = 0 ⇒ T2(T1(x)) = T2(0) = 0

⇒ T2 ∘ T1(x) = 0 ⇒ x ∈ Ker(T2 ∘ T1).

rank(T2) = rank(T2 ∘ T1 ∘ T −1
1 ) ≤ rank(T2 ∘ T1) ≤ rank(T2).

null(T 2)=dim (V ) − rank(T 2)

=dim (V ) − rank(T ) = null(T ).

null(T 2) = null(T ) ⇒dim (Ker(T 2)) =dim (Ker(T ))

⇒ Ker(T 2) ≅Ker(T ).

x ∈ Ker(T ) ⇒ T (x) = 0 ⇒ T(T (x)) = T (0) ⇒ T 2(x) = 0

⇒ x ∈ Ker(T 2) proves that Ker(T ) ⊆ Ker(T 2).

rank(T 2) = rank(T ) ⇒dim (Im(T 2)) ≅dim (Im(T )).

x ∈ ImT ⇒ ∃y ∈ V : T (y) = x and x ∈ KerT ⇒ T (x) = 0.

x = T (y) ⇒ T (x) = T 2(y) ⇒ 0 = T 2(y) ⇒ y ∈ Ker(T 2) = Ker(T )

⇒ T (y) = 0.



(b)

(4.2.1)

(4.2.2)

(4.2.3)

(4.2.4)

(4.2.5)

(4.2.6)

(4.2.7)

(4.2.8)

Thus, Im(T ) ∩ Ker(T ) = {0}.

Hence, dim (V ) = rank(T ) + null(T ) with Im(T ) ∩ Ker(T ) = {0} proves

that V = Im(T ) ⊕ Ker(T ).

Let V be a finite-dimensional vector space and let T : V → V  be a linear
transformation. Then V = ImT

r ⊕ KerT r  for some positive integer r.

Since T (V ) ⊆ V , T 2(V ) ⊆ T (V ), we can find the following chain:

Hence,

Thus, there exists some positive integer r such that rank(T r) = rank(T r+k) for

all positive integers k. If we take r = k, then

rank(T r) = rank(T r+r) = rank(T 2r) = rank((T r)2). Hence, from part (a) we

have

Exercises

Let V and W be n-dimensional vector spaces over the same field F. Then
show that the linear transformation T : V → W  is surjective if and only if T
is injective.
Using the fundamental theorem of vector space homomorphism, prove the
rank-nullity theorem.
Let V be an m-dimensional vector space and W be an n-dimensional vector
space over the same field F. Then for the linear transformation T : V → W
, prove that
(i) if m > n, then T cannot be injective and (ii) if m < n, then T can not be
surjective.
Let T : V → W  be an isomorphism. Then prove that {T (vi)}, 1 ≤ i ≤ n
is a basis of W, whenever {vi}, 1 ≤ i ≤ n is a basis of V.

Let T : F 2 → F 3  be a linear transformation defined by
T (x, y) = (x,x + y, y). Then find the rank and nullity of T.

Let T : Pn(x) → Pn+1(x) be a linear transformation defined by

T (p(x)) = p′(x) − ∫ x
0 p(t)dt. Then find the rank(T ).

Let V and W be vector spaces over the same field F of dimensions n and m,
respectively. If T : V → W  is a linear transformation and
B = {v1, v2, … , vr} is a subset of V such that

T (B) = {T (v1),T (v2), … ,T (vr)} is a linearly independent set in W,

then prove that B is a linearly independent set.
Let T : V → W  be an injective linear transformation from an n-
dimensional vector space V to an m-dimensional vector space W. Then

V⊇ Im(T ) ⊇ Im(T
2) ⊇ ⋯ ⊇ Im(T

r) ⊇ Im(T
r+1) ⊇ ⋯ ⊇ Im(T

r+k)

⊇ ⋯ ⊇ {0}, for all k, r ≥ 1.

∞>dim (V ) ≥ rank(T ) ≥ rank(T 2) ≥ ⋯ ≥ rank(T r) ≥ rank(T r+1)

≥ ⋯ ≥ rank(T r+k) ≥ ⋯ ≥ 0, for all k, r ≥ 1.

V = Im(T
r) ⊕ Ker(T r).



(4.2.9)

(4.2.10)

(i)
(ii)
(iii)
(iv)
(v)

(4.2.11)

(i)

(ii)

(4.2.12)

(i)
(ii)

(iii)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

prove that if {v1, v2, … , vr} is a linearly independent set in V, then

{T (v1),T (v2), … ,T (vr)} is a linearly independent set in W.

Find the rank and nullity of the linear transformations given in exercises
4.1.2, 4.1.4(i), 4.1.4(ii), 4.1.4(iii) and 4.1.6.

Find the linear transformation T : R3 → R4  whose image is generated by:
{(1,2,3,4),(3,−2,0,0)};
{(1,0,0,0),(0,1,0,0),(0,0,1,0)};
{(1,0,0,0),(0,0,1,0),(0,0,0,1)};
{(3,0,0,0),(2,−1,0,0),(−1,4,2,0)};
{(1,2,−1,6)}.

Construct a linear transformation T : R4 → R
5  such that

Im(T ) = {(x1,x2,x3,x4,x5) : x1 + 2x2 − x3 = 0};

Im(T ) = {(x1,x2,x3,x4,x5) : 2x2 + 3x3 + 4x4 = 0}.

Let V be a finite-dimensional vector space and let T : V → V  be a linear
map. Then show that the following statements are equivalent:

T is an isomorphism.
Ker(T ) = {0}.

Im(T ) = V .

Let V be a vector space of dimension n ≥ 2. If T : V → V  is a linear

transformation such that T m+1 = 0 and T m ≠ 0 for some m ≥ 1, then
find the relation between rank(T m) and null(T m).

Let T : R3 → R
3  be a linear transformation defined by

T (x, y, z) = (x + 3y + 2z, 3x + 4y + z, 2x + y − z), (x, y, z) ∈ R
3 .

Then find rank(T 2) and null(T 3).

Let S,T : R3 → R3  be two linear transformations defined by
S(x1,x2,x3) = (x1,x1 + x2,x1 − x2 − x3) and

T (x1,x2,x3) = (x1 + 2x3,x2 − x3,x1 + x2 + x3). Then show that S is

invertible but not T.
Let U, V and W be three finite-dimensional vector spaces such that
dim (U) =dim (W). If T1 : U → V  and T2 : V → W  are linear

transformations such that T2 ∘ T1 : U → W  is injective, then show that T1

is injective and T2  is surjective.

4.3  Vector spaces of linear transformations

Consider the set Hom(V ,W) = {T : T : V → W is a linear transformation}, where V and W

are vector spaces over the same field F. Then for T1,T2 ∈ Hom(V ,W),T1 + T2  defined by

(T1 + T2)(x) = T1(x) + T2(x) is a linear transformation:

For a, b ∈ F  and x, y ∈ V ,

Also, for α ∈ F ,αT1  defined by (αT1)(x) = αT1(x) is a linear transformation:

(T1 + T2)(ax + by)= T1(ax + by) + T2(ax + by)

= aT1(x) + bT1(y) + aT2(x) + bT2(y)

= aT1(x) + aT2(x) + bT1(y) + bT2(y)

= a(T1 + T2)(x) + b(T1 + T2)(y).



The following theorem is the direct consequence of Example →2.1.7.
Theorem 4.3.1.
Let V and W be vector spaces over the same field F. Then the set Hom(V ,W) is a vector space over F

with respect to addition and scalar multiplications defined as follows:

Now, we shall show that if V and W are finite-dimensional vector spaces, then Hom(V ,W) is

a finite-dimensional vector space.
Theorem 4.3.2.
Let V and W be finite-dimensional vector spaces over the same field F of dimensions m and n,

respectively. Then dim (Hom(V ,W)) =dim (V )⋅ dim (W) = mn.

Proof.

Let {v1, v2, … , vm} and {w1,w2, … ,wn} be ordered bases of V and W, respectively. For every

(i, j), 1 ≤ i ≤ m, 1 ≤ j ≤ n, there exists a unique linear transformation Tij ∈ Hom(V ,W)
such that

Now, we claim that the set {Tij, 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a basis of the vector space

Hom(V ,W).

First, we shall show that Hom(V ,W) is generated by {Tij, 1 ≤ i ≤ m, 1 ≤ j ≤ n}. That is,

T ∈ Hom(V ,W) can be uniquely expressed as T = ∑ aijTij , where aij ∈ F . Then it is

sufficient to show that both the linear transformations T and ∑ aijTij  are equal on the basis of V.

Since {w1,w2, … ,wn} is a basis of W, T (vk) ∈ W  can be uniquely expressed as

T (vk) = ∑n
j=1 akjwj , where akj ∈ F  and 1 ≤ k ≤ m.

Now,

Thus, T (vk) = (∑ij aijTij)(vk) ∀1 ≤ k ≤ m. Hence, T = ∑ij aijTij .

for (αT1)(ax + by)= αT1(ax + by) = α(aT1(x) + bT1(y))

= αaT1(x) + αbT1(y) = a(αT1)(x) + b(αT1)(y).

(T1 + T2)(x)= T1(x) + T2(x) and

(αT1)(x)= αT1(x), for all T1,T2 ∈ Hom(V ,W),x ∈ V and α ∈ F .

Tij(vk) = {
wj, if i = k,

0, if i ≠ k.

(∑
ij

aijTij)(vk)= ∑
ij

aijTij(vk)

= ∑
j

(∑
i

aijTij(vk))

= ∑
j

(a1jT1j(vk) + a2jT2j(vk) + ⋯ + akjTkj(vk) + ⋯ + amjTmj(vk))

= ∑
j

akjwj, since Tij(vk) = 0 if i ≠ k.



To complete the proof, it remains to show that the set {Tij, 1 ≤ i ≤ m, 1 ≤ j ≤ n} is linearly

independent.
Suppose ∑ij aijTij = 0, where aij ∈ F . Then

Since {w1,w2, … ,wn} is linearly independent,

This shows that all aij = 0 for 1 ≤ i ≤ m, 1 ≤ j ≤ n, and hence the set

{Tij, 1 ≤ i ≤ m, 1 ≤ j ≤ n} is linearly independent. This proves that

{Tij, 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a basis of Hom(V ,W). Hence,

dim (Hom(V ,W)) =dim (V )⋅ dim (W) = mn.  □

Definition 4.3.3.

Let V be a vector space over a field F. Since every field is a vector space over itself, the vector space
Hom(V ,F) = {f : f : V → F is a linear transformation}, denoted by V ∗  is called the dual

space of V. A linear transformation f ∈ V ∗  is called linear functional.

If V is an m-dimensional vector space, then
dim (V ∗) =dim (Hom(V ,F)) =dim (V )⋅ dim (F) = m ⋅ 1 = m. Thus, for a finite-

dimensional vector space V, dim (V ∗) =dim (V ), and hence V ∗ ≅V .

Linear transformations given in Example →4.1.7 and Example →4.1.9 are linear functionals.

If {e1, e2, … , em} is a basis of the vector space V over a field F and {1} is the basis of vector

space W = F  over F, then Tij = Ti1 , 1 ≤ i ≤ m, j = 1 defined in the previous theorem is

In the form of simple notation, let us denote Ti1 = e∗
i , then

(∑
ij

aijTij)(vk) = 0

⇒ ∑
ij

aijTij(vk) = 0

⇒ ∑
j

(∑
i

aijTij(vk)) = 0

⇒ ∑
j

akjTkj(vk) = 0

⇒ ∑
j

akjwj = 0 ∀k.

∑
j

akjwj = 0 ⇒ akj = 0 ∀j, and for all k = 1, 2, … ,m, also.

Ti1(ek) = {
1, if i = k,

0, otherwise.

e∗
i (ej) = {

1, if i = j,

0, otherwise.



(i)

(ii)

(i)

(ii)

From the proof of the above theorem, we have the following definition.

Definition 4.3.4.

Let V be an m-dimensional vector space over a field F and let {e1, e2, … , em} be a basis of V.

Then the set {e∗
1, e∗

2, … , e∗
m} is a basis of V ∗  called the dual basis to {e1, e2, … , em}, where

e∗
i (ej) = 1, if i ≠ j and 0, otherwise for all 1 ≤ i, j ≤ m.

Definition 4.3.5.

Let V be a vector space over a field F. Then Hom(V ∗,F) = (V ∗)∗
 denoted by V ∗∗  is called the

second dual of V.

Theorem 4.3.6.
Let V be a vector space over a field F. Then for x ∈ V , the map x∗∗ : V ∗ → F  given by

x∗∗(f) = f(x) is a linear functional on V ∗ , where f ∈ V ∗ .

Proof.

Let f, g ∈ V ∗  and a, b ∈ F . Then
x∗∗(af + bg) = (af + bg)(x) = af(x) + bg(x) = ax∗∗(f) + bx∗∗(g). This completes the

proof.  □

Theorem 4.3.7.
Let {x1,x2, … ,xn} be a basis of a vector space V over a field F and let {x∗

1,x∗
2, … ,x∗

n} be its dual

basis in V ∗ . Then:

any vector x ∈ V  can be expressed as x = x∗
1(x)x1 + x∗

2(x)x2 + ⋯ + x∗
n(x)xn

and

functional f ∈ V ∗  can be expressed as f = f(x1)x∗
1 + f(x2)x∗

2 + ⋯ + f(xn)x∗
n

.

Proof.

Let x = ∑n
i=1 aixi , ai ∈ F . Then x∗

1(x) = ∑n
i=1 aix

∗
1(xi) = a1 , where

x∗
1(xi) = 0 if i ≠ 1.

Similarly, for all i = 2, 3, … ,n, x∗
i (x) = ai .

Hence, x = ∑n
i=1 aixi = ∑n

i=1 x
∗
i (x)xi .

Let x ∈ V . Then from (i), we have x = ∑n
i=1 x

∗
i (x)xi .

Hence,



Thus, f(x) = (∑n
i=1 f(xi)x

∗
i )(x), for all x ∈ V . Hence, f = ∑n

i=1 f(xi)x
∗
i .  □

Theorem 4.3.8.
Let V be an n-dimensional vector space over a field F. Then V is isomorphic to V ∗∗ .

Proof.

Since V and V ∗  are vector spaces over the same field F, V ∗∗ = Hom(V ∗,F) is a vector space

over F.
Also, dim (V ∗∗) =dim (V ∗) = n =dim (V ).

Hence, V and V ∗∗  are isomorphic vector spaces.  □

Theorem 4.3.9.
Let V be an n-dimensional vector space over a field F. Then the map T : V → V ∗∗  defined by

T (x) = x∗∗  is an isomorphism.

Proof.

Let x, y ∈ V  and a, b ∈ F . Then T (ax + by) = (ax + by)∗∗
.

Now, for f ∈ V ∗ ,

(ax + by)∗∗(f) = f(ax + by) = af(x) + bf(y) = ax∗∗(f) + by∗∗(f) = (ax∗∗ + by∗∗)(f)
shows that (ax + by)∗∗ = ax∗∗ + by∗∗ . Hence, T (ax + by) = ax∗∗ + by∗∗  gives that T is a
linear transformation.
Now, we shall show that T is bijective.
Let x ∈ Ker(T ). Then T (x) = x∗∗ = 0, where 0 is the zero linear functional in V ∗ . Hence,

x∗∗(f) = 0 ⇒ f(x) = 0 for all f ∈ V ∗ . This shows that x = 0. For if x ≠ 0, the set {x} being

linearly independent, can be enlarged to a basis of V. Then we can define a linear functional f on V
whose restriction on the basis is given by f(x) = 1 and 0 at all other members of the basis, which

contradicts the fact that f(x) = 0 for all f ∈ V ∗ . Hence, Ker(T ) = {0} and so that T is injective.

Also, rank(T ) =dim (V ) − null(T ) = n shows that T is surjective. Hence, T is an isomorphism.

 □

Example 4.3.10.

Let {e1 = (1, −1, 2), e2 = (0, 1, −1), e3 = (0, 3, 4)} be a basis of R3 . Suppose {e∗
1, e∗

2, e∗
3} is

the dual basis of the basis {e1, e2, e3}.

f(x)= f(
n

∑
i=1

x∗
i (x)xi)

=
n

∑
i=1

x∗
i (x)f(xi)

=
n

∑
i=1

f(xi)x
∗
i (x)

= (
n

∑
i=1

f(xi)x
∗
i)(x).



The linear functionals e∗
1 , e∗

2 , e∗
3  may be expressed in the form (by the Riesz representation

theorem proved in the coming chapter):

By the definition e∗
i (ej) = 1, if i = j and 0 if i ≠ j, we have

Solving above equations yield a1 = 1, a2 = 0, a3 = 0.
Hence, e∗

1(x, y, z) = x.

Similarly, we get

Example 4.3.11.

Let V = P2(x) be the vector space of polynomials over R of degree ≤2, and let e∗
1 , e∗

2 , e∗
3  be the

linear functionals on V defined as follows:

where f(x) = a0 + a1x + a2x
2 ∈ V  and f́(x) denotes the derivative of f(x) with respect to x.

Since dim (V ∗) =dim (V ) = 3, the set e∗
1 , e∗

2 , e∗
3  is a basis of V ∗  if it is linearly independent.

To show that e∗
1 , e∗

2 , e∗
3  is linearly independent, let α,β, γ ∈ R such that αe∗

1 + βe∗
2 + γe∗

3 = 0,

the zero functional.
Then, for f(x) ∈ V ,

Let f(x) = a0 + a1x + a2x
2 . Then from the above equation, we have

e∗
1(x, y, z)= a1x + a2y + a3z,

e∗
2(x, y, z)= b1x + b2y + b3z,

e∗
3(x, y, z)= c1x + c2y + c3z.

1= e∗
1(e1) = e∗

1(1, −1, 2) = a1 − a2 + 2a3,

0= e∗
1(e2) = e∗

1(0, 1, −1) = a2 − a3,

0= e∗
1(e3) = e∗

1(0, 3, 4) = 3a2 + 4a3.

e∗
2(x, y, z)=

10

7
x +

4

7
y +

−3

7
z and

e∗
3(x, y, z)=

−1

7
x +

−1

7
y +

2

7
z.

e∗
1(f(x)) =

1

∫

0

f(x)dx, e∗
2(f(x)) = f́(1), e∗

3(f(x)) = f(0),

(αe∗
1 + βe∗

2 + γe∗
3)f(x)= 0,

αe∗
1(f(x)) + βe∗

2(f(x)) + γe∗
3(f(x))= 0,

α

1

∫

0

f(x)dx + βf́(1) + γf(0)= 0.



Solving above equations yield α = β = γ = 0. Thus, the set {e∗
1, e∗

2, e∗
3} is linearly independent,

and hence a basis of V ∗ .
Now, we shall find the basis {e1, e2, e3} of V whose dual is {e∗

1, e∗
2, e∗

3}.

Let e1 = a0 + a1x + a2x
2 , e2 = b0 + b1x + b2x

2  and e3 = c0 + c1x + c2x
2 . Then by the

definition of dual basis we have

Similarly,

After solving the above nine equations, we have that a0 = 0, a1 = 3, a2 = −3
2 ; b0 = 0, b1 = −1

2

, b2 = 3
4

 and c0 = 1, c1 = −3, c2 = 3
2

.

Hence, the required basis is

Definition 4.3.12.

Let V be a vector space over a field F and let S be a subset of V. Then the set
S ∘ = {f ∈ V ∗ : f(x) = 0, ∀x ∈ S} is called the annihilator of S.

α

1

∫

0

(a0 + a1x + a2x
2)dx + β(a1 + 2a2) + γa0 = 0,

α(a0 +
a1

2
+

a2

3
)+ β(a1 + 2a2) + γa0 = 0, for all a0, a1, a2 ∈ R,

(α + γ)a0 + (
α

2
+ β)a1 + (

α

3
+ 2β)a2 = 0

⇒ α + γ = 0, if a0 = 1, a1 = a2 = 0,
α

2
+ β = 0, if a1 = 1, a0 = a2 = 0,

α

3
+ 2β = 0, if a2 = 1, a0 = a1 = 0.

1= e∗
1(e1) =

1

∫

0

(a0 + a1x + a2x
2)dx = a0 +

a1

2
+

a2

3
,

0= e∗
1(e2) =

1

∫

0

(b0 + b1x + b2x
2)dx = b0 +

b1

2
+

b2

3
,

0= e∗
1(e3) =

1

∫

0

(c0 + c1x + c2x
2)dx = c0 +

c1

2
+

c2

3
.

0= e∗
2(e1) = a1 + 2a2, 1 = e∗

2(e2) = b1 + 2b2, 0 = e∗
2(e3) = c1 + 2c2 and

0= e∗
3(e1) = a0, 0 = e∗

3(e2) = b0, 1 = e∗
3(e3) = c0.

{e1 = 3x −
−3

2
x2, e2 =

−x

2
+

3

4
x2, e3 = 1 − 3x +

3

2
x2}.



For f1, f2 ∈ S ∘  and a, b ∈ F ,

This shows that the annihilator of a subset S of a vector space V is a subspace of the dual
space V ∗  of V.

For example, {0}∘ = V ∗  and V ∗ = {0}.

Theorem 4.3.13.
Let W be a subspace of an n-dimensional vector space V. Then

n =dim (V ) =dim (W)+ dim (W ∘).

Proof.

Let dim (W) = r. Then we have to show that dim (W ∘) = n − r.

Suppose {w1,w2, … ,wr} is a basis of W, which can be extended to a basis

{w1,w2, … ,wr, v1, v2, … , vn−r} of V.

Let {w∗
1,w∗

2, … ,w∗
r , v

∗
1, v∗

2, … , v∗
n−r} be a basis of V ∗ . Now, we claim that {v∗

1, v∗
2, … , v∗

n−r}
is a basis of W ∘ .
Since {v∗

1, v∗
2, … , v∗

n−r} is a subset of basis of V ∗ , it is linearly independent. Also, every element

w ∈ W  can be expressed as w = ∑r
i=1 aiwi , where ai ∈ F . Then by the definition of dual basis,

shows that {v∗
1, v∗

2, … , v∗
n−r} is a subset of W ∘ .

Next, we shall show that {v∗
1, v∗

2, … , v∗
n−r} generates W ∘ .

Let f ∈ W ∘ . Then f ∈ V ∗ . From Theorem →4.3.7,

Since f ∈ W ∘ , f(wi) = 0, ∀1 ≤ i ≤ r, f = f(v1)v∗
1 + ⋯ + f(vn−r)v

∗
n−r . This proves that

{v∗
1, v∗

2, … , v∗
n−r} generates W ∘ , and hence a basis of W ∘ . Thus,

dim (W ∘) = n − r = n− dim (W) ⇒dim (W)+ dim (W ∘) =dim (V ).  □

Corollary 4.3.14.

Let W be a subspace of an n-dimensional vector space V. Then W ∘∘
≅W .

Proof.

Let dim (W) = m. Then

Again, dim (V ∗) = n and W ∘  is a subspace of V ∗ ,

Thus, dim (W) =dim (W ∘∘
) and hence W ∘∘

≅W .  □

(af1 + bf2)(x) = af1(x) + bf2(x) = a ⋅ 0 + b ⋅ 0 = 0, ∀x ∈ S.

v∗
j(w) = v∗

j(
r

∑
i=1

aiwi) =
r

∑
i=1

aiv
∗
j(wi) =

r

∑
i=1

ai ⋅ 0 = 0

f = f(w1)w∗
1 + f(w1)w∗

1 + f(w2)w∗
2 + ⋯ + f(wr)w

∗
r + f(v1)v∗

1 + ⋯ + f(vn−r)v
∗
n−r.

dim (W)+ dim (W ∘) =dim (V ) ⇒dim (W ∘) = n − m.

dim (W ∘∘

) =dim (V ∗)− dim (W ∘) = n − (n − m) = m.



(4.3.1)
(4.3.2)

(4.3.3)

(i)
(ii)
(iii)
(iv)

(4.3.4)

(4.3.5)

(a)

(b)

(c)

(d)

(4.3.6)

Example 4.3.15.

Let W be a subspace of R3  generated by the set {w1 = (1, 2, 3),w2 = (0, 1, −1)}. In this

example, we compute the basis of W ∘ .
Since dim (W ∘) = 3− dim (W) = 1, there exists only one linear functional in the basis of W ∘

such that f(w1) = f(w2) = 0.

Let f(x, y, z) = ax + by + cz ∈ W ∘ . Then

And so,

Hence, f(x, y, z) = −5cx + cy + cz = c(−5x + y + z) gives that f(x, y, z) = −5x + y + z.

Let w ∈ W . Then w = a1w1 + a2w2 , for some a1, a2 ∈ R.
Hence, f(w) = f(a1w1 + a2w2) = a1f(w1) + a2f(w2) = a1 ⋅ 0 + a2 ⋅ 0 = 0 implies that

f ∈ W ∘ .

Exercises

Prove Theorem →4.3.1.
Let f : Rn → R be a function defined by
f(x1,x2, … ,xn) = a1x1 + a2x2 + ⋯ + anxn , where

a1, a2, … , an ∈ R. Then show that f is a linear functional.

Find the dual basis of each of the following bases of R3 :
{(1,−1,1),(4,1,0),(8,1,1)};
{(1,3,3),(1,4,3),(1,3,4)};
{(1,1,3),(1,3,−3),(−2,−4,−4)};
{(1,0,0),(0,1,0),(0,0,1)}.

Let V = P1(x) be the vector space of all polynomials with real coefficients

of degree at most one and let e∗
1(f(x)) = ∫ 1

0 f(x)dx, e∗
2(f(x)) = f ′(1),

e∗
3(f(x)) = f(0), are linear functionals on V. Then show that each of the

following sets (i) {e∗
1, e∗

2}, (ii) {e∗
1, e∗

3}, (iii) {e∗
2, e∗

3} is a basis of V ∗  and

find the corresponding bases {ei, ej} in V whose dual is {e∗
i , e

∗
j}, where

1 ≤ i, j ≤ 3.
Let V = P2(x) be the vector space of all polynomials with real coefficients

of degree at most two. Then
show that e∗

a  defined by e∗
a(f(x)) = f(a), a ∈ R is a

linear functional on V;
show that {e∗

−1, e∗
0, e∗

1} is a basis of V ∗ ;

find the basis {e−1, e0, e1} of V such that {e∗
−1, e∗

0, e∗
1} is

its dual;
for distinct r, s, t ∈ R, show that {e∗

r , e
∗
s, e

∗
t} is a basis of

V ∗ .
If {e1, e2, … , en} is a basis of a vector space V and {e∗

1, e∗
2, … , e∗

n} is its

dual basis, then for any x ∈ V  show that

f(1, 2, 3)= a + 2b + 3c = 0 and f(0, 1, −1) = b − c = 0,

b − c= 0 ⇒ b = c.

a + 2b + 3c = 0 ⇒ a + 2c + 3c = 0 ⇒ a = −5c.



(4.3.7)

(4.3.8)

(i)

(ii)

(iii)

(4.3.9)

(i)
(ii)
(iii)
(iv)

(4.3.10)

x = e∗
1(x)e1 + e∗

2(x)e2 + ⋯ + e∗
n(x)e1 .

Let S be a subset of a vector space V. Then show that S ∘ = [⟨S⟩]∘
.

Let W be a subspace of R3 . Then find the basis of W ∘ , if:
W is generated by {w1 = (1, 1, −1)};

W is generated by {w1 = (0, 1, 2),w2 = (3, 2, 1)};

W is generated by {w1 = (−3, 2, 4),w2 = (1, 0, 2)}.

Let W be a subspace of R4 . Then find the basis of W ∘  if W is generated by:
{(1,−1,1,−1)};
{(1,2,3,−1),(1,0,3,4)};
{(0,−3,4,2),(−1,2,0,3)};
{(1,0,2,−3),(0,2,3,4),(−5,2,3,0)}.

If W1  and W2  are subspaces of a vector space V (may be finite- or infinite-
dimensional), then prove that (W1 + W2)∘ = W ∘

1 ∩ W ∘
2 .

4.4  Transpose of a linear transformation

The transpose of a linear transformation between two vector spaces given over the same field is
an induced map between the dual spaces of the two vector spaces.

Definition 4.4.1.

Let V and W be vector spaces over the same field F and let T : V → W  be a linear transformation.
Then the map T t : W ∗ → V ∗  defined by T t(f) = f ∘ T , being the composition of linear
transformations is a linear transformation, called the transpose of T.
f ∈ W ∗  means f : W → F  is a linear transformation, and hence the composition

f ∘ T : V → F  is a linear transformations. Thus, T t(f) = f ∘ T ∈ V ∗ .

Theorem 4.4.2.

Let T1 : V1 → V2  and T2 : V2 → V3  be linear transformations. Then (T2 ∘ T1)t = T t
1 ∘ T t

2 .

Proof.

Since T2 ∘ T1 : V1 → V3  is a linear transformation, (T2 ∘ T1)t  is a linear transformation from V ∗
3

to V ∗
1 . Then for f ∈ V ∗

3 ,

Since T t
2 (f) ∈ V ∗

2 ,

Thus, (T2 ∘ T1)t(f) = (T t
1 ∘ T t

2 )(f) for all f.

Hence, (T2 ∘ T1)t = T t
1 ∘ T t

2 .  □

Theorem 4.4.3.

Let V and W be vector spaces over a field F. Then: (i) (T1 + T2)t = T t
1 + T t

2  (ii) (αT )t = αT t , for all

T1,T2 ∈ Hom(V ,W) and α ∈ F .

(T2 ∘ T1)t(f) = f ∘ (T2 ∘ T1) = (f ∘ T2) ∘ T1 = T t
2 (f) ∘ T1.

T t
2 (f) ∘ T1 = T t

1(T
t
2 (f)) = (T t

1 ∘ T t
2)(f).



(i)

(ii)

Proof.

We have that T1 + T2 : V → W  is a linear transformation.
Hence,

are linear transformations.
Let f ∈ W ∗ . Then

Hence, (T1 + T2)t = T t
1 + T t

2 .

Since αT : V → W  is a linear transformation, (αT )t : W ∗ → V ∗  is linear
transformation.

For f ∈ W ∗ , (αT )t(f) = f ∘ αT = αf ∘ T = α(f ∘ T ) = αT t(f).

Hence, (αT )t = αT t .  □

Theorem 4.4.4.
Let V and W be finite-dimensional vector spaces and let T : V → W  be a linear transformation. Then

rank(T ) = rank(T t).

Proof.

Since T : V → W  is a linear transformation, T t : W ∗ → V ∗  is a linear transformation.
By the rank-nullity theorem,

Since T (V ) ⊂ W , by Theorem →4.3.13,

If dim (T (V ))∘ = null(T t), then from the above equation

and hence from the above first equation,

To complete the proof, we have to show that dim (T (V ))∘ = null(T t).

(T1 + T2)t : W ∗ → V ∗ and (T t
1 + T t

2) : W ∗ → V ∗

(T1 + T2)t(f) = f ∘ (T1 + T2) = f ∘ T1 + f ∘ T2 = T t
1 (f) + T t

2 (f) = (T t
1 + T

rank(T t) + null(T t) =dim (W ∗) =dim (W)

⇒ rank(T t) =dim (W) − null(T t).

dim (T (V ))
∘
+ dim (T (V )) =dim (W)

⇒dim (T (V ))
∘

=dim (W)− dim (T (V )).

dim (W)− dim (T (V )) = null(T t),

rank(T t)=dim (W) − null(T t)

=dim (W) − (dim (W)− dim (T (V )))

=dim (T (V ))

= rank(T ).



(4.4.1)

(4.4.2)

(a)

(b)

(c)

(d)

(e)

(4.4.3)

(a)

(b)

(c)

(d)

(e)

Hence, Ker(T t) = (T (V ))∘ ⇒ null(T t) =dim (T (V ))∘
.  □

From the proof of the above theorem, we write the following corollary immediately.

Corollary 4.4.5.

Let T : V → V  be a linear transformation on a finite-dimensional vector space V. Then T is

nonsingular if and only if T t  is nonsingular.

Example 4.4.6.

Let T : R3 → R
2  be a linear transformation defined by T (x, y, z) = (x + 2y + z, y − z). Then

T t : (R2)
∗

→ (R3)
∗

. Let f : R2 → R be a linear functional defined by f(x, y) = x + 3y. That

is, f ∈ (R2)
∗

. Then

(T t(f))(x, y, z) = (f ∘ T )(x, y, z) = f(T (x, y, z)) = f(x + 2y + z, y − z) = (x + 2y + z) + 3
.

Exercises

Let T : V → W  be a linear transformation. Then prove that
null(T t) =dim (ImT )∘

.

Let f : R2 → R be a linear functional defined by f(x, y) = 2x − y. Then

for each of the following linear transformations T : R2 → R
2 , find

(T t(f))(x, y):

T (x, y) = (0, 0);

T (x, y) = (x, y);

T (x, y) = (0, y);

T (x, y) = (x + y, y);

T (x, y) = (x − y,x + y).

Let f : R2 → R be a linear functional defined by f(x, y) = 2x − 5y. Then

for each of the following linear transformations T : R3 → R
2 , find

(T t(f))(x, y, z):

T (x, y, z) = (x + y, −z);

T (x, y, z) = (x, y + z);

T (x, y, z) = (x + y + z,x − y);

T (x, y, z) = (2x − y,x + y + z);

T (x, y, z) = (2x + 3y − z,x + z).

f ∈ Ker(T t) ⇔ T t(f) = 0 (zero linear functional)

⇔ f ∘ T = 0

⇔ (f ∘ T )(x) = 0 ∈ F , ∀x ∈ V

⇔ f(T (x)) = 0 ∈ F , ∀x ∈ V

⇔ f ∈ (T (V ))
∘
.



5  Matrices and linear transformations

In the preceding chapters, we have studied matrices and linear transformations separately. But
fortunately, there is a beautiful relationship between the linear transformation on a finite-
dimensional vector space and a matrix. In this chapter, we shall see how a linear transformation
between two finite-dimensional vector spaces can be represented by a matrix. By developing a
vector space isomorphism between the vector space of matrices and the vector space of linear
transformations, we can use the properties of one space to study the properties of the other.

5.1  The matrix representation of a linear transformation

We begin this section by introducing the concept of an ordered basis.

Definition 5.1.1.

Let V be an n-dimensional vector space over the field F. Then the basis B = {v1, v2, … , vn} of V

is called an ordered basis if the order of elements of B is fixed.

For example, if B1 = {v1, v2, v3} and B2 = {v2, v1, v3} are two ordered bases of a vector

space V, then B1 ≠ B2 . Thus, every basis of an n-dimensional vector space gives rise to n!
distinct ordered bases.

Example 5.1.2.

In the vector space F 3 , the standard basis,

is the ordered basis for F 3 .

In general, {e1, e2, … , en} is an ordered basis of F n . Similarly, the basis {1,x,x2, … ,xn} is

an ordered basis of the polynomial space Pn(x).

Now we proceed to the title of this section, which is the matrix representation of a linear
transformation.
Let V and W be finite-dimensional vector spaces over the same field F with ordered bases
B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm}, respectively. If T : V → W  is a linear

transformation, then for each 1 ≤ j ≤ n, T (vj) ∈ W  can be expressed uniquely as a linear

combination of the vectors in the basis B2 .
That is,

where aij ∈ F , ∀1 ≤ i ≤ m, 1 ≤ j ≤ n.

{e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1)},

T (v1)= a11w1 + a21w2 + a31w3 + ⋯ + am1wm,
T (v2)= a12w1 + a22w2 + a32w3 + ⋯ + am2wm,

⋮
T (vn)= a1nw1 + a2nw2 + a3nw3 + ⋯ + amnwm,



Since a linear transformation defined on the basis of a vector space is completely determined on
the whole space, the matrix [aij] of unique ordered mn scalars aij ∈ F  represents the linear

transformation T relative to the ordered bases B1  and B2 .

Definition 5.1.3.

Let T : V → W  be a linear transformation, where V and W are finite-dimensional vector spaces
with ordered bases B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm}, respectively. Then the

matrix [aij] of order m × n is called the matrix of the linear transformation T related to the

ordered bases B1  and B2  where aij ∈ F  such that T (vj) = ∑m
i=1 aijwi , 1 ≤ j ≤ n.

We use the notation [T ]B1,B2
 to denote the above matrix, i. e., [T ]B1,B2

= [aij]. Thus, a linear

transformation from an n-dimensional vector space to an m-dimensional vector space is
represented by a matrix of order m × n.

We will illustrate the matrix representation of several linear transformations in the next few
examples.

Example 5.1.4.

Let T : F 3 → F 2  be a linear transformation defined by T (x, y, z) = (2x + 3y − z,x + z).

Then the matrix representing T related to standard bases B1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} and

B2 = {(1, 0), (0, 1)}, will be of order 2×3. By taking the coefficients of the subsequent column

vectors, we are able to obtain the matrix:

Hence, the matrix is

Example 5.1.5.

Let P4(x) and P3(x) be the polynomial spaces over the field F. Then the matrix of linear

transformation T : P4(x) → P3(x), defined by T (f(x)) = d
dx
f(x), with respect to standard

bases is of order 4×5.

Let B1 = {1,x,x2,x3,x4} and B2 = {1,x,x2,x3} be the bases of P4(x) and P3(x),
respectively. Then

T (1, 0, 0)= (2, 1) = 2(1, 0) + 1(0, 1),
T (0, 1, 0)= (3, 0) = 3(1, 0) + 0(0, 1),
T (0, 0, 1)= (−1, 1) = −1(1, 0) + 1(0, 1).

[T ]B1,B2
= [ ].

2 3 −1
1 0 1

T (1)= 0 = 0.1 + 0.x + 0.x2 + 0.x3,

T (x)= 1 = 1.1 + 0.x + 0.x2 + 0.x3,

T(x2)= 2x = 0.1 + 2.x + 0.x2 + 0.x3,

T(x3)= 3x2 = 0.1 + 0.x + 3.x2 + 0.x3,

T(x4)= 4x3 = 0.1 + 0.x + 0.x2 + 4.x3,



and hence the matrix representing T is

Example 5.1.6.

Let T : R3 → R
3  be a linear transformation defined by T (x, y, z) = (x + y, y + z, z + x). Then

the matrix [T ]B1,B1
 where B1 = {(1, 1, 1), (0, 1, 1), (0, 0, 1)} is obtained as follows:

Suppose (1, 2, 1) = a1(1, 1, 1) + a2(0, 1, 1) + a3(0, 0, 1).

Then

On solving, a1 = 1, a2 = 1, a3 = −1.
Hence, T (0, 1, 1) = (1, 2, 1) = 1(1, 1, 1) + 1(0, 1, 1) − 1(0, 0, 1).

Next, T (0, 0, 1) = (0, 1, 1) = 0(1, 1, 1) + 1(0, 1, 1) + 0(0, 0, 1).

Then

Example 5.1.7.

Let T : R3 → P2(x) be a linear transformation defined by

T (a, b, c) = (a − b)x2 + cx + a + b + c, where (a, b, c) ∈ R
3 . Then we determine the matrix

[T ]B1,B2
, where B1 = {(1, 0, 0), (1, 1, 0), (1, 1, 1)} and B2 = {1, 1 + x, 1 + x + x2} are

ordered bases of vector spaces R3  and P2(x) over R, respectively.

T (1, 0, 0) = x2 + 1.

Suppose, x2 + 1 = a1(1) + a2(1 + x) + a3(1 + x + x2).

Then

Similarly,

[T ]B1,B2
= .

⎡⎢⎣0 1 0 0 0
0 0 2 0 0
0 0 0 3 0
0 0 0 0 4

⎤⎥⎦T (1, 1, 1)= (2, 2, 2) = 2(1, 1, 1) + 0(0, 1, 1) + 0(0, 0, 1),
T (0, 1, 1)= (1, 2, 1).

(1, 2, 1) = (a1, a1 + a2, a1 + a2 + a3)
⇒ a1 = 1, a1 + a2 = 2, a1 + a2 + a3 = 1.

[T ]B1,B2
= .
⎡⎢⎣2 1 0

0 1 1
0 −1 0

⎤⎥⎦x2 + 1 = a1 + a2 + a3 + (a2 + a3)x + a3x
2

⇒ a1 + a2 + a3 = 1, a2 + a3 = 0, a3 = 1
⇒ a1 = 1, a2 = −1, a3 = 1.

T (1, 1, 0) = 2 = 2.1 + 0. (1 + x) + 0. (1 + x + x2),



and

Hence, the matrix

Example 5.1.8.

If IV : V → V  is an identity linear transformation, then [IV ]B,B = In , the identity matrix of

order n.
If V and W are finite-dimensional vector spaces over a field F of dimensions n and m, respectively,
then the following theorem shows that the vector spaces Hom(V ,W) and Mm,n(F) are

isomorphic.

Theorem 5.1.9.
Let B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm} be ordered bases of vector spaces V and

W over a field F, respectively. Then the map f : Hom(V ,W) → Mm,n(F) defined by

f(T ) = [T ]B1,B2
 is a vector space isomorphism. That is, Hom(V ,W) ≅Mm,n(F).

Proof.

First of all, we shall show that f is a linear transformation.
Let T1,T2 ∈ Hom(V ,W) and let [T1]B1,B2

= [aij], [T2]B1,B2
= [bij].

Then for a, b ∈ F  we have to prove that f(aT1 + bT2) = af(T1) + bf(T2), or we have to show

that [aT1 + bT2]B1,B2
= a[T1]B1,B2

+ b[T2]B1,B2
.

We have that

and

Hence,

T (1, 1, 1) = x + 3 = 2. (1) + 1. (1 + x) + 0. (1 + x + x2).

[T ]B1,B2
= .
⎡⎢⎣ 1 2 2

−1 0 1
1 0 0

⎤⎥⎦[T1]B1,B2
= [aij] ⇒ T1(vj) =

m

∑
i=1

aijwi

[T2]B1,B2
= [bij] ⇒ T2(vj) =

m

∑
i=1

bijwi.



This gives that (i, j)-th element of the matrix [aT1 + bT2]B1,B2
= aaij + bbij , is equal to a(i, j)-

th element of the matrix [T1]B1,B2
+ b(i, j)-th element of the matrix [T2]B1,B2

.

Hence, [aT1 + bT2]B1,B2
= a[T1]B1,B2

+ b[T2]B1,B2
.

Now, we shall show that f is bijective.
Suppose, f(T1) = f(T2) = [aij]. Then T1(vj) = T2(vj) ∀vj ∈ B1 .

Since T1  and T2  are equal on the basis B1 , we have T1 = T2 , and hence f is injective.
Next, for the given matrix [aij] ∈ Mm,n(F), there exists an unique T ∈ Hom(V ,W) such that

T (vj) = ∑n
i=1 aijwi  ∀vj ∈ B1 . Hence, f(T ) = [T ]B1,B2

= [aij], and so f is surjective, also.

Thus, the map f : Hom(V ,W) → Mm,n(F) is a vector space isomorphism, and hence

Hom(V ,W) ≅Mm,n(F).  □

Remark.

In view of above notation, if T1,T2 : V → W  are two linear transformations, then
[T1 + T2]B1,B2

= [T1]B1,B2
+ [T2]B1,B2

 and [aT1]B1,B2
= a[T1]B1,B2

, a ∈ F . That is, the sums

and scalar multiplication of matrices are associated with the corresponding sums and scalar
multiplication of linear transformations.

Since the composition of two linear transformations is a linear transformation, we obtain the
matrix representation of a composition of linear transformations.
Theorem 5.1.10.
Let V, W and U be finite-dimensional vector spaces with the bases B1 = {v1, v2, … , vn},

B2 = {w1,w2, … ,wm} and B3 = {u1,u2, … ,up}, respectively. Then for the linear

transformations,

Proof.

Let [T1]B1,B2
= [aij]m×n

 and [T2]B2,B3
= [bki]p×m .

Then T1(vj) = ∑m
i=1 aijwi  and T2(wi) = ∑p

k=1 bkiuk .

Since T2 ∘ T1  is a linear transformation from V to U,

(aT1 + bT2)(vj)= aT1(vj) + bT2(vj)

= a

m

∑
i=1

aijwi + b

m

∑
i=1

bijwi

=
m

∑
i=1

aaijwi +
m

∑
i=1

bbijwi

=
m

∑
i=1

(aaij + bbij)wi.

T1 : V → W , T2 : W → U , [T2 ∘ T1]B1,B3
= [T2]B2,B3

[T1]B1,B2
.



where ckj = ∑m
i=1 bkiaij .

Thus the (k, j)-th element of the matrix [T2 ∘ T1]B1,B3
 is equal to the (k, j)-th element of the

matrix [T2]B2,B3
[T1]B1,B2

.

Hence, [T2 ∘ T1]B1,B3
= [T2]B2,B3

[T1]B1,B2
.  □

Remark.

Above matrix representation of a composition of linear transformations gives the idea behind the
multiplication of matrices.

Theorem 5.1.11.
Let V and W be finite-dimensional vector spaces over the same field F with ordered bases B1  and B2 ,

respectively. Then the linear transformation T : V → W  is invertible if and only if [T ]B1,B2
 is

invertible and [T −1]B2,B1
= ([T ]B1,B2

)−1
.

Proof.

Suppose T is invertible. Since V and W are finite-dimensional vector spaces, dim (V ) =dim (W).

Let dim (V ) =dim (W) = n. Then [T ]B1,B2
 is an n-square matrix.

Since T is invertible, there exists T −1 : W → V  such that TT −1 = IW  and T −1T = IV , where
IV  and IW  denote the identity linear transformations on V and W, respectively.

Then In = [IV ]B1,B1
= [T −1T ]B1,B1

= [T −1]B2,B1
[T ]B1,B2

.

Similarly, [T ]B1,B2
[T −1]B2,B1

= In .

This show that [T ]B1,B2
 is invertible and [TB1,B2 ]

−1 = [T −1]B2,B1
.

Conversely, suppose that [T ]B1,B2
= [aij] is invertible. Then there exists an n-square matrix

B = [bij] such that [T ]B1,B2
B = B[T ]B1,B2

= In .

T2 ∘ T1(vj)= T2(T1(vj))

= T2(
m

∑
i=1

aijwi)

=
m

∑
i=1

aijT2(wi)

=
m

∑
i=1

aij(
p

∑
k=1

bkiuk)

=
m

∑
i=1

p

∑
k=1

aijbkiuk

=
p

∑
k=1

(
m

∑
i=1

bkiaij)uk

=
p

∑
k=1

ckjuk,



If B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wn} are ordered bases of V and W,

respectively, then there exists a linear transformation T1 : W → V  such that
T1(wj) = ∑n

i=1 bijvi  ∀1 ≤ j ≤ n.

Then [T1]B2,B1
= B. Now,

[T1T ]B1,B1
= [T1]B2,B1

[T ]B1,B2
= B[T ]B1,B2

= In = [IV ]B1,B2
⇒ T1T = IV  and similarly,

TT1 = IW . This shows that T −1 = T1 , and hence T is invertible.  □

Example 5.1.12.

Let A = [ ] be the matrix of linear transformation T : F 4 → F 3 , relative to the standard

ordered bases B1  and B2  of F 4  and F 3 , respectively, where F is a field. In this example, we
obtain the linear transformation T representing the matrix A.
Let

By the matrix representation of a linear transformation T, we have

Similarly, T (0, 1, 0, 0, ) = (−2, 6, 0), T (0, 0, 1, 0) = (1, 2, 7) and T (0, 0, 0, 1) = (0, 1, 1).

Hence,

In the following theorem, we shall show that if A is a matrix representing the linear
transformation T, then At  is the matrix representing T t .
Theorem 5.1.13.
Let V and W be finite-dimensional vector spaces over a field F with ordered bases

B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm}, respectively. Then for the linear

transformation T : V → W , ([T ]B1,B2
)t = [T t]B2,B1

.

Proof.

Let [T ]B1,B2
= [aij]m×n

. Then T (vj) = ∑m
i=1 aijwi  ∀1 ≤ i ≤ n.

Suppose B∗
1 = {v∗

1, v∗
2, … , v∗

n} and B∗
2 = {w∗

1,w∗
2, … ,w∗

m} are the corresponding dual bases

of dual spaces V ∗  and W ∗ , respectively.
Then for the linear transformation T t : W ∗ → V ∗ , suppose T t(w∗

k) = ∑n
j=1 bjkv

∗
j .

From the definition of transpose of T, T t(w∗
k) = w∗

k ∘ T ∈ V ∗ , which implies that

w∗
k ∘ T = ∑n

j=1 bjkv
∗
j .

Then

3 −2 1 0
1 6 2 1

−3 0 7 1

B1= {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}, and

B2= {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.

T (1, 0, 0, 0) = 3(1, 0, 0) + 1(0, 1, 0) + (−3)(0, 0, 1) = (3, 1, −3).

T (x, y, z,w)= T(x(1, 0, 1, 0) + y(0, 1, 0, 0) + z(0, 0, 1, 0) + w(0, 0, 0, 1))

= xT (1, 0, 0, 0) + yT (0, 1, 0, 0) + zT (0, 0, 1, 0) + wT (0, 0, 0, 1)
= x(3, 1, −3) + y(−2, 6, 0) + z(1, 2, 7) + w(0, 1, 1)
= (3x − 2y + z,x + 6y + 2Z + w, −3x + 7z + w).



(5.1.1)

(i)

(ii)

(iii)

(iv)

(5.1.2)

(i)

(ii)

(iii)

(iv)

(5.1.3)

(i)

or

where v∗
r(vr) = 1, and v∗

r(vj) = 0 if r ≠ j.

Thus,

This shows that [aij]
t = [bji] = [T t]B∗

2,B∗
1
.  □

Exercises

Let T : R3 → R2  be a linear transformation. Then determine the matrix
[T ]B1,B2

 if:

T (x, y, z) = (2x − y, 2y − z),

B1 = {(1, 0, 0), (1, −1, 0), (1, 1, −1)}, and

B2 = {(1, 1), (−1, 0)};

T (x, y, z) = (2x − y, 2y − z),

B1 = {(1, 2, 1), (−1, 0, 2), (2, 1, −3)} and

B2 = {(1, −1), (2, 3)};

T (x, y, z) = (2x + 3y − z,x + z),

B1 = {(1, 1, 2), (1, 2, 2), (2, 2, 3)} and

B2 = {(1, 1), (−1, 0)};

T (x, y, z) = (2x + 3y − z,x + z),

B1 = {(1, 2, 2), (1, 1, 2), (2, 2, 3)} and

B2 = {(1, 1), (−1, 0)}.

Let T : R3 → R3  be a linear transformation. Then determine the matrix
[T ]B1,B2

 if:

T (x, y, z) = (2y + z,x − 4y, 3x),

B1 = {(1, 0, 0), (1, −1, 0), (1, 1, −1)} and

B2 = {(1, 2, 1), (−1, 0, 2), (2, 1, −3)};

T (x, y, z) = (2y + z,x − 4y, 3x),

B1 = {(1, 2, 1), (−1, 0, 2), (2, 1, −3)} and

B2 = {(1, 0, 0), (1, −1, 0), (1, 1, −1)};

T (x, y, z) = (x + 3y + 2z, 3x + 4y + z, 2x + y − z) and

B1 = B2 = {(1, 1, 2), (1, 2, 2), (2, 2, 3)};

T (x, y, z) = (x + 3y + 2z, 3x + 4y + z, 2x + y − z),

and B1 = B2 = {(1, 0, 0), (1, 1, 0), (1, 1, −1)}.

Find the matrix of the linear transformation Ti, 1 ≤ i ≤ 5 related to the
standard bases:

T1 : P4(x) → P2(x) defined as T (f(x)) = f ′′(x);

(w∗
k ∘ T)(vr) =

n

∑
j=1

bjkv
∗
j(vr)

w∗
k(T (vr)) = brk,

brk = w∗
k(T (vr)) = w∗

k(
m

∑
i=1

airwi) =
m

∑
i=1

airw
∗
k(wi) = akr.



(ii)

(iii)

(iv)

(v)

(5.1.4)
(i)

(ii)

(iii)

(iv)

(iv)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)

T2 : P3(x) → P2(x) defined as

T (f(x)) = f ′(x) + f ′′(x);

T3 : P2(x) → P3(x) defined as T (f(x)) = ∫ x
0 f(t)dt;

T4 : P2(x) → P3(x) defined as

T (f(x)) = f ′(x) − ∫ x
0 f(t)dt;

T5 : P2(x) → P3(x) defined as

T (f(x)) = xf(x) + f ′(x).

For the linear transformations given in the above exercise, determine:
[T1]B1,B2

, where B1  is the standard basis and

B2 = {1, 1 + x, 1 + x + x2};

[T2]B1,B2
, where B1  is the standard basis and

B2 = {1, 1 + x, 1 + x + x2};

[T3]B1,B2
, where B1 = {1, 1 + x, 1 + x + x2} and B2  is

the standard basis;
[T4]B1,B2

, where B1  is the standard basis and

B2 = {1, 1 + x, 1 + x + x2, 1 + x + x2 + x3};

[T5]B1,B2
, where B1 = {1, 1 + x, 1 + x + x2} and

B2 = {1, 1 + x, 1 + x + x2, 1 + x + x2 + x3}.

Let T : M2,2(R) → P2(x) be a linear transformation defined by

Then find the matrix [T ]B1,B2
 where B1  and B2  are standard bases, i. e.,

Let T : R4 → P2(x) be a linear transformation defined by

T (a, b, c, d) = a + c + 2dx + cx2 . Then find the matrix of T related to the

standard bases and compare with the matrix of previous question.
Let T : M2,2(R) → M2,2(R) be the linear transformation defined by

T (A) = (A+At)
2 . Then determine the matrix [T ]B1,B2

, where B1  is the

standard basis of M2,2(R).

Find the linear transformation T : P2(x) → P2(x) whose matrix

representation relative to the standard basis is

Find the linear transformation T : R4 → R
3  whose matrix representation

is

T([ ]) = a + c + 2dx + cx2.
a b

c d

B1 = {[ ], [ ], [ ], [ ]} and B2 = {1,x,x2}.
1 0
0 0

0 1
0 0

0 0
1 0

0 0
0 1

A = .
⎡⎢⎣1 2 3

3 2 1
1 −1 2

⎤⎥⎦



(5.1.10)

where

are ordered bases of R4  and R3 , respectively.

For exercise (5.1.8), find T relative to the basis {1, 1 + x, 1 + x + x2}.

5.2  Effect of change of bases on matrix representation

In this section, we prove the result, which gives the relation between the matrices of a linear
transformation with the different ordered bases. We begin this section with the transition
matrices and their properties.

Definition 5.2.1.

Let V be a vector space with the ordered bases B1  and B2 . Then the matrix [IV ]B1,B2
, of the

identity linear transformation IV : V → V  is called the transition matrix from the basis B1  to the
basis B2 . Transition matrices are invertible.

Example 5.2.2.

Let I : R3 → R
3  be the identity linear transformation. Then the transition matrix from the basis

B1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} to the basis B2 = {(1, 0, 0), (1, −1, 0), (1, 1, −1)} is given

as follows:

Hence,

and

Theorem 5.2.3.
Let B1 = {v1, v2, … , vn}, B′

1 = {v′
1, v′

2, … , v′
n} be the bases of the vector space V and

B2 = {w1,w2, … ,wm}, B′
2 = {w′

1,w′
2, … ,w′

m} be the bases of the vector space W. If

[T ]B1,B2
= ,
⎡⎢⎣−1 2 3 1

1 1 1 0
1 2 −2 −1

⎤⎥⎦B1 = {(1, 0, 0, 0), (1, 1, 0, 0), (1, 1, 1, 0), (1, 1, 1, 1)} and B2 = {(1, 1, 1

I(1, 0, 0)= (1, 0, 0) = 1(1, 0, 0) + 0(1, −1, 0) + 0(1, 1, −1),
I(0, 1, 0)= (0, 1, 0) = 1(1, 0, 0) − 1(1, −1, 0) + 0(1, 1, −1),
I(0, 0, 1)= (0, 0, 1) = 2(1, 0, 0) − 1(1, −1, 0) − 1(1, 1, −1).

[I]B1,B2
= ,
⎡⎢⎣1 1 2

0 −1 −1
0 0 −1

⎤⎥⎦([I]B1,B2
)

−1 = [I−1]
B2,B1

= [I]B2,B1
= .
⎡⎢⎣1 1 1

0 −1 1
0 0 −1

⎤⎥⎦



T : V → W  is a linear transformation, then the matrix [T ]B′
1,B′

2
= ([IW ]B′

2,B2
)−1[T ]B1,B2

[IV ]B′
1,B1

, where IV  and IW  are identity linear transformations. Conversely, if B1  and B2  are bases of vector

spaces V and W, respectively, and for an m × n matrix A if there are nonsingular matrices P and Q

such that B = Q−1AP , then there exist a linear transformation T : V → W  and bases B′
1  and B′

2
of V and W, respectively, such that [T ]B1,B2

= A and [T ]B′
1,B′

2
= B.

Proof.

Let us denote the vector space with the basis B by VB . Then from the composition of maps

VB′
1

IV
→ VB1

T
→ WB2

IW
→ WB′

2
 we have the linear transformation IW ∘ T ∘ IV = T  from VB′

1
 to

WB′
2
.

From Theorem →5.1.10,

Now, we prove the converse result.
Let A = [aij]. Then define T : V → W  by T (vj) = ∑m

i=1 aijwi , and hence [T ]B1,B2
= A. If

P = [pij]n×n
 and Q = [qij]m×m

, then define v′
j = ∑n

i=1 pijvi  and w′
j = ∑m

i=1 qijwi .

Since P and Q are nonsingular matrices, B′
1 = {v′

1, v′
2, … , v′

n} and B′
2 = {w′

1,w′
2, … ,w′

m}
are bases of V and W, respectively, and so Q = [IW ]B′

2,B2
 and P = [IV ]B′

1,B1
 are transition

matrices.

Given that B = Q−1AP . Hence,

 □

Corollary 5.2.4.

Let V be a finite-dimensional vector space with ordered bases B1  and B′
1  and let T : V → V  be a

linear transformation. Then [T ]B′
1,B′

1
= ([IV ]B′

1,B1
)−1[T ]B1,B1

[IV ]B′
1,B1

. Conversely, if B1  is an

ordered basis of an n-dimensional vector space V and there is an n-square matrix B, which is similar to

A, then there exist a linear transformation T : V → V  and a basis B′
1  of V, such that [T ]B1,B1

= A

and B = [T ]B′
1,B′

1
.

[T ]B′
1,B′

2
= [IW ∘ T ∘ TV ]B′

1,B′
2

= [IW ]B2,B′
2
[T ]B1,B2

[IV ]B′
1B1

= ([I−1
W ]

B′
2,B2

)
−1

[T ]B1,B2
[IV ]B′

1,B1

= ([IW ]B′
2,B2

)
−1[T ]B1,B2

[IV ]B′
1,B1

.

B= ([IW ]B′
2,B2

)
−1[T ]B1,B2

[IV ]B′
1,B1

= [I−1
W ]

B2,B′
2
[T ]B1,B2

[IV ]B′
1,B1

= [IW ]B2,B′
2
[T ]B1,B2

[IV ]B′
1,B1

= [IW ∘ T ∘ IV ]B′
1,B′

2

= [T ]B′
1,B′

2
.



Proof.

In the above theorem if we replace W by V, B1 , B2  by B1  and B′
1 , B′

2  by B′
1 , we get

[T ]B′
1,B′

1
= ([IV ]B′

1,B1
)−1[T ]B1,B1

[IV ]B′
1,B1

.  □

Alternate Proof.

From Theorem →5.1.10, we have

Since the transition matrix [IV ]B′
1,B1

 is invertible,

Conversely, since B is similar to A, there exists a nonsingular matrix P such that B = P −1AP .

On replacing W by V, Q−1  by P −1 , B1 , B2  by B1  and B′
1 , B′

2  by B′
1  in the above theorem, we

get A = [T ]B1,B1
 and B = [T ]B′

1,B′
1
.  □

Remark.

From the above corollary, it is clear that two matrices A and B are similar if and only if they are
represented by the same linear transformation relative to different ordered bases.

The following examples illustrates Theorem →5.2.3.

Example 5.2.5.

Let T : R3 → R
2  be the linear transformation defined by T (x, y, z) = (x + y + z,x − y).

Suppose B1 = {(1, 0, 0), (1, −1, 0), (1, 1, 1)}, B′
1 = {(1, 1, 1), (1, 1, 0), (1, 0, 0)}, are ordered

bases of R3  and B2 = {(1, 1), (−1, 0)}, B′
2 = {(1, 0), (0, 1)} are ordered base of R2 .

Then the matrix representation [T ]B1,B2
 is given as

Now, the transition matrix [IR3 ]B′
1,B1

 is given as

[IV ]B′
1,B1

[T ]B′
1,B′

1
= [IV T ]B′

1,B1
= [TIV ]B′

1,B1
= [T ]B1,B1

[IV ]B′
1,B1

.

[T ]B′
1,B′

1
= ([IV ]B′

1,B1
)

−1[T ]B1,B1
[IV ]B′

1,B1
.

T (1, 0, 0)= (1, 1) = 1(1, 1) + 0(−1, 0),
T (1, −1, 0)= (0, 2) = 2(1, 1) + 2(−1, 0),
T (1, 1, 1)= (3, 0) = 0(1, 1) + (−3)(−1, 0),

[T ]B1,B2
= [ ].

1 2 0
0 2 −3



Transition matrix ([IR2 ]B′
2,B2

)−1 = [IR2 ]B2,B′
2
. Hence, from

Then

Now we show that above matrix is equal to [T ]B′
1,B′

2
.

Since

Example 5.2.6.

Let T : R3 → P2(x) be the linear transformation and let A = [ ] be the matrix of T related

to the bases,

respectively, i. e., [T ]B1,B2
= A.

In this example, we compute the matrix of T related to the standard bases

B′
1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} and B′

2 = {1,x,x2} of R3  and P2(x) respectively, even we

do not know the definition of T.

(1, 1, 1)= 0(1, 0, 0) + 0(1, −1, 0) + 1(1, 1, 1),
(1, 1, 0)= 2(1, 0, 0) − 1(1, −1, 0) + 0(1, 1, 1),
(1, 0, 0)= 1(1, 0, 0) + 0(1, −1, 0) + 0(1, 1, 1),

[IR3 ]B′
1,B1

= .
⎡⎢⎣0 2 1

0 −1 0
1 0 0

⎤⎥⎦(1, 1)= 1(1, 0) + 1(0, 1),
(−1, 0)= −1(1, 0) + 0(0, 1),

[IR2 ]B2,B′
2
= ([IR2 ]B′

2,B2
)

−1 = [ ].
0 −1
1 0

([IR2 ]B′
2,B2

)
−1[T ]B1,B2

[IR3 ]B′
1,B1

= [ ][ ]

= [ ].

1 −1
1 −0

1 2 0
0 2 −3

⎡⎢⎣0 2 1
0 −1 0
1 0 0

⎤⎥⎦3 2 1
0 0 1

T (1, 1, 1)= (3, 0) = 3(1, 0) + 0(0, 1),
T (1, 1, 0)= (2, 0) = 2(1, 0) + 0(0, 1),
T (1, 0, 0)= (1, 1) = 1(1, 0) + 1(0, 1),

[T ]B′
1,B′

2
= [ ].

3 2 1
0 0 1

1 2 2
−1 0 1
1 0 0

B1 = {(1, 0, 0), (1, 1, 0), (1, 1, 1)} of R3 and B2 = {1, 1 + x, 1 + x + x2} of P2(x),



From Theorem →5.2.3, we have [T ]B′
1,B′

2
= ([IP2(x)]B′

2,B2
)−1[T ]B1,B2

[IR3 ]B′
1,B1

.

The transition matrix [IR3 ]B′
1,B1

 is given as

Next, the transition matrix [IP2(x)]B2,B′
2,  is given as

Since

Hence,

To verify above computation, we have T (a, b, c) = (a − b)x2 + cx + a + b + c, which is given in

Example →5.1.7 or we can obtain T from the given matrix A and bases B1  and B2 .
Now, we obtain the matrix [T ]B′

1,B′
2
 representing T by its definition.

Since

(1, 0, 0)= 1(1, 0, 0) + 0(1, 1, 0) + 0(1, 1, 1),
(0, 1, 0)= (−1)(1, 0, 0) + 1(1, 1, 0) + 0(1, 1, 1),
(0, 0, 1)= 0(1, 0, 0) + (−1)(1, 1, 0) + 1(1, 1, 1),

[IR3 ]B′
1,B1

= .
⎡⎢⎣1 −1 0

0 1 −1
0 0 1

⎤⎥⎦1= 1 + 0.x + 0.x2,

1 + x= 1 + 1.x + 0.x2,

1 + x + x2= 1 + 1.x + 1.x2,

[IP2(x)]B2,B′
2
= .
⎡⎢⎣1 1 1

0 1 1
0 0 1

⎤⎥⎦([IP2(x)]B′
2,B2

)
−1 = [IP2(x)]B2,B′

2
, ([IP2(x)]B′

2,B2
)

−1 = .
⎡⎢⎣1 1 1

0 1 1
0 0 1

⎤⎥⎦[T ]B′
1,B′

2
=

= .

⎡⎢⎣1 1 1
0 1 1
0 0 1

⎤⎥⎦⎡⎢⎣ 1 2 2
−1 0 1
1 0 0

⎤⎥⎦⎡⎢⎣1 −1 0
0 1 −1
0 0 1

⎤⎥⎦⎡⎢⎣1 1 1
0 0 1
1 −1 0

⎤⎥⎦



(5.2.1)

(i)

(ii)

(iii)

(5.2.2)

(5.2.3)

Thus, the above computation is correct.

Exercises

Verify the result [T ]B′,B′ = ([I]B′,B)−1[T ]B,B[I]B′,B  for the following linear

transformations:

T (x, y, z) = (2x − y,x + z, y), where T : R3 → R
3  is a

linear transformation and

are bases of R3 .
T : P2(x) → P2(x) is a linear transformation defined by

T (f(x)) = f(x − 1) and B = {1,x,x2},

B′ = {1, 1 + x, 1 + x + x2} are bases of P2(x).

T : P3(x) → P3(x) is a linear transformation defined by

T (f(x)) = f(2x + 1) and B = {1,x,x2,x3},

B′ = {1, 1 + x, 1 + x + x2, 1 + x + x2 + x3} are bases

of P3(x).

If

where T : R3 → R
3  is a linear transformation and B is the standard

ordered basis of R3 , then find [T ]B′,B′  where

B′ = {(−2, 1, 0), (−1, 0, 1), (0, 1, 0)}.

If

where T : P3(x) → P3(x) is a linear transformation and B is the standard

ordered basis of P3(x), then for the basis

B′ = {1, 1 + x, 1 + x + x2, 1 + x + x2 + x3} of P3(x), find [T ]B′,B′ .

T (1, 0, 0)= 1 + x2 = 1.1 + 0.x + 1.x2,

T (0, 1, 0)= 1 − x2 = 1.1 + 0.x + (−1)x2,

T (0, 0, 1)= 1 + x = 1.1 + 1.x + 0.x2,

[T ]B′
1,B′

2
= .
⎡⎢⎣1 1 1

0 0 1
1 −1 0

⎤⎥⎦B = {(1, 0, 0), (1, 1, 0), (1, 1, 1)}, B′ = {(−2, 1, 0), (−1, 0

[T ]B,B = ,
⎡⎢⎣ 1 2 3

3 2 1
−1 1 0

⎤⎥⎦[T ]B,B = ,

⎡⎢⎣−2 −1 0 1
1 −1 2 0
1 2 3 4
4 0 2 −1

⎤⎥⎦



(5.2.4)

(5.2.5)

Let T : R3 → P2(x) be a linear transformation defined by

T (a, b, c) = ax2 + (b − c)x + a − b + c. Then for the ordered bases,

verify the result [T ]B′
1,B′

2
= ([IP2(x)]B′

2,B2
)−1[T ]B1,B2

[IR3 ]B′
1,B1

.

Let T : P2(x) → P3(x) be the linear transformation defined by

T (f(x)) = f ′(x) − ∫ x
0 f(t)dt. Then for the ordered bases

B1 = {1,x,x2}, B′
1 = {1, 1 + x, 1 + x + x2} of P2(x) and ordered

bases B2 = {1,x,x2,x3},

B′
2 = {1, 1 + x, 1 + x + x2, 1 + x + x2 + x3} of P3(x), verify the result

[T ]B′
1,B′

2
= ([IP3(x)]B′

2,B2
)−1[T ]B1,B2

[IP2(x)]B′
1,B1

.

5.3  Rank of a matrix

Let A = [aij] be an m × n matrix with entries in a field F. Then m rows of A can be considered as

m vectors, (a11, a12, … , a1n); (a21, a22, … , a2n); … , (am1, am2, … , amn) of the vector space

F n  over F. The subspace of F n  generated by above m vectors is called the row space of the
matrix. Similarly, from the column vectors of the matrix we can define the column space of the
matrix.

Definition 5.3.1.

The dimension of the row space of a matrix is called row rank of the matrix. In other words, “the
maximum number of linearly independent rows of a matrix is called the row rank of the matrix.”
Similarly, the maximum number of linearly independent columns of a matrix is called the column
rank of the matrix.

Clearly, row rank of A = column rank of At .
Theorem 5.3.2.
Let LA : F n → F m  be a left multiplication linear transformation defined by LA(X) = AX , where

A = [aij] is an m × n matrix with entries in the field F and X ∈ F n  is a column vector. Then for the

standard bases B1  and B2  of F n  and F m , respectively, [LA]B1,B2
= A and rank of LA = column

rank of A.

Proof.

Let B1 = {v1, v2, … , vn} ⊆ F n  and B2 = {w1,w2, … ,wm} ⊆ F m , where

vj = (0, … , 0, 1, 0, … , 0), j-th coordinate is 1 for all 1 ≤ j ≤ n and

wi = (0, … , 0, 1, 0, … , 0), i-th coordinate is 1 ∀1 ≤ i ≤ m.

Then

B1= {(1, 0, 0), (1, 1, 0), (1, 1, 1)},

B′
1= {(1, 2, 2), (1, 1, 2), (2, 2, 3)} of R3 and

B2= {1,x,x2}, B′
2 = {1, 1 + x, 1 + x + x2} of P2(x),



is the j-th column of the matrix A. Thus, LA(vj) = ∑m
i=1 aijwi , ∀1 ≤ j ≤ n. Hence,

[LA]B1,B2
= [aij] = A.

Since LA(vj) is the j-th column of the matrix A ∀j, the range space of LA  is equal to the column

space of the matrix A.
That is, dim (LA(F n)) = column rank of A. Hence, rank(LA) = column rank of A.  □

Theorem 5.3.3.
Let V and W be finite-dimensional vector spaces over the field F with ordered bases

B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm}, respectively. If T : V → W  is a linear

transformation, then rank(T ) = column rank of [T ]B1,B2
.

Proof.

Since V is an n-dimensional vector space over F and W is an m-dimensional vector space over F, V is
isomorphic to F n  and W is isomorphic to F m . Let T1  be a linear transformation from F n  to V
defined by T1(x1,x2, … ,xn) = x1v1 + x2v2 + ⋯ + xnvn .

Then,

This shows that T1  takes standard basis of F n  to the basis of V1 , hence T1  is an isomorphism.
Similarly, the linear transformation T2 : F m → W  defined by
T2(y1, y2, … , ym) = y1w1 + y2w2 + ⋯ + ymwm , is an isomorphism. From the composition of

linear transformations,

we shall show that T −1
2 ∘ T ∘ T1 = LA , where A = [T ]B1,B2

= [aij]m×n .

Let ej = (0, … , 0, 1, 0, … , 0) ∈ F n . Then

LA(vj) = Avj = =

⎡⎢⎣a11 a12 ⋯ a1j ⋯ a1n

a21 a22 ⋯ a2j ⋯ a2n

⋮ ⋮ ⋯ ⋮ ⋯ ⋮
am1 am2 ⋯ amj ⋯ amn

⎤⎥⎦⎡⎢⎣0
0

⋮
1
0

⋮
0

⎤⎥⎦ ⎡⎢⎣a1j

a2j

⋮
amj

⎤⎥⎦T1(1, 0, … , 0)= 1. v1 + 0. v2 + ⋯ + 0. vn = v1,
T1(0, 1, 0, … , 0)= 0. v1 + 1. v2 + 0. v3 + ⋯ + 0. vn = v2,

⋮
T1(0, … , 0, 1)= 0. v1 + 0. v2 + ⋯ + 1. vn = vn.

F n
T1
→ V

T
→ W

T −1
2

→ F m,



Also, we have LA(ej) = (a1j, a2j, … , amj), which is the j-th column of the matrix A.

Since T −1
2 ∘ T ∘ T1  and LA  agree on the basis, T −1

2 ∘ T ∘ T1 = LA .

Since T1  and T2  are nonsingular linear transformations,

Hence, rank(T ) = column rank of A.  □

Using above result, we shall show that row rank and column rank of a matrix is same.
Theorem 5.3.4.
The row rank and column rank of a matrix are equal.

Proof.

Let A be any m × n matrix and let T : V → W  be a linear transformation such that
[T ]B1,B2

= A, where B1  and B2  are ordered bases of V and W, respectively. Then column rank of

A = rank(T ).

We have that the matrix representation of T t  with respect to dual bases is [T t]B∗
2,B∗

1
= At . Then

rank(T t) = column rank of At = row rank of A. Since rank(T t) = rank(T ),
row rank of A = column rank of A.  □

In view of the above result, we have the following definition.

Definition 5.3.5.

The rank of a matrix A is the maximum number of linearly independent rows of A, or equivalently,
the maximum number of linearly independent columns of A.

Theorem 5.3.6.
Let A and B be matrices of order m × n and n × p, respectively. Then

rank(AB) ≤min {rank(A), rank(B)}.

Proof.

Let T2 ∘ T1  be the linear transformation that represents the matrix AB, where T1  represents B
and T2  represents A. Then rank(T2 ∘ T1) = rank(AB).

We have that rank(T2 ∘ T1) ≤min {rank(T2), rank(T1)}. Hence,

rank(AB) ≤min {rank(A), rank(B)}.  □

Theorem 5.3.7.
Let A be an n-square matrix. Then rank(A) = n if and only if A is invertible.

(T −1
2 ∘ T ∘ T1)(ej)= T −1

2 ∘ T(T1(ej)) = T −1
2 ∘ T (vj)

= T −1
2 (T (vj)) = T −1

2 (
m

∑
i=1

aijwi) =
m

∑
i=1

aijT
−1
2 (wi)

= a1j(1, 0, … , 0) + a2j(0, 1, 0, … , 0) + ⋯ + amj(0, 0, … , 0, 1)
= (a1j, a2j, … , amj).

rank(T −1
2 ∘ T ∘ T1) = rank(T ) = rank(LA).



Proof.

Let T : V → V  be a linear transformation representing the n-square matrix A. Then
dim (V ) = n. Suppose rank(A) = n. Then rank(T ) = n.

From the rank-nullity theorem, we have

This proves that T is one-one onto. Hence, T is invertible. Therefore, matrix of T = A is invertible.
Conversely, if A is invertible then T is invertible, and hence rank(T ) = n = rank(A).  □

Theorem 5.3.8.
If A is an n-square nonsingular matrix and B is any n-square matrix. Then

rank(AB) = rank(BA) = rank(B).

Proof.

Let T1  be the linear transformation representing the matrix A and T2  be the linear transformation
representing the matrix B. Since A is nonsingular, T1  is nonsingular.
Using the result, rank(T1 ∘ T2) = rank(T2 ∘ T1) = rank(T2), we have

rank(AB) = rank(BA) = rank(B).  □

Theorem 5.3.9.
Let A and B are similar matrices. Then rank(A) = rank(B).

Proof.

Since A and B are similar matrices, there exist a nonsingular matrix P such that B = P −1AP .

Hence, from above result we have rank(B) = rank(P −1AP) = rank(AP) = rank(A).  □

Definition 5.3.10.

A matrix N of order m × n is said to be in normal form if N = [ ], where

r ≤min {m,n} and 0mn  denotes the zero matrix of order m × n.

For example, consider the matrix

of order 4×5. Since

rank(T ) + null(T ) = n

⇒ n + null(T ) = n

⇒ null(T ) = 0.

Ir 0r n−r

0m−r r 0m−r n−r

A = ,

⎡⎢⎣1 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤⎥⎦



matrix A is in normal form.
Theorem 5.3.11.
Every m × n matrix is equivalent to a matrix in normal form.

Proof.

Let A be an m × n matrix with entries in a field F. Let T : V → W  be a linear transformation
such that [T ]B1,B2

= A, where B1 = {v1, v2, … , vn} and B2 = {w1,w2, … ,wm} are

ordered bases of V and W, respectively. If A is a zero matrix, then it is in normal form.
Suppose A is a nonzero matrix and rank of A = r. Then rank(A) = rank(T ) = r. Hence,

dimension of KerT =dim (V ) − rank(T ) = n − r.

Let {x1,x2, … ,xn−r} be a basis of KerT . Then T (x1) = T (x2) = ⋯ = T (xn − r) = 0.

Since KerT  is a subspace of V, basis {x1,x2, … ,xn−r} can be extended to a basis

B′
1 = {e1, e2, … , er,x1,x2, … ,xn−r} of V. Similarly, the set

{T (e1) = f1,T (e2) = f2, … ,T (er) = fr} is a basis of Image(T ). Since Image(T ) is a

subspace of W, basis {f1, f2, … , fr} can be extended to a basis

B′
2 = {f1, f2, … , fr, y1, y2, … , ym−r} of W.

Then the matrix [T ]B′
1,B′

2
 is equivalent to the matrix [T ]B1,B2

= A.

Now, we shall show that the matrix [T ]B′
1,B′

2
, is in normal form:

Hence, [T ]B′
1,B′

2
= [ ] is a matrix in normal form.

It is evident from the above result that the rank of a matrix is equal to the order of the identity
matrix in its normal form.  □

Corollary 5.3.12.

Two m × n matrices of the same rank are equivalent.

A = = [ ],

⎡⎢⎣1 0 ⋅ 0 0 0
0 1 ⋅ 0 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅
0 0 ⋅ 0 0 0
0 0 ⋅ 0 0 0

⎤⎥⎦ I2 023

022 023

T (e1)= f1 = 1. f1 + 0. f2 + ⋯ + 0. fr + 0. y1 + ⋯ + 0. ym−r,
T (e2)= f2 = 0. f1 + 1. f2 + 0. f3 + ⋯ + 0. fr + 0. y1 + ⋯ + 0. ym−r,

⋮
T (er)= fr = 0. f1 + 0. f2 + ⋯ + 0. fr − 1 + 1. fr + 0y1 + ⋯ + 0. ym−r,
T (x1)= 0 = 0. f1 + 0. f2 + ⋯ + 0. fr + 0. y1 + ⋯ + 0. ym−r,

⋮
T (xn−r)= 0 = 0. f1 + 0. f2 + ⋯ + 0. fr + 0. y1 + ⋯ + 0. ym−r.

Ir 0r n−r

0m−r r 0m−r n−r



Proof.

Let A and B be m × n matrices such that rank(A) = rank(B) = r. Then A and B will be

equivalent to a normal form matrix,

Since the relation of being “equivalent to” is an equivalence relation on the set of all m × n
matrices Mm,n(F), matrix A and B will be equivalent, i. e., A ≅N ≅B ⇒ A ≅B.  □

Theorem 5.3.13.
Let A and B be matrices of order m × n with entries in a field F. Then

rank(A + B) ≤ rank(A) + rank(B).

Proof.

Let A = [aij]m×n
= [A1 A2 ⋯ An] and B = [bij]m×n

= [B1 B2 ⋯ Bn], where Ai ∈ F m

and Bi ∈ F m  are column vectors of A and B, respectively. Also,
A + B = [A1 + B1 A2 + B2 ⋯ An + Bn].
We know that the rank of a matrix A is the dimension of column the space of A. That is,
rank(A) =dim (span(A1,A2, … ,An)).

Similarly, we have

Clearly, span(A1,A2, … ,An), span(B1,B2, … ,Bn) and

span(A1 + B1,A2 + B2, … ,An + Bn) are subspaces of the m-dimensional vector space F m .

We claim that

Suppose the vector X ∈ span(A1 + B1,A2 + B2, … ,An + Bn).

Then X = k1(A1 + B1) + k2(A2 + B2) + ⋯ + kn(An + Bn) for some scalars k1, k2, … , kn
.
This gives that

Hence, the claim is proved.
Now, using the result; if U and V are two subspaces of a vector space,
dim (U + V ) ≤dim (U)+ dim (V ), we have

N = [ ].
Ir 0r n−r

0m−r r 0m−r n−r

rank(B)=dim (span(B1,B2, … ,Bn)) and

rank(A + B)=dim (span(A1 + B1,A2 + B2, … ,An + Bn)).

span(A1 + B1,A2 + B2, … ,An + Bn)
⊆ span(A1,A2, … ,An) + span(B1,B2, … ,Bn).

X= (k1A1 + k2A2 + ⋯ + knAn) + (k1B1 + k2B2 + ⋯ + knBn)
∈ span(A1,A2, … ,An) + span(B1,B2, … ,Bn).



(5.3.1)
(a)
(b)

(5.3.2)

(5.3.3)
(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

(1)

 □

Exercises

Find the rank of the matrix [aij]5×7 , where aij = 1 ∀ij.

Find the rank of the matrix [aij]5×7 , where aij = 10 ∀ij.

If the rank of a matrix A is zero, then show that A is a zero
matrix.
Let A be a 10-square invertible matrix. Then find the rank of A.
Let A and B be 10-square matrices. If rank(A) = 10 and rank(B) = 5,

then find the rank(AB).

Let A and B be matrices such that A + B and AB both are defined. If
rank(A) = 5 and rank(B) = 7, then find the upper limits of

rank(A + B) and rank(AB), respectively.

If A is a matrix of order m × n,m ≠ n, then show that either the row
vectors are the column vectors of A are linearly dependent.
Let A and B be real matrices of orders m × n and n × m, respectively. If
m < n, then show that BA is a singular matrix.
Let J denotes the matrix of order 10×10 with all entries 1 and let B be a 50-
square matrix given by

Then find the rank of B.

5.4  Elementary matrix operations

In this section, we introduce the elementary operations that are helpful to obtain the rank of a
matrix, solution of system of linear equations, inverse of a matrix, normal form of a matrix and
many more properties in coming sections and chapters.

Definition 5.4.1.

Let A be a matrix of order m × n. Then the following operations on the rows of A are called
elementary row operations:

Interchanging any two rows of A.

rank(A + B)=dim (span(A1 + B1,A2 + B2, … ,An + Bn))

≤dim (span(A1,A2, … ,An) + span(B1,B2, … ,Bn))

≤dim (span(A1,A2, … ,An))+ dim (span(B1,B2, … ,Bn))

= rank(A) + rank(B).

B = .

⎡⎢⎣J 0 0 0 0
0 J 0 0 0
0 0 J 0 0
0 0 0 J 0
0 0 0 0 J

⎤⎥⎦



(2)

(3)

We shall use the notation Ri ↔ Rj  to denote the interchange of i-th and j-th, rows of A.

Multiplying a row of A by a nonzero constant.

Multiplication of i-th row of A by a nonzero scalar k will be denoted by Ri → kRi .

Adding a constant multiple of a row of A to another row.

We use the notation Ri → Ri + kRj  to denote that the i-th row of A is replaced by i-th row

+ k × j-th row of A.
Similarly, by replacing rows with columns in the aforementioned operations elementary column
operations can be defined. The following lists the three elementary column operations in the form
of notation:

Ci ↔ Cj

Ci → kCi

Ci → Ci + kCj , where C represents the column.

Elementary row or elementary column operations are called elementary operations.

Example 5.4.2.

Let

be a 3×4 matrix. Then the matrix after applying elementary row operation R1 ↔ R3  on A is

The above matrix is obtained by interchanging first and third rows of A.
The matrix after applying the elementary row operation R2 → 5R2  on A is

If we apply the elementary row operation R1 → R1 + 2R3  on A, then we get the following
matrix

Similarly, on the application of elementary column operations C1 ↔ C3 , C2 → 5C2  and
C1 → C1 + 2C3  on A we get the matrices

A = ,
⎡⎢⎣ 3 4 2 −1

2 4 6 2
−2 4 5 0

⎤⎥⎦.⎡⎢⎣−2 4 5 0
2 4 6 2
3 4 2 −1

⎤⎥⎦ .
⎡⎢⎣ 3 4 2 −1

10 20 30 10
−2 4 5 0

⎤⎥⎦.
⎡⎢⎣−1 12 12 −1

2 4 6 2
−2 4 5 0

⎤⎥⎦



respectively.

Definition 5.4.3.

A matrix obtained by performing an elementary operation on the identity matrix In  is called an
elementary matrix.

For example, if you take

then the matrix obtained by performing elementary row operation R1 ↔ R3  is an elementary
matrix

This matrix can be obtained by applying the elementary column operation C1 ↔ C3  on I3 , also.
Thus, any elementary matrix can be obtained in at least two ways, either by performing an

elementary row operation on In  or by performing an elementary column operation on In .
Similarly, more elementary matrices can be obtained with respect to various elementary

operations on In .

In Example →5.4.2, we have obtained the matrix

after performing elementary row operation R1 ↔ R3  on A.

Let

Then the elementary matrix obtained from the operation R1 ↔ R3  on I3  is

, and ,
⎡⎢⎣2 4 3 −1

6 4 2 2
5 4 −2 0

⎤⎥⎦ ⎡⎢⎣ 3 20 2 −1
2 20 6 2

−2 20 5 0

⎤⎥⎦ ⎡⎢⎣ 7 4 2 −1
14 4 6 2
8 4 5 0

⎤⎥⎦I3 = ,
⎡⎢⎣1 0 0

0 1 0
0 0 1

⎤⎥⎦.⎡⎢⎣0 0 1
0 1 0
1 0 0

⎤⎥⎦ ,
⎡⎢⎣−2 4 5 0

2 4 6 2
3 4 2 −1

⎤⎥⎦I3 = .
⎡⎢⎣1 0 0

0 1 0
0 0 1

⎤⎥⎦



Now,

Thus, the effect of elementary row operation R1 ↔ R3  on A is same as the premultiplication
of elementary matrix obtained from the same elementary row operation R1 ↔ R3 .

Similarly, the matrix

is obtained from A by performing elementary column operation C1 ↔ C3 .

Let

be the identity matrix of order 4×4.

Consider the elementary matrix obtained by performing the elementary column operation
C1 ↔ C3  on I4 ,

Then

In this case, we have that the effect of column operation C1 ↔ C3  on A is same as the post
multiplication of elementary matrix obtained from the same elementary column operation
C1 ↔ C3 .

E1 = .
⎡⎢⎣0 0 1

0 1 0
1 0 0

⎤⎥⎦E1A = = .
⎡⎢⎣0 0 1

0 1 0
1 0 0

⎤⎥⎦⎡⎢⎣ 3 4 2 −1
2 4 6 2

−2 4 5 0

⎤⎥⎦ ⎡⎢⎣−2 4 5 0
2 4 6 2
3 4 2 −1

⎤⎥⎦⎡⎢⎣2 4 3 −1
6 4 2 2
5 4 −2 0

⎤⎥⎦I4 =

⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦E2 = .

⎡⎢⎣0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

⎤⎥⎦AE2 = = .
⎡⎢⎣ 3 4 2 −1

2 4 6 2
−2 4 5 0

⎤⎥⎦⎡⎢⎣0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 1

⎤⎥⎦ ⎡⎢⎣2 4 3 −1
6 4 2 2
5 4 −2 0

⎤⎥⎦



In this manner, we can prove that for each elementary (row or column) operation on a matrix
there exists an elementary matrix whose multiplication gives the equal effect.
Theorem 5.4.4.
Let A be an m × n matrix and let B be a matrix obtained from A by performing an elementary row

(column) operation. Then there exists an m × m (n × n) elementary matrix E obtained by performing

the corresponding row (column) operation on Im (In) such that B = EA(AE). Conversely, if E is an

elementary m × m (n × n) matrix, then EA(AE) is a matrix that can be obtained by performing

an elementary row (column) operation on A.

Remark.

An elementary operation on a matrix is nothing but a multiplication with a suitable matrix.

Theorem 5.4.5.
Elementary matrices are invertible.

Proof.

We know that an n-square elementary matrix is obtained by performing an elementary row or
elementary column operations on In . Hence, we prove the result for the elementary matrices
obtained by elementary row operations, and the result will be proved in a similar manner for the
elementary matrices obtained by elementary column operations.
Here, we need to consider only three cases (one for each type of operation).
Let the elementary matrix E is obtained by the elementary row operation Ri ↔ Rj  on In . Then

In  can be obtained by the same elementary row operation Ri ↔ Rj  on E, i. e., EE = In . Hence,

E is invertible.
Now, suppose the elementary matrix E is obtained by the elementary row operation Ri → kRi ,

k ≠ 0, on In . Let Ē  be the elementary matrix obtained from In  by the elementary row operation

Ri → 1
k
Ri  on In . Then EĒ = ĒE = In . Hence, E is invertible.

Finally, suppose that the elementary matrix E is obtained by the elementary row operation
Ri → Ri + kRj , k ≠ 0, i ≠ j on In . Observe that In  can be obtained by elementary row

operation Ri → Ri − kRj  on E, where k ≠ 0 and i ≠ j. If Ē  is the elementary matrix obtained

from In  by the elementary row operation Ri → Ri − kRj , then ĒE = In . Hence, E is invertible.

 □

We use the example below to demonstrate the above result.

Example 5.4.6.

Let

be the elementary matrix obtained by the elementary row operation R1 ↔ R2  on

E =
⎡⎢⎣0 1 0

1 0 0
0 0 1

⎤⎥⎦



Then EE = I3 .
Let

be obtained by the elementary row operation R2 → 5R2  on I3 . If

which is obtained from I3  by the elementary row operation R2 → 1
5 R2  on I3 , then

EĒ = ĒE = I3 .
Similarly, if we perform the elementary row operation R3 → R3 + 3R1  on I3  we get the
elementary matrix

Let

be the elementary matrix, which is obtained by the elementary row operation R3 → R3 − 3R1

on I3 . Then EĒ = ĒE = I3 .

Theorem 5.4.7.
Elementary operations (row or column) on a matrix are rank preserving.

Proof.

Let the matrix B be obtained by performing elementary row and column operations on the matrix
A. Since an elementary row operation on A is equivalent to premultiplication of an elementary
matrix with A and elementary column operations on A is equivalent to post multiplication of an
elementary matrix with A,

are elementary matrices.

I3 = .
⎡⎢⎣1 0 0

0 1 0
0 0 1

⎤⎥⎦E =
⎡⎢⎣1 0 0

0 5 0
0 0 1

⎤⎥⎦Ē = ,
⎡⎢⎣1 0 0

0 1
5 0

0 0 1

⎤⎥⎦E = .
⎡⎢⎣1 0 0

0 1 0
3 0 1

⎤⎥⎦Ē =
⎡⎢⎣ 1 0 0

0 1 0
−3 0 1

⎤⎥⎦B = Ep ⋯E2E1AE
′
1E

′
2 ⋯E ′

q, where E1,E2, … ,Ep,E ′
1E

′
2 ⋯E ′

q



Since all the elementary matrices are nonsingular,

 □

Elementary matrices are useful to convert a matrix into a normal form. The following is the
illustration to convert a matrix into normal form using elementary matrices.

In general, any matrix A of order m × n can be written as

Now, suppose E1,E2, … ,Er  and E ′
1,E ′

2, … ,E ′
s  are elementary matrices such that

Er ⋯E2E1AE
′
1E

′
2 ⋯E ′

s  is a matrix in normal form N.

Then N = Er ⋯E2E1ImAInE
′
1E

′
2 ⋯E ′

s = PAQ, where P = Er ⋯E2E1Im  and

Q = InE
′
1E

′
2 ⋯E ′

s .

Since P and Q are the product of elementary matrices and elementary matrices are invertible,
P and Q are nonsingular.

Note that P and Q may not be unique because P and Q depend on the sequence of elementary
operations.

In view of above illustration, we have the following result.
Theorem 5.4.8.
Every matrix of order m × n can be converted into a unique normal form matrix.

The next few examples will demonstrate the algorithms used to transform a matrix A into
normal form. Additionally, we identify the nonsingular matrices P and Q such that PAQ is in
normal form.

Example 5.4.9.

Let

be a matrix of order 3×4. In this example, we explain the algorithm to convert A into the normal
form using elementary row and column operations.
Step I. Make 1 to the entry located at (1,1)-th position. In this case, we apply elementary column
operation C1 ↔ C2  on A, and we obtain

Step II. Make the first column’s entries zero below 1. In order to do this, we use the basic row
operation R3 → R3 − R1  in the matrix above.

rank(B) = rank(Ep ⋯E2E1AE
′
1E

′
2 ⋯E ′

q) = rank(A) or B ≅A.

A = ImAIn.

A =
⎡⎢⎣0 1 2 −2

4 0 2 6
2 1 3 1

⎤⎥⎦.⎡⎢⎣1 0 2 −2
0 4 2 6
1 2 3 1

⎤⎥⎦



Step III. Make entries zero right side to 1 in the first row. We apply elementary column operations
C3 → C3 − 2C1  and C4 → C4 + 2C1  in the above matrix and get the matrix,

Step IV. Make 1 at (2,2)-th place. For this, we apply elementary column operation 1
4 C2  in the

previous matrix and get the matrix,

Step V. Make entries zero below 1 in column 2. We apply elementary row operation

R3 → R3 − 1
2 R2  in the above matrix and get the matrix,

Step VI. Make entries zero right side to 1 in the second row. In order to do this, we apply
elementary column operations C3 → C3 − 2C2  and C4 → C4 − 6C2  in the above matrix,

Now, above matrix is in normal form and equivalent to A. Hence, the rank of A is 2.

Example 5.4.10.

Consider the matrix

In this example, we apply elementary row and column operations to convert the matrix A into
normal form and determine the rank of A.
Applying elementary row operation R1 ↔ R3  on A,

.
⎡⎢⎣1 0 2 −2

0 4 2 6
0 2 1 3

⎤⎥⎦.⎡⎢⎣1 0 0 0
0 4 2 6
0 2 1 3

⎤⎥⎦ .
⎡⎢⎣1 0 0 0

0 1 2 6

0 1
2 1 3

⎤⎥⎦.⎡⎢⎣1 0 0 0
0 1 2 6
0 0 0 0

⎤⎥⎦≈ ≈ .
⎡⎢⎣1 0 0 0

0 1 0 0
0 0 0 0

⎤⎥⎦ ⎡⎢⎣1 0 ⋅ 0 0
0 1 ⋅ 0 0
⋅ ⋅ ⋅ ⋅ ⋅
0 0 ⋅ 0 0

⎤⎥⎦ ⎡⎢⎣I2 ⋅ 0
⋅ ⋅ ⋅
0 ⋅ 0

⎤⎥⎦A = .

⎡⎢⎣3 2 1 3
2 4 3 2
1 2 3 0
6 8 7 5

⎤⎥⎦



From R2 → R2 − 2R1 , R3 → R3 − 3R1 , R4 → R4 − 6R1 ,

From C2 → C2 − 2C1 , C3 → C3 − 3C1 ,

From C2 → −1
4 C2 ,

From R2 ↔ R3 ,

From R4 → R4 − R2 ,

From C3 → C3 + 8C2 , C4 → C4 − 3C2 ,

.

⎡⎢⎣1 2 3 0
2 4 3 2
3 2 1 3
6 8 7 5

⎤⎥⎦ .

⎡⎢⎣1 2 3 0
0 0 −3 2
0 −4 −8 3
0 −4 −11 5

⎤⎥⎦.

⎡⎢⎣1 0 0 0
0 0 −3 2
0 −4 −8 3
0 −4 −11 5

⎤⎥⎦.⎡⎢⎣1 0 0 0
0 0 −3 2
0 1 −8 3
0 1 −11 5

⎤⎥⎦.

⎡⎢⎣1 0 0 0
0 1 −8 3
0 0 −3 2
0 1 −11 5

⎤⎥⎦.⎡⎢⎣1 0 0 0
0 1 −8 3
0 0 −3 2
0 0 −3 2

⎤⎥⎦



From C3 → −1
3 C3 ,

From R4 → R4 − R3 ,

From C4 → C4 − 2C3 ,

The above matrix is in the normal form, which is equivalent to the matrix A. Hence, rank(A) = 3.

In the following example, we explain the algorithm to find the nonsingular matrices P and Q
such that for a given matrix A, PAQ becomes in normal form.

Example 5.4.11.

Let

be a matrix of order 3×4. Then we can write A3×4 = I3A3×4I4 , or

.

⎡⎢⎣1 0 0 0
0 1 0 0
0 0 −3 2
0 0 −3 2

⎤⎥⎦.⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 2
0 0 1 2

⎤⎥⎦.

⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 2
0 0 0 0

⎤⎥⎦≈ ≈ .

⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎤⎥⎦ ⎡⎢⎣1 0 0 ⋅ 0
0 1 0 ⋅ 0
0 0 1 ⋅ 0
⋅ ⋅ ⋅ ⋅ ⋅
0 0 0 ⋅ 0

⎤⎥⎦ ⎡⎢⎣I3 ⋅ 0
⋅ ⋅ ⋅
0 ⋅ 0

⎤⎥⎦A =
⎡⎢⎣1 2 3 2

2 −1 4 2
1 7 5 4

⎤⎥⎦= A .
⎡⎢⎣1 2 3 2

2 −1 4 2
1 7 5 4

⎤⎥⎦ ⎡⎢⎣1 0 0
0 1 0
0 0 1

⎤⎥⎦ ⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦



We proceed with the above equation and apply elementary row and column operations to both
sides so that the left side becomes normal form, and the right side changes I3  to P and I4  to Q.
Note that on the right side, elementary row operations will be applied on I3  and elementary
column operations will be applied on I4  because elementary row operation is pre-multiplication
of an elementary matrix and elementary column operation is post-multiplication of an elementary
matrix.
Applying R2 → R2 − 2R1 , R3 → R3 − R1 ,

From C2 → C2 − 2C1 , C3 → C3 − 3C1 , C4 → C4 − 2C1 ,

From C2 → −1
5 C2 ,

From R3 → R3 + R2 ,

From C3 → C3 + 2C2 , C4 → C4 + 2C2 ,

Thus,

= A .
⎡⎢⎣1 2 3 2

0 −5 −2 −2
0 5 2 2

⎤⎥⎦ ⎡⎢⎣ 1 0 0
−2 1 0
−1 0 1

⎤⎥⎦ ⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦= A .
⎡⎢⎣1 0 0 0

0 −5 −2 −2
0 5 2 2

⎤⎥⎦ ⎡⎢⎣ 1 0 0
−2 1 0
−1 0 1

⎤⎥⎦ ⎡⎢⎣1 −2 −3 −2
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦= A .
⎡⎢⎣1 0 0 0

0 1 −2 −2
0 −1 2 2

⎤⎥⎦ ⎡⎢⎣ 1 0 0
−2 1 0
−1 0 1

⎤⎥⎦ ⎡⎢⎣1 2
5 −3 −2

0 −1
5 0 0

0 0 1 0
0 0 0 1

⎤⎥⎦= A .
⎡⎢⎣1 0 0 0

0 1 −2 −2
0 0 0 0

⎤⎥⎦ ⎡⎢⎣ 1 0 0
−2 1 0
−3 1 1

⎤⎥⎦ ⎡⎢⎣1 2
5 −3 −2

0 −1
5 0 0

0 0 1 0
0 0 0 1

⎤⎥⎦= A .

⎡⎢⎣1 0 . 0 0
0 1 . 0 0
. . . . .
0 0 . 0 0

⎤⎥⎦ ⎡⎢⎣ 1 0 0
−2 1 0
−3 1 1

⎤⎥⎦ ⎡⎢⎣1 2
5

−11
5

−6
5

0 −1
5

−2
5

−2
5

0 0 1 0
0 0 0 1

⎤⎥⎦



(i)
(ii)

(iii)
(iv)

1.
2.

3.

In the following definition, we introduce a special form of a matrix called row reduced echelon
form, which is highly helpful from an application point of view.

Definition 5.4.12.

A matrix of order m × n is called in reduced row echelon form if the following conditions are
satisfied:

All the zero rows appear at the bottom of the matrix if any exists.
The first nonzero entry of each nonzero row is one. This entry is called the pivot
and the corresponding column is called the pivot column.
The pivot entry in a row appears to the left of the pivot entry in any lower row.
If a column contains a pivot, then all other lower entries in that column are zero.

Similarly, by interchanging the roles of rows and columns in the definition of reduced row echelon
form we can define the reduced column echelon form of a matrix.
The following matrices are in row reduced echelon form:

In the matrix A, columns 1, 2 and 3 are pivot columns and the columns 1, 3, 4 are pivot columns in
the matrix B.
Columns other than pivot columns of a reduced row echelon form matrix are called free columns.

Theorem 5.4.13.
An m × n matrix can be reduced to a matrix in reduced row echelon form using elementary row

operations.

Proof.

Let A = [aij] be a nonzero m × n matrix. Then A can be reduced to reduced row echelon form

with the following algorithm:

Start by identifying the leftmost nonzero column.
If the first nonzero column is the j1 -th column, use row operations (interchanging

rows) to make a1j1 ≠ 0. By multiplying the first row with a−1
1j1

 make a1j1  a pivot,

i. e., a1j1 = 1.

Using elementary row operations Ri → Ri − aij1R1 , i > 1, make all the entries

below the pivot equal to zero, i. e., make a2j1 = a3j1 = ⋯ = amj1 = 0.

P = and Q = .
⎡⎢⎣ 1 0 0

−2 1 0
−3 1 1

⎤⎥⎦ ⎡⎢⎣1 2
5

−11
5

−6
5

0 −1
5

−2
5

−2
5

0 0 1 0
0 0 0 1

⎤⎥⎦A = , B = .

⎡⎢⎣1 2 3 0 −5
0 1 0 3 4
0 0 1 2 −3
0 0 0 0 0

⎤⎥⎦ ⎡⎢⎣1 −2 3 0 4
0 0 1 2 0
0 0 0 1 2
0 0 0 0 0
0 0 0 0 0

⎤⎥⎦



4.

5.

If aij = 0 for all i ≥ 2, then it is in reduced row echelon form. If not, then we have the following.

Find j2  the smallest number such that aij2 ≠ 0, for some i ≥ 2 and in this case

j2 > j1 . Use row operations as in step 2 and make a2j2 = 1.

Again repeating step 3 make a3j2 = a4j2 = ⋯ = amj2 = 0.

Repeat the above process until the matrix A is reduced in echelon form.  □

We use the aforementioned algorithm in the following example to reduce the matrix into a
reduced row echelon form.

Example 5.4.14.

Consider the matrix

The second column in the given matrix A is the nonzero column. Use the elementary row
operation R1 ↔ R3  to make a12  nonzero. Next, the matrix is obtained:

Now, we apply R1 → 1
3 R1  in the above matrix to make a12 = 1 and then the resulting matrix is

To make the entries zero below, the pivot a12  we apply R4 → R4 − 2R1  in the above matrix and
get the matrix

Now, a23 = 2 ≠ 0. From R2 → 1
2 R2 , a23  becomes the pivot,

A = .

⎡⎢⎣0 0 3 4
0 0 2 2
0 3 6 9
0 2 1 4

⎤⎥⎦.⎡⎢⎣0 3 6 9
0 0 2 2
0 0 3 4
0 2 1 4

⎤⎥⎦.

⎡⎢⎣0 1 2 3
0 0 2 2
0 0 3 4
0 2 1 4

⎤⎥⎦ .

⎡⎢⎣0 1 2 3
0 0 2 2
0 0 3 4
0 0 −3 −2

⎤⎥⎦



Applying R3 → R3 − 3R2 , R4 → R4 + 3R2 , we get

Next, from R4 → R4 − R3 ,

This is the reduced row echelon form of the matrix A.

Example 5.4.15.

Consider the following 7×6 matrix A, which is in the reduced row echelon form:

Now, we shall show that the set of nonzero rows {R1,R2,R3,R4,R5} of A are linearly

independent, where Ri  denotes the i-th row from the top of the matrix. If possible, suppose that
the set {R5,R4,R3,R2,R1} is linearly dependent. Then one of the rows, let us say R2 , is a

linear combination of the preceding rows R5 , R4  and R3 . In that case,
R2 = a3R3 + a4R4 + a5R5 , for some constants a3 , a4 , a5 .
That is,

From the above equation, we have that the third component 1 = 0a3 + 0a4 + 0a5 = 0, which is
a contradiction. Hence, the set of nonzero rows of matrix A are linearly independent.
Using the aforementioned idea, we prove the following result for any matrix in reduced row
echelon form.

.

⎡⎢⎣0 1 2 3
0 0 1 1
0 0 3 4
0 0 −3 −2

⎤⎥⎦.⎡⎢⎣0 1 2 3
0 0 1 1
0 0 0 1
0 0 0 1

⎤⎥⎦.

⎡⎢⎣0 1 2 3
0 0 1 1
0 0 0 1
0 0 0 0

⎤⎥⎦A = .

⎡⎢⎣1 2 3 −1 4 5
0 0 1 −3 2 0
0 0 0 1 2 −2
0 0 0 0 1 6
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0

⎤⎥⎦(0, 0, 1, −3, 2, 0) = a3(0, 0, 0, 1, 2, −2) + a4(0, 0, 0, 0, 1, 6) + a5(0, 0, 0, 0, 0, 1).



Theorem 5.4.16.
Let A be an m × n matrix in reduced row echelon form. Then the rank of A is equal to the number of its

nonzero rows.

Proof.

Let S = {Rr,Rr−1, … ,R2,R1} be the set of nonzero rows of the matrix A, where

Ri, 1 ≤ i ≤ r denotes the i-th row from the top of the matrix A.
Since the rank of a matrix is the maximum number of linearly independent rows, we shall show
that S is linearly independent.
Suppose, if possible the set S is linearly dependent. Then there exist a row Rk ∈ S , which is a
linear combination of preceding rows, Rk+1,Rk+2, … ,Rr . That is, for the scalars
ak+1, ak+2, … , ar ,

Since A is in the reduced row echelon form, the above equation gives that the pivot of the row Rk

is 1 = 0ak+1 + 0ak+2 + ⋯ + 0ar = 0, which is a contradiction. Hence, the set S is linearly
independent.
This proves that rank(A) = maximum number of linearly independent rows of A = the number

of nonzero rows of A.
Since elementary row operations on a matrix A are rank preserving, rank A = rank of A in its
reduced row echelon form.  □

In the following example, we obtain the rank of a matrix by converting it into the reduced row
echelon form.

Example 5.4.17.

Consider the matrix

given in Example →5.4.9. Now, we find the rank of A by reducing in row echelon form.
From the elementary row operation R1 ↔ R3  on A, we get

From the elementary row operations R2 → R2 − 2R1 , R3 → R3 − 3R1 , R4 → R4 − 6R1 , we
get

Rk = ak+1Rk+1 + ak+2Rk+2 + ⋯ + arRr.

A = ,

⎡⎢⎣3 2 1 3
2 4 3 2
1 2 3 0
6 8 7 5

⎤⎥⎦.⎡⎢⎣1 2 3 0
2 4 3 2
3 2 1 3
6 8 7 5

⎤⎥⎦



From the elementary row operation R2 ↔ R3 , we have

Applying R2 → −1
4 R2 , we get

From the elementary row operation R4 → R4 + 4R2 , we have

Applying R3 → −1
3 R3 , we get

From the elementary row operation R4 → R4 + 3R3 , we get

This matrix is the reduced row echelon form of A. In this matrix, the number of nonzero rows are
three. Hence, rank(A) = 3.

Note that we only use elementary row operations to convert a matrix into its reduced row echelon
form.

.

⎡⎢⎣1 2 3 0
0 0 −3 2
0 −4 −8 3
0 −4 −11 5

⎤⎥⎦.

⎡⎢⎣1 2 3 0
0 −4 −8 3
0 0 −3 2
0 −4 −11 5

⎤⎥⎦ .

⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 −3 2
0 −4 −11 5

⎤⎥⎦.⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 −3 2
0 0 −3 2

⎤⎥⎦.

⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 1 −2
3

0 0 −3 2

⎤⎥⎦.⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 1 −2
3

0 0 0 0

⎤⎥⎦



Theorem 5.4.18.
An n-square matrix A is invertible if and only if it can be reduced to the identity matrix In  by elementary

row operations.

Proof.

Suppose A = [aij] is invertible. Then rank(A) = n. In this case, the reduced row echelon form

of A will be an upper triangular matrix U with principal diagonal entries 1. Further, by elementary
row operations R1 → R1 − a12R2 , R2 → R2 − a23R3, … ,Rn−1 → Rn−1 − a(n−1)nRn , U

can be reduced into the identity matrix In .
Conversely, suppose that the reduced row echelon form of A is In . Then rank(A) = n. Hence, A

is invertible.
Any n-square matrix A can be written as A = InA. If A is invertible, then A can be converted into
identity matrix In  by elementary row operations.
Suppose E1,E2, … ,Er  are elementary matrices such that

Now, from the equation A = InA we have the following:

where B = ErEr−1 ⋯E2E1In .

Then B = A−1 .  □

Since premultiplication of an elementary matrix with a matrix is equivalent to an elementary
row operation on the matrix, we can compute the inverse of a matrix A by performing elementary
row operations on the equations A = InA. This method is called the Gauss–Jordan method.

Example 5.4.19.

In this example, we compute the inverse of the 4-square matrix

using Gauss–Jordan method.
Consider the equation, A = I4A.
That is,

Er ⋯E2E1A = In.

E1A= E1InA,
E2E1A= E2E1InA,

⋮
ErEr−1 ⋯E2E1A= ErEr−1 ⋯E2E1InA,

In= BA,

A = ,

⎡⎢⎣ 1 2 0 1
1 1 −1 −2
0 2 1 3

−1 1 2 6

⎤⎥⎦



Now, we choose elementary row operations in such a way that the left side matrix reduces into
the identity matrix I4 . Elementary row operations will be applied on the left side matrix as well as
on I4  in the right side of the equation.
Applying R2 → R2 − R1 , and R4 → R4 + R1 , in the above equation, we get

From R2 → (−1)R2 ,

From R3 → R3 − 2R2 , R4 → R4 − 3R2 ,

From R3 → (−1)R3 ,

From R4 → R4 + R3 ,

From R1 → R1 − 2R2 ,

= A.

⎡⎢⎣ 1 2 0 1
1 1 −1 −2
0 2 1 3

−1 1 2 6

⎤⎥⎦ ⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦= A.

⎡⎢⎣1 2 0 1
0 −1 −1 −3
0 2 1 3
0 3 2 7

⎤⎥⎦ ⎡⎢⎣ 1 0 0 0
−1 1 0 0
0 0 1 0
1 0 0 1

⎤⎥⎦= A.

⎡⎢⎣1 2 0 1
0 1 1 3
0 2 1 3
0 3 2 7

⎤⎥⎦ ⎡⎢⎣1 0 0 0
1 −1 0 0
0 0 1 0
1 0 0 1

⎤⎥⎦= A.

⎡⎢⎣1 2 0 1
0 1 1 3
0 0 −1 −3
0 0 −1 −2

⎤⎥⎦ ⎡⎢⎣ 1 0 0 0
1 −1 0 0

−2 2 1 0
−2 3 0 1

⎤⎥⎦= A.

⎡⎢⎣1 2 0 1
0 1 1 3
0 0 1 3
0 0 −1 −2

⎤⎥⎦ ⎡⎢⎣ 1 0 0 0
1 −1 0 0
2 −2 −1 0

−2 3 0 1

⎤⎥⎦= A.

⎡⎢⎣1 2 0 1
0 1 1 3
0 0 1 3
0 0 0 1

⎤⎥⎦ ⎡⎢⎣1 0 0 0
1 −1 0 0
2 −2 −1 0
0 1 −1 1

⎤⎥⎦



From R1 → R1 + 2R3 , R2 → R2 − R3 ,

From R1 → R1 − R4 , R3 → R3 − 3R4 ,

Thus,

Alternatively, to compute the inverse of a matrix A, some authors construct the augmented matrix
[A : I4] in place of equation A = I4A. That is, to find the inverse of the matrix

write the augmented matrix

Then by elementary row operations R2 → R2 − R1 , R4 → R4 + R1 , we get

= A.

⎡⎢⎣1 0 −2 −5
0 1 1 3
0 0 1 3
0 0 0 1

⎤⎥⎦ ⎡⎢⎣−1 2 0 0
1 −1 0 0
2 −2 −1 0
0 1 −1 1

⎤⎥⎦= A.

⎡⎢⎣1 0 0 1
0 1 0 0
0 0 1 3
0 0 0 1

⎤⎥⎦ ⎡⎢⎣ 3 −2 −2 0
−1 1 1 0
2 −2 −1 0
0 1 −1 1

⎤⎥⎦= A.

⎡⎢⎣1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎦ ⎡⎢⎣ 3 −3 −1 −1
−1 1 1 0
2 −5 2 −3
0 1 −1 1

⎤⎥⎦A−1 = .

⎡⎢⎣ 3 −3 −1 −1
−1 1 1 0
2 −5 2 −3
0 1 −1 1

⎤⎥⎦A = ,

⎡⎢⎣ 1 2 0 1
1 1 −1 −2
0 2 1 3

−1 1 2 6

⎤⎥⎦ .

⎡⎢⎣ 1 2 0 1 ⋅ 1 0 0 0
1 1 −1 −2 ⋅ 0 1 0 0
0 2 1 3 ⋅ 0 0 1 0

−1 1 2 6 ⋅ 0 0 0 1

⎤⎥⎦



(5.4.1)

(5.4.2)

(5.4.3)

(5.4.4)

Similarly, by applying elementary row operations: R2 → (−1)R2 , R3 → R3 − 2R2 ,

R4 → R4 − 3R2 , R3 → (−1)R3 , R4 → R4 + R3 , R1 → R1 − 2R2 , R1 → R1 + 2R3 ,

R2 → R2 − R3 , R1 → R1 − R4 , R3 → R3 − 3R4  we get

Then

Exercises

Find the rank of the following matrices by reducing them into normal form:

Find the nonsingular matrices P1 , P2 , P3 , P4 , Q1 , Q2 , Q3 , Q4  such that
P1AQ1 , P2BQ2 , P3CQ3 , P4DQ4  are in normal form where A, B, C, D are
the matrices given in the question (5.4.1).
Find the rank of the matrices A, B, C, D given in the question (5.4.1) by
reducing them into echelon form.
Using elementary operations find the inverse of the following matrices:

.

⎡⎢⎣1 2 0 1 ⋅ 1 0 0 0
0 −1 −1 −3 ⋅ −1 1 0 0
0 2 1 3 ⋅ 0 0 1 0
0 3 2 7 ⋅ 1 0 0 1

⎤⎥⎦.

⎡⎢⎣1 0 0 0 ⋅ 3 −3 −1 −1
0 1 0 0 ⋅ −1 1 1 0
0 0 1 0 ⋅ 2 −5 2 −3
0 0 0 1 ⋅ 0 1 −1 1

⎤⎥⎦A−1 = .

⎡⎢⎣ 3 −3 −1 −1
−1 1 1 0
2 −5 2 −3
0 1 −1 1

⎤⎥⎦A= , B = ,

C= , D = .

⎡⎢⎣ 1 −1 −2 −4
−2 −3 1 1
3 1 3 −2
6 3 0 −7

⎤⎥⎦ ⎡⎢⎣ 1 4 3 −2 1
2 3 1 −4 −3

−1 6 7 2 9
3 −3 −6 −6 −12

⎤⎥⎦⎡⎢⎣1 1 1 1
1 2 3 1
1 3 3 2
2 4 3 3

⎤⎥⎦ ⎡⎢⎣ 1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

⎤⎥⎦



5.5  System of linear equations

An equation of the form a1x1 + a2x2 + ⋯ + anxn = b is called linear equation in n variables
x1,x2, … ,xn , where a1, a2, … , an, b are members of a field F.

A system of m linear equations in n variables is a collection of linear equations:

where aij, bi, (1 ≤ i ≤ m, 1 ≤ j ≤ n) are elements of a field F.

If

then the above system of linear equations can be written in the matrix form as AX = B. The
matrix A is called the coefficient matrix of the system of linear equations.

A column vector

is called a solution of AX = B, if AL = B. The set of all solutions of a system of linear equations
is called the solution set of the system.

Definition 5.5.1.

A system of m linear equations in n variables, AX = B is called homogeneous if B = 0,
otherwise the system is called nonhomogeneous.

For example, the system of linear equations

A = , B = .

⎡⎢⎣ 2 3 −2 4
3 −2 1 2
3 2 3 4

−2 4 0 5

⎤⎥⎦ ⎡⎢⎣ 1 2 0 1
−1 1 2 6
0 2 1 3
1 1 −1 −2

⎤⎥⎦a11x1 + a12x2 + ⋯ + a1nxn= b1,
a21x1 + a22x2 + ⋯ + a2nxn= b2,

⋮
am1x1 + am2x2 + ⋯ + amnxn= bm,

A = , X = and B = ,

⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮
am1 am2 ⋯ amn

⎤⎥⎦ ⎡⎢⎣x1

x2

⋮
xn

⎤⎥⎦ ⎡⎢⎣b1

b2

⋮
bm

⎤⎥⎦L = ∈ F n

⎡⎢⎣l1l2⋮ln⎤⎥⎦



(a)

(b)

(c)

written in matrix form

is nonhomogeneous, whereas the system

written in matrix form

is homogeneous.

Let us examine the following example containing three different systems of linear equations.

Example 5.5.2.

The system of linear equations

has unique solution

The system of linear equations

has infinite solutions as

The system of linear equations

x + y + 3z= 2,
2x − 3y − 4z= 5,

[ ] = [ ]
1 1 3
2 −3 −4

⎡⎢⎣xyz⎤⎥⎦ 2
5

−x + 2y + 3z= 0,
6x + 4y − 2z= 0,

[ ] = [ ]
−1 2 3
6 4 −2

⎡⎢⎣xyz⎤⎥⎦ 0
0

x + 2y= 5,
−3x + y= −1,

[ ] = [ ].
x

y

1
2

x + 2y= 3,
3x + 6y= 9,

[ ] = [ ], [ ] = [ ], [ ] = [ ], etc.
x

y

1
1

x

y

3
0

x

y

−197
100

x − 2y= 1,
3x − 6y= 5,



has no solution.

It is evident from the aforementioned examples that a system of linear equations may have an
infinite solution, a unique solution or none at all.

Definition 5.5.3.

A system of nonhomogeneous linear equations AX = B is called consistent if it has at least one
solution. The system is considered inconsistent if AX = B has no solution.

Since the zero vector X = 0 satisfies the equation AX = 0, the system of homogeneous
equations AX = 0 is always consistent. The solution X = 0 is called the trivial solution, while a
nonzero column vector Y satisfying AY = 0 is known as the nontrivial solution.

Definition 5.5.4.

Let AX = B be the system of m linear equations in n variables, where

Then the block matrix [A : B] is called the augmented matrix and will be denoted by augA.

That is,

If order of the coefficient matrix A is m × n, then the order of augA is m × (n + 1).

For the system of linear equations,

the coefficient matrix

Theorem 5.5.5.
A system of nonhomogeneous linear equations AX = B is consistent if and only if

rank(A) = rank(augA).

A = , X = and B = .

⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮
am1 am2 ⋯ amn

⎤⎥⎦ ⎡⎢⎣x1

x2

⋮
xn

⎤⎥⎦ ⎡⎢⎣b1

b2

⋮
bm

⎤⎥⎦augA = .

⎡⎢⎣a11 a12 ⋯ a1n : b1

a21 a22 ⋯ a2n : b2

⋮
am1 am2 ⋯ amn : bm

⎤⎥⎦x − 2y + 3z= 2,
−3x + y + 2z= 1,
2x + 2y + 2z= 6,

A = and augA = .
⎡⎢⎣ 1 −2 3

−3 1 2
2 2 2

⎤⎥⎦ ⎡⎢⎣ 1 −2 3 : 2
−3 1 2 : 1
2 2 2 : 6

⎤⎥⎦



Proof.

Let the order of the coefficient matrix A = [aij] be m × n. Then from Theorem →5.3.2, the

matrix of the left multiplication linear transformation LA : F n → F m  related to the standard
ordered bases of F n  and F m  is A, where LA(X) = AX. Therefore, LA(vj) = j-th column of A

if B1 = {v1, v2, … , vn} is the standard basis of F n , where the column vector

vj = (0, 0, … , 0, 1, 0, … , 0) ∈ F n .

As a result, the equation AX = B can be written as LA(X) = B, and hence finding the solution

to the system of linear equations AX = B is equivalent to finding X ∈ F n  such that
LA(X) = B.

Now, suppose that the system of linear equations AX = B is consistent. Then there exists an
X ∈ F n  such that LA(X) = B. That is, B ∈ Image(LA). Image(LA) is generated by

{LA(v1),LA(v2), … ,LA(vn)}, it means Image(LA) is generated by the columns of the matrix

A. Hence, B is the linear combination of n columns of A. This gives that the maximum number of
linearly independent columns of A = maximum number of linearly independent columns of
augA. Hence, rank(A) = rank(augA).

Conversely, suppose that rank(A) = rank(augA). Then the column vector B of the matrix

augA can be written as the linear combination of the columns of A. Since the set
{LA(v1),LA(v2), … ,LA(vn)} represents the columns of A, B can be written as

where X = k1v1 + k2v2 + ⋯ + knvn ∈ F n  and k1, k2, … , kn  are scalars. Thus, there exists
X ∈ F n  such that LA(X) = B ⇒ AX = B. This proves that X is a solution of the linear

equation AX = B, and hence it is consistent.  □

Recall Example →5.5.2(c),

In this case,

From the reduced row echelon form

of augA, we have that rank(A) = 1 ≠ rank(augA) = 2. Hence, the system of linear equations

has no solution.
Theorem 5.5.6.
Let AX = 0 be a homogeneous system of m linear equations in n variables. Then the solution space

denoted by N(A) is a subspace of F n  of dimension n − rank(A).

B= k1LA(v1) + k2LA(v2) + ⋯ + knLA(vn)
= LA(k1v1 + k2v2 + ⋯ + knvn)
= LA(X),

x − 2y= 1,
3x − 6y= 5.

augA = [ ].
1 −2 : 1
3 −6 : 5

[ ]
1 −2 : 1
0 0 : 2



(i)

(ii)
(iii)

(i)

(ii)

(iii)

Proof.

Since the homogeneous system AX = 0 has m equations in n variables, the coefficient matrix is
of order m × n.
Consider the linear transformation LA : F n → F m  defined as LA(X) = AX , where X ∈ F n .

If X ′ ∈ F n  is a solution of AX = 0, then AX ′ = 0 ⇔ LA(X ′) = 0 ⇔ X ′ ∈ Ker(LA). Hence,

the solution set N(A) of the homogeneous equation AX = 0 is the Ker(LA), which is a

subspace of F n . From the rank-nullity theorem,
dim (Ker(LA)) = n − rank(LA) = n − rank(A). Hence, the dimension of the solution space

= n − rank(A). Thus, all the solutions of AX = 0 are linear combination of n − rank(A)
linearly independent solutions.  □

Remark.

Since the solution space N(A) of AX = 0 is equal to Ker(LA), N(A) is a vector space. Hence,

if X1  and X2  are two solutions and a1, a2 ∈ F , then a1X1 + a2X2 ∈ N(A). That is,

A(a1X1 + a2X2) = a1AX1 + a2AX2 = a10 + a20 = 0.

Corollary 5.5.7.

Let AX = 0 be the homogeneous system of m linear equations in n variables. Then:

the system has nontrivial (infinite) solution if rank(A) < n;

the system has a nontrivial (infinite) solution if m < n;

the system has only trivial solutions if rank(A) = n.

Proof.

The dimension of the solution space N(A) = n − rank(A). If rank(A) < n,

then dim N(A) > 0. Hence, the system has a nontrivial solution.

Since rank(A) ≤min {m,n} = m, rank(A) ≤ m < n. Hence, from (i) part,

system has a nontrivial solution.
Given that rank(A) = n. Hence, dimension of

N(A) = n − rank(A) = n − n = 0. Hence, the system AX = 0 has only trivial

solution.  □

Theorem 5.5.8.
If AX = B is a consistent system of m linear equations in n variables, and AX = 0 is its associated

homogeneous system, then the set XB + N(A) = {XB + XN : XN ∈ N(A)} constitutes a

complete set of solutions for AX = B, where XB  is any particular solution of AX = B and N(A)
is the solution space of AX = 0.

Proof.

Given XB  as a solution of AX = B and XN ∈ N(A), it follows that AXB = B and AXN = 0.

Thus, A(XB + XN) = AXB + AXN = B + 0 = B. This implies that XB + XN  is a solution

of AX = B.
Conversely, if YB  is any solution of AX = B, then AYB = B = AXB ⇒ A(YB − XB) = 0.

Thus, (YB − XB) ∈ N(A). Therefore, there exists XN ∈ N(A) such that YB − XB = XN ,



(1)

(2)

(i)

(ii)
(iii)

(i)

(ii)

(iii)

leading to YB = XN + XB . This proves that XB + N(A) constitutes the set of all solutions of

the linear equation AX = B.  □

Remarks.

The solution set XB + N(A) for AX = B is not a subspace of F n , as 0 is not in

XB + N(A).

The comparison between linear equations and their solutions with linear
differential equations and their solutions, particularly the complementary function
(CF) and particular integral (PI), is noteworthy.

Corollary 5.5.9.

Let AX = B be a consistent nonhomogeneous system of m linear equations in n variables. Then:

AX = B has infinite solutions if rank(A) < n;

AX = B has infinite solutions if m < n;

the system has unique solution if rank(A) = n.

Proof.

Using Theorem →5.5.8, the complete solution set of AX = B is XB + N(A). From Corollary

→5.5.7, we deduce:

If rank(A) < n, then N(A) has an infinite number of elements, hence

XB + N(A) has an infinite number of elements.

If m < n, then rank(A) < n, and thus the result follows from part (i).

If rank(A) = n, then N(A) = {0}; hence XB + N(A) = XB , resulting in a

unique solution.  □

Corollary 5.5.10.

Let AX = B be a system of nonhomogeneous n linear equations in n variables. Then the system has

exactly one solution X = A−1B if and only if A is invertible.

Proof.

If the system AX = B has only one solution XB , then XB + N(A) = XB  implies

N(A) = {0}. That is, the associated homogeneous linear equation AX = 0 has only a trivial

solution. Thus, from Corollary →5.5.7(iii), rank(A) = n. This proves A is invertible.

Conversely, if A is invertible, then rank(A) = n. From Corollary →5.5.9(iii), AX = B has a

unique solution. As A is invertible, AX = B ⇒ A−1AX = A−1B ⇒ X = A−1B.  □

The subsequent theorem asserts that a given system of linear equations can be altered into
an equivalent system with identical solutions but is simpler to solve.
Theorem 5.5.11.

Consider a system of m linear equations in n unknowns denoted by AX = B. If aug Á = [Á : B́]
represents the reduced row echelon form of augA = [A : B], then the associated system of

equations ÁX = B́ possesses the same set of solutions.



Proof.

The conversion of augA = [A : B] into its reduced row echelon form is accomplished through

elementary row operations. As these operations are equivalent to the premultiplication of
invertible elementary matrices, it suffices to demonstrate that the systems AX = B and
EAX = EB yield equivalent solutions, where E denotes an invertible square matrix of order m.
Suppose Y is a solution of AX = B, implying AY = B. Then EAY = E(AY ) = EB, indicating

that Y also serves as a solution for EAX = EB.
Conversely, if Y is a solution of EAX = EB, then EAY = EB. Consequently,

AY = E−1EB = B, demonstrating that Y also satisfies AX = B.  □

Thus, to solve the system of linear equations AX = B, we transform augA = [A : B] into

its reduced row echelon form aug Á = [Á : B́], and then address the corresponding system of

linear equations ÁX = B́.

Example 5.5.12.

Consider the following system of linear equations:

In matrix form, this system can be expressed as

If

then the given system is AX = B.
To test the system’s consistency, we form the augmented matrix:

We reduce this matrix to its reduced row echelon form using elementary row operations.
From R2 → R2 − 2R1 , R3 → R3 + R1 ,

x − 4y − z + t = 3,
2x − 8y + z − 4t = 9,

−x + 4y − 2z + 5t = −6.

= .
⎡⎢⎣ 1 −4 −1 1

2 −8 1 −4
−1 4 −2 5

⎤⎥⎦⎡⎢⎣xyzt⎤⎥⎦ ⎡⎢⎣ 3
9

−6

⎤⎥⎦A = , X = and B = ,
⎡⎢⎣ 1 −4 −1 1

2 −8 1 −4
−1 4 −2 5

⎤⎥⎦ ⎡⎢⎣xyzt⎤⎥⎦ ⎡⎢⎣ 3
9

−6

⎤⎥⎦augA = .
⎡⎢⎣ 1 −4 −1 1 ⋅ 3

2 −8 1 −4 ⋅ 9
−1 4 −2 5 ⋅ −6

⎤⎥⎦



From R2 → 1
3 R2 ,

From R3 → R3 + 3R2 ,

From the above matrix, it is evident that rank(A) = 2 = rank(aug(A)).

Hence, from Theorem →5.5.5, the system is consistent. In the given system, the number of
unknowns = 4 and rank(A) = 2 < 4. Hence, from Corollary →5.5.9, the system has infinite

(4−2+1=3, linearly independent) solutions.
From the reduced row echelon form of augA, we get the following system having the same
solutions:

To solve this system, we divide the variables x, y, z, t into two sets. The first set is {x, z}, which

consists of leftmost variables of each equations of the system. The second set consists of all the
remaining variables, i. e., {y, t}. We assign parameter values to each variable in the second set

and then solve for the variables in the first set in terms of these parameters.
Let y = r1  and t = r2 . Then:

Thus,

which is of the form XB + N(A). Hence, according to Theorems →5.5.8 and →5.5.11, all

solutions of the given system will be of the form:

.
⎡⎢⎣1 −4 −1 1 ⋅ 3

0 0 3 −6 ⋅ 3
0 0 −3 6 ⋅ −3

⎤⎥⎦.
⎡⎢⎣1 −4 −1 1 ⋅ 3

0 0 1 −2 ⋅ 1
0 0 −3 6 ⋅ −3

⎤⎥⎦.⎡⎢⎣1 −4 −1 1 ⋅ 3
0 0 1 −2 ⋅ 1
0 0 0 0 ⋅ 0

⎤⎥⎦x − 4y − z + t= 3,
z − 2t= 1.

z= 1 + 2t = 1 + 2r2,
x= 3 + 4y + z − t = 4 + 4r1 + r2.

= = + r1 + r2 ,

⎡⎢⎣xyzt⎤⎥⎦ ⎡⎢⎣4 + 4r1 + r2

r1

1 + 2r2

r2

⎤⎥⎦ ⎡⎢⎣4
0
1
0

⎤⎥⎦ ⎡⎢⎣4
1
0
0

⎤⎥⎦ ⎡⎢⎣1
0
2
1

⎤⎥⎦



Note that

is a particular solution of AX = B and

generates the solution space N(A) of the homogeneous part AX = 0 of the system. Also, we

can compare the solution as CF + PI, where

Example 5.5.13.

Consider the following system of linear equations:

In the matrix form, this system can be written as

Let

+ r1 + r2 : r1, r2 ∈ R.

⎧⎪⎨⎪⎩⎡⎢⎣4
0
1
0

⎤⎥⎦ ⎡⎢⎣4
1
0
0

⎤⎥⎦ ⎡⎢⎣1
0
2
1

⎤⎥⎦⎫⎪⎬⎪⎭⎡⎢⎣4
0
1
0

⎤⎥⎦,⎧⎪⎨⎪⎩⎡⎢⎣4
1
0
0

⎤⎥⎦ ⎡⎢⎣1
0
2
1

⎤⎥⎦⎫⎪⎬⎪⎭PI = and CF = r1 + r2 : r1, r2 ∈ R.

⎡⎢⎣4
0
1
0

⎤⎥⎦ ⎧⎪⎨⎪⎩ ⎡⎢⎣4
1
0
0

⎤⎥⎦ ⎡⎢⎣1
0
2
1

⎤⎥⎦⎫⎪⎬⎪⎭−x1 + 2x2 + 3x3= −2,
2x1 − 5x2 + x3= 2,

3x1 − 8x2 + 5x3= 2,
5x1 − 12x2 − x3= 6.

= .

⎡⎢⎣−1 2 3
2 −5 1
3 −8 5
5 −12 −1

⎤⎥⎦⎡⎢⎣x1

x2

x3

⎤⎥⎦ ⎡⎢⎣−2
2
2
6

⎤⎥⎦



Now, we convert the augA in the reduced row echelon form.
From R1 → (−1)R1 ,

From R2 → R2 − 2R1 , R3 → R3 − 3R1  and R4 → R4 − 5R1 ,

From R2 → (−1)R2 ,

From R3 → R3 + 2R2 , R4 → R4 + 2R2 ,

This gives that rank(A) = rank(augA) = 2 < 3, the number of unknowns. Hence, the given

system of linear equations is consistent and has infinite number of solutions.
From the reduced row echelon form of the matrix augA, the equivalent system is

Put x3 = r. Then x2 = 2 + 7r and x1 = 2 + 2x2 + 3x3 = 6 + 17r.
Hence, the solution of the given system is

augA = .

⎡⎢⎣−1 2 3 ⋅ −2
2 −5 1 ⋅ 2
3 −8 5 ⋅ 2
5 −12 −1 ⋅ 6

⎤⎥⎦.

⎡⎢⎣1 −2 −3 ⋅ 2
2 −5 1 ⋅ 2
3 −8 5 ⋅ 2
5 −12 −1 ⋅ 6

⎤⎥⎦ .

⎡⎢⎣1 −2 −3 ⋅ 2
0 −1 7 ⋅ −2
0 −2 14 ⋅ −4
0 −2 14 ⋅ −4

⎤⎥⎦.

⎡⎢⎣1 −2 −3 ⋅ 2
0 1 −7 ⋅ 2
0 −2 14 ⋅ −4
0 −2 14 ⋅ −4

⎤⎥⎦.⎡⎢⎣1 −2 −3 ⋅ 2
0 1 −7 ⋅ 2
0 0 0 ⋅ 0
0 0 0 ⋅ 0

⎤⎥⎦x1 − 2x2 − 3x3 = 2,
x2 − 7x3 = 2.



Thus, all solutions of the given system will be of the form:

Example 5.5.14.

In this example, we solve the following homogeneous system of linear equations:

In the matrix form, the system is

Let

Now we find the rank of A by reducing into reduced row echelon form.
Applying elementary row operations R2 → R2 − 2R1 , R3 → R3 − 3R1 , R4 → R4 − 6R1 , we
have

From R2 ↔ R3 ,

= = + r .
⎡⎢⎣x1

x2

x3

⎤⎥⎦ ⎡⎢⎣6 + 17r
2 + 7r

r

⎤⎥⎦ ⎡⎢⎣6
2
0

⎤⎥⎦ ⎡⎢⎣17
7
1

⎤⎥⎦+ r : r ∈ R .
⎧⎪⎨⎪⎩⎡⎢⎣6

2
0

⎤⎥⎦ ⎡⎢⎣17
7
1

⎤⎥⎦ ⎫⎪⎬⎪⎭x + 2y + 3z= 0,
2x + 4y + 3z + 2t= 0,
3x + 2y + z + 3t= 0,

6x + 8y + 7z + 5t= 0.

= .

⎡⎢⎣1 2 3 0
2 4 3 2
3 2 1 3
6 8 7 5

⎤⎥⎦⎡⎢⎣xyzt⎤⎥⎦ ⎡⎢⎣0
0
0
0

⎤⎥⎦A = .

⎡⎢⎣1 2 3 0
2 4 3 2
3 2 1 3
6 8 7 5

⎤⎥⎦.

⎡⎢⎣1 2 3 0
0 0 −3 2
0 −4 −8 3
0 −4 −11 5

⎤⎥⎦



From R2 → −1
4 R2 ,

From R4 → R4 + 4R2 ,

From R3 → −1
3 R3 ,

From R4 → R4 − 3R3 ,

From the above matrix, it is evident that rank(A) = 3 < 4, the number of variables. Hence, the

given system of equations has infinite solutions in the form of 4−3=1 parametric variable.
From the echelon form matrix, the equivalent system is

Put t = r. Then

.

⎡⎢⎣1 2 3 0
0 −4 −8 3
0 0 −3 2
0 −4 −11 5

⎤⎥⎦ .

⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 −3 2
0 −4 −11 5

⎤⎥⎦.⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 −3 2
0 0 −3 2

⎤⎥⎦.

⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 1 −2
3

0 0 −3 2

⎤⎥⎦.⎡⎢⎣1 2 3 0

0 1 2 −3
4

0 0 1 −2
3

0 0 0 0

⎤⎥⎦x + 2y + 3z= 0,

y + 2z −
3
4
t= 0,

z −
2
3
t =0.



(i)

Hence, the solution is of the form

Example 5.5.15.

Find the values of a and b for which the system of linear equations

has (i) no solution, (ii) unique solution and (iii) infinite solutions.
Rewrite the given system in matrix form AX = B:

Now, we convert the augmented matrix

into the reduced row echelon form.
Through elementary row operations R2 → R2 − R1  and R3 → R3 − R1 , the resulting matrix
becomes

The given system has no solution if rank(A) ≠ rank(augA). This discrepancy

arises only when rank rank(A) = 2 and rank(augA) = 3. Thus, from the above

z=
2
3
r,

y= −2z +
3
4
t = −2(

2
3
r) +

3
4
r = −

7
12

r,

x= −2y − 3z = −2(−
7
12

r) − 3(
2
3
r) = −

5
6
r.

r : r ∈ R .

⎧⎪⎨⎪⎩ ⎡⎢⎣ −5
6

−7
12
2
3

1

⎤⎥⎦ ⎫⎪⎬⎪⎭x + y + z= 2,
x + 2y + 5z= 10,

x + y + (a − 5)z= b − 5

= .
⎡⎢⎣1 1 1

1 2 5
1 1 a − 5

⎤⎥⎦⎡⎢⎣xyz⎤⎥⎦ ⎡⎢⎣ 2
10

b − 10

⎤⎥⎦augA =
⎡⎢⎣1 1 1 ⋅ 2

1 2 5 ⋅ 10
1 1 a − 5 ⋅ b − 10

⎤⎥⎦.
⎡⎢⎣1 1 1 ⋅ 2

0 1 4 ⋅ 8
0 0 a − 6 ⋅ b − 12

⎤⎥⎦



(ii)

(iii)

matrix, we deduce a − 6 = 0 ⇒ a = 6 and b − 12 ≠ 0 ⇒ b ≠ 12.
Consequently, the system has no solution when a = 6 and b ≠ 12.
The given system has unique solution if rank(A) = rank(augA) = 3. Hence,

from the above matrix we have a − 6 ≠ 0 ⇒ a ≠ 6.

The given system has infinite number of solutions if
rank(A) = rank(augA) < 3. This happens only if

rank(A) = rank(augA) = 2. Hence, from the above matrix, we conclude

a − 6 = 0 ⇒ a = 6 and b − 12 = 0 ⇒ b = 12. Consequently, the system has
infinite solutions when a = 6 and b = 12.

Example 5.5.16.

Find the values of α for which the system of linear equations:

is consistent.
Rewrite the given system in matrix form AX = B:

Now, we convert the augmented matrix

into the reduced row echelon form.
From R2 → R2 − 3R1  and R3 → R3 − 3R1 ,

From R2 → (−1)R2 ,

From R3 → R3 + 3R2 ,

x + y + z= 1,
3x + 2y + 5z= α + 1,

3x + 9z= α2 − 1

= .
⎡⎢⎣1 1 1

3 2 5
3 0 9

⎤⎥⎦⎡⎢⎣xyz⎤⎥⎦ ⎡⎢⎣ 1
α + 1

α2 − 1

⎤⎥⎦augA =
⎡⎢⎣1 1 1 ⋅ 1

3 2 5 ⋅ α + 1

3 0 9 ⋅ α2 − 1

⎤⎥⎦.
⎡⎢⎣1 1 1 ⋅ 1

0 −1 2 ⋅ α − 2

0 −3 6 ⋅ α2 − 4

⎤⎥⎦ .
⎡⎢⎣1 1 1 ⋅ 1

0 1 −2 ⋅ −α + 2

0 −3 6 ⋅ α2 − 4

⎤⎥⎦



(5.5.1)

(a)

(b)

(5.5.2)

(a)

(b)

(5.5.3)

(a)

(b)

A linear system represented by AX = B is consistent when the rank of the coefficient matrix A
equals the rank of the augmented matrix augA. Hence, from the above matrix it is clear that

rank(A) = rank(augA) if and only if α2 − 3α + 2 = 0 ⇒ (α − 1)(α − 2) = 0. Consequently,

the system is consistent when α equals either 1 or 2.

Exercises

Solve the following system of linear equations:

Find the dimension and a basis for the solution space of the following
system of linear equations:

Solve the following system of linear equations:

.
⎡⎢⎣1 1 1 ⋅ 1

0 1 −2 ⋅ −α + 2

0 0 0 ⋅ α2 − 3α + 2

⎤⎥⎦x − 2y + 2z − t= −14,
8y − 7z + 5t= 59,
7y − 5z + t= 46,

−2x + 5y − 3z − 3t= 26.

x − y + z − t= 2,
x − y + z + t= 0,

2x − 2y + 2z + t= 1,
−2x + 2y − 2z + t= −3.

x + 2y + 3z + t= 0,
−x − 2y + 5z − 2t= 0,
7x + 4y + 3z + 7t= 0.

2x + 4y − 3z + 2t − 5u= 0,
5x − 5y + 7z − 3t + 5u= 0,

−x + 5y − 3z + 4t + 7u= 0.

x1 − x2 + 2x3 + x4= 3,
2x1 − x2 + 4x3 − x4= 4,
2x1 + x2 − x3 − x4= 1,

5x1 + 2x2 − 4x4= 3.

x1 + 3x2 − 5x3= −4,
2x1 − x2 + 3x3= 5,

7x1 + 4x3= 11.



(5.5.4)

(5.5.5)

(a)

(b)

(c)

(d)

Find the solution set for the following nonhomogeneous system of linear
equations:

For what values of α and β the following system of linear equations have (i)
no solution (ii) unique solution and (iii) infinite no of solutions:

x1 + 2x2 − x3 = 1, x1 + αx2 + 3x3 = 2,
2x1 + 3x2 + αx3 = 3.
x1 + x2 + x3 = 3, 2x1 + 2x2 + (1 + 2α)x3 = 10,

x1 + 2x2 + 3αx3 = β.
x1 + x2 + 2x3 = 3, x1 + 2x2 + αx3 = 5,
x2 + 2x3 = β − 3.
x1 + x2 + αx3 = 1, x1 + αx2 + x3 = 1,
αx1 + x2 + x3 = 1.

5.6  Miscellaneous

Example 5.6.1.

Let A be a matrix of order m × n. Then prove that rank(A) = rank(AtA) = rank(AAt).
Solution. Consider the linear transformation LA : Rn → Rm  defined by LA(X) = AX. Then we

have rank(LA) + null(LA) = n.

Let X ∈ker (LA). Then

AX = 0 ⇒ At(AX) = 0 ⇒ X ∈ker (LAtA) ⇒ker (LA) ⊆ker (LAtA).
Conversely, suppose that X ∈ker (LAtA). Then

Thus, ker (LAtA) =ker (LA) ⇒dim (ker (LAtA)) =dim (ker (LA)). That is,

null(LA) = null(LAtA).

Additionally, we have

From these equations, we deduce that rank(LA) = rank(LAtA).

Since rank(LA) = rank(A), it follows that rank(A) = rank(AtA).

Replacing A with At  in the above equation yields

Thus, from the result that rank(A) = rank(At), we conclude

−x + y − z − 3u − v= 1,
−2x + 2y − z − 4u − 3v= 3,

2z + 4u − 2v= 2,
−x + y + z + u − 3v= 3.

AtAX = 0⇒ X tAtAX = 0 ⇒ (AX)t(AX) = 0 ⇒ ∥AX∥2 = 0 ⇒ AX = 0
⇒ X ∈ker (LA) ⇒ker (LAtA) ⊆ker (LA).

rank(LA) + null(LA) = n and rank(LAtA) + null(LAtA) = n.

rank(At) = rank(AAt).

rank(A) = rank(AtA) = rank(AAt).



Example 5.6.2.

Let A be a real matrix of order 6×5 such that AX = 0 if and only if X = 0, where X is a 5×1 vector
and 0 denotes the null vector. Determine the rank of A.

Solution. Let LA : R5 → R
6  be the linear transformation defined by LA(X) = AX. Then we

know that rank(LA) + null(LA) = 5. Since AX = 0, implying LA(X) = 0, we have

null(LA) = 0. Therefore, rank(LA) = 5. As A corresponds to the matrix representing the linear

transformation LA  with respect to the standard bases of R5  and R6 , it follows that rank(A) = 5
.

Example 5.6.3.

Let A be a matrix of order 30×70. If rank(A) = 15, then find the dimension of the solution space

of AX = 0.

Solution. Let LA : R70 → R
30  be the linear transformation defined by LA(X) = AX. Since LA

represents the matrix A, rank(A) = rank(LA) = 15.

We have rank(LA) + null(LA) = 70 ⇒ 15 + null(LA) = 70 ⇒ null(LA) = 55. Hence, the

dimension of the solution space of AX = 0 is 55.
Sylvester rank inequality

Let A and B be matrices of order m × p and p × n, respectively. Then the Sylvester rank
inequality states

If A and B are n-square matrices, then the inequality becomes

For an n-square matrix A, we have

which simplifies to

Similarly, for A3 :

i. e., rank(A3) ≥ 3 rank(A) − 2n.

This can be generalized to

rank(AB) ≥ rank(A) + rank(B) − p.

rank(AB) ≥ rank(A) + rank(B) − n.

rank(A2) ≥ rank(A) + rank(A) − n = 2 rank(A) − n,

rank(A2) ≥ 2 rank(A) − n.

rank(A3)≥ rank(A2) + rank(A) − n

≥ 2 rank(A) − n + rank(A) − n

= 3 rank(A) − 2n,

rank(Ak) ≥ k rank(A) − (k − 1)n.



(a)

(b)

Example 5.6.4.

Let A and B be n-square real matrices such that AB = BA = 0, and A + B is invertible. Then
show that (a) rank(A) + rank(B) = n and (b) null(A) + null(B) = n.

Solution.

Given AB = 0, it implies rank(AB) = 0. According to the Sylvester rank

inequality, which states rank(A) + rank(B) − n ≤ rank(AB), we get

Additionally, since A + B is invertible, rank(A + B) = n. By the property that

rank(A + B) ≤ rank(A) + rank(B), we obtain

Thus, combining these inequalities, we conclude

Using the results null(A) = n − rank(A) and null(B) = n − rank(B), we

have

Example 5.6.5.

Consider real matrices A of order 3×5 and B of order 5×3. If AB = I3 , where I3  is the 3-square
identity matrix, determine the ranks of A and B.

Solution. Define the corresponding linear transformations LA : R5 → R
3  and LB : R3 → R

5 .

Given AB = I3 , it implies LA ∘ LB = I , where I denotes the identity linear transformation.
Since LA ∘ LB  is bijective, LB  is injective (one-to-one) and LA  is surjective (onto). Consequently,
the nullity of LB  is zero, and rank(LA) = 3.

As null(LB) = 0, we deduce that rank(LB) = 3 − 0 = 3.

Therefore, rank(A) = 3 = rank(B).

Example 5.6.6.

Consider a 7-square real matrix A, and suppose the dimension of the solution space of AX = 0 is

at least 3. Show that rank(A2) ≤ 4.

Solution. Let LA : R7 → R
7  be the corresponding linear transformation defined as LAX = AX.

Given that the dimension of the solution space of AX = 0 is at least 3, we have nullity(LA) ≥ 3
. Hence, rank(LA) ≤ 4, and consequently, rank(A) ≤ 4.

Using the result rank(AB) ≤min {rank(A), rank(B)}, we have rank(A2) ≤ rank(A) ≤ 4.

Example 5.6.7.

In this example, we introduce another method using the rank of a matrix to determine whether a
set of vectors is linearly dependent or linearly independent.

Consider the set of vectors (2,1,1),(1,−1,1),(3,0,2) in R3 , as given in Example →2.3.5.
Let a1(2, 1, 1) + a2(1, −1, 1) + a3(3, 0, 2) = (0, 0, 0), for some scalars a1, a2, a3 ∈ R.

rank(A) + rank(B) − n ≤ 0 ⇒ rank(A) + rank(B) ≤ n.

n ≤ rank(A) + rank(B).

n ≤ rank(A) + rank(B) ≤ n ⇒ rank(A) + rank(B) = n.

null(A) + null(B) = 2n − (rank(A) + rank(B)) = 2n − n = n.



(1)
(2)

(3)

(4)

Then

From the definition of linearly independent vectors, the given set of vectors will be linearly
independent if and only if a1 = a2 = a3 = 0. That is, if the above system of linear equations has
a trivial solution, then the set of vectors will be linearly independent. Similarly, if the system of
equations has a nontrivial solution, then the given set of vectors will be linearly dependent.
Let

be the coefficient matrix of the system of linear equations.
If rank(A) = 3 (the number of unknowns or the number of vectors), then the system of linear

equations has trivial solutions, and hence the given set of vectors will be linearly independent.
If rank(A) < 3 (the number of unknowns or the number of vectors), then the system of linear

equations has nontrivial solutions, and hence the given set of vectors will be linearly dependent.
Reducing A into row echelon form, we find that rank(A) = 2 < 3. Hence, the given set of vectors

is linearly dependent.
We observe that the column vectors of the coefficient matrix A are the same as the given vectors.
In view of the above illustrations, we have the following method to test the linear dependence and
linear independence of a set of vectors.
Method:

Construct a matrix A using given vectors as column vectors of A.
Find rank(A).

If rank(A) = the numbers of vectors, then the given set of vectors is linearly

independent.
If rank(A) < the numbers of vectors, then the given set of vectors is linearly

dependent.

Example 5.6.8.

Determine whether the set of vectors

is linearly dependent or linearly independent.
Solution. Consider the matrix of vectors

(2a1 + a2 + 3a3, a1 − a2, a1 + a2 + 2a3) = (0, 0, 0)
⇒ 2a1 + a2 + 3a3 = 0, a1 − a2 = 0, and a1 + a2 + 2a3 = 0.

A =
⎡⎢⎣2 1 3

1 −1 0
1 1 2

⎤⎥⎦{(1, −1, 0, 2), (0, 1, 1, −1), (2, 1, 2, 1), (3, −2, 1, 6)}

A = .

⎡⎢⎣ 1 0 2 3
−1 1 1 −2
0 1 2 1
2 −1 1 6

⎤⎥⎦



Reducing matrix A into row echelon form yields rank(A) = 4, which is equal to the number of

vectors. Thus, the given set of vectors is linearly independent.

Example 5.6.9.

Test whether the set of vectors

is linearly dependent or linearly independent.
Solution. Consider the matrix of vectors:

Reducing A into row echelon form we get that rank(A) = 2, which is less than 3, the number of

vectors. Hence, the given set of vectors is linearly dependent.

Example 5.6.10.

Let U = {(x, y, z,u) ∈ R4 : x + y + z = 0, 2x + 2z − u = 0, 2y + u = 0} and

V = {(x, y, z,u) ∈ R
4 : x + z − 2u = 0,x + z + u = 0, y − u = 0}. Determine dim (U),

dim (V ) and dim (U + V ).

Solution. For U, the dimension dim (U) is equivalent to the number of linearly independent

solutions of the system of equations x + y + z = 0, 2x + 2z − u = 0, 2y + u = 0. The
coefficient matrix A for this system is

As rank(A) = 2, we have dim (U) = 4 − rank(A) = 4 − 2 = 2.

Similarly, for V, the dimension dim (V ) is calculated using the coefficient matrix B:

With rank(B) = 3, we find dim (V ) = 4 − rank(B) = 4 − 3 = 1.

To find dim (U + V ), we use the formula dim (U + V ) =dim (U)+ dim (V )− dim (U ∩ V ).

The intersection U ∩ V  consists of solutions common to both sets of equations, i. e.,

U ∩ V = {(x, y, z,u) ∈ R
4 : x + y + z = 0, 2x + 2z − u = 0, 2y + u = 0,x + z − 2u = 0,x +

.
The coefficient matrix C for this system is

{(1, −1, 2, −1), (3, 1, 0, 1), (1, 1, −1, 1)}

A = .

⎡⎢⎣ 1 3 1
−1 1 1
2 0 −1

−1 1 1

⎤⎥⎦.⎡⎢⎣1 0 1 0
2 0 2 −1
0 2 0 1

⎤⎥⎦B = .
⎡⎢⎣1 0 1 −2

1 0 1 1
0 1 0 −1

⎤⎥⎦



The rank of C is 3, implying dim (U ∩ V ) = 4 − rank(C) = 4 − 3 = 1.

Therefore, dim (U + V ) = 2 + 1 − 1 = 2.

C = .

⎡⎢⎣1 0 1 0
2 0 2 −1
0 2 0 1
1 0 1 −2
1 0 1 1
0 1 0 −1

⎤⎥⎦



(i)

(ii)

(iii)

(1)

(2)

(3)

(4)

(5)

6  Inner product spaces

We have observed that the notion of a vector space extends the linear characteristics of Rn .
Throughout this exploration, we employed the operations of addition and scalar multiplication
from Rn , yet we overlooked other significant aspects such as vector length and the angle
between vectors. To address this, an inner product is introduced on a vector space, drawing from
the properties of the dot product in Rn . Throughout this chapter, all vector spaces are defined
over either the real numbers or the complex numbers.

6.1  Inner products and norms

Definition 6.1.1.

An inner product on a vector space V over the field F ( F = R or F = C) is a mapping
⟨ ⟩ : V × V → F  that satisfies the following properties:

⟨a1v1 + a2v2, v3⟩ = a1⟨v1, v3⟩+ a2⟨v2, v3⟩, where a1, a2 ∈ F  and

v1, v2, v3 ∈ V .

⟨v1, v2⟩ = ⟨v2, v1⟩, the complex conjugate of ⟨v1, v2⟩, for all v1, v2, v3 ∈ V .

⟨v1, v1⟩ ≥ 0 and ⟨v1, v1⟩ = 0 ⇔ v1 = 0.

A vector space V equipped with an inner product is called an inner product space. If F = R, V is
referred to as a real inner product space, and if F = C, it is a complex inner product space.

Note.

The symbol ⟨u, v⟩ represents the image of (u, v) ∈ V × V  under the mapping

⟨ ⟩.

The property ⟨v1, v2⟩ = ⟨v2, v1⟩ implies that ⟨v1, v1⟩ = ⟨v1, v1⟩. Therefore,

⟨v1, v1⟩ yields a real number for all v1 ∈ V , allowing for meaningful

interpretation of the inequality in property (iii).
Property (i) implies that if a1 = a2 = 1, then ⟨v1 + v2, v3⟩ = ⟨v1, v3⟩+ ⟨v2, v3⟩,
and if a1 = 1 and a2 = 0, then ⟨a1v1, v3⟩ = a1⟨v1, v3⟩ for all v1, v2, v3 ∈ V .

For v, v1, v2 ∈ V  and a1, a2 ∈ F ,

In particular, ⟨v, v1 + v2⟩ = ⟨v, v1⟩+ ⟨v, v2⟩ and ⟨v, a1v1⟩ = ā1⟨v, v1⟩.

Further, ⟨0, v⟩ = ⟨0.0, v⟩ = 0⟨0, v⟩ = 0 and similarly, ⟨v, 0⟩ = ⟨0, v⟩ = 0,

∀v ∈ V .
Every subspace of an inner product space is itself an inner product space.

The inner products described in the subsequent example are known as standard inner
products.

¯

¯̄

⟨v, a1v1 + a2v2⟩= ⟨a1v1 + a2v2, v⟩ = a1⟨v1, v⟩+ a2⟨v2, v⟩ = a1⟨v1, v⟩+ a2⟨v

= ā1⟨v1, v⟩+ ā2⟨v2, v⟩ = ā1⟨v, v1⟩+ ā2⟨v, v2⟩.

¯̄̄̄

¯̄

¯



(a)

(b)

(c)

(1)

Example 6.1.2.

In Rn , the inner product ⟨x, y⟩ = x1y1 + x2y2 + ⋯ + xnyn  is defined for

x = (x1,x2, … ,xn) and y = (y1, y2, … , yn). This inner product is known as

the Euclidean inner product and the pair (R
n, ⟨ ⟩) is called the Euclidean space.

Similarly, in Cn , the inner product is given by ⟨z, v⟩ = z1v̄1 + z2v̄2 + ⋯ + znv̄n
, where z = (z1, z2, … , zn) and v = (v1, v2, … , vn) belong to Cn . Here,

(C
n, ⟨ ⟩) forms the standard unitary space.

It is worth noting that ⟨z, v⟩ = v∗z, where z, v ∈ C
n  represent column vectors (

n × 1 matrices). In case z, v ∈ R
n , the inner product ⟨z, v⟩ = v∗z = vtz. Both of

these inner products are commonly referred to as dot products.

In the vector space C(R
[a,b]), consisting of all continuous real valued functions on

the closed interval [a, b], the inner product ⟨f, g⟩ = ∫ b
a f(x)g(x)dx is defined for

f, g ∈ C(R
[a,b]). Similarly, in the vector space C(C

[a,b]) comprising continuous

complex-valued functions on the interval [a, b] ⊂ R, the inner product is given by

⟨f, g⟩ = ∫ b
a f(x)g(x)dx, where f, g ∈ C(C

[a,b]).

The vector space of polynomials P(x) over R is a subspace of C(R
[a,b]), while

the vector space of polynomials P(x) over C is a subspace of C(C
[a,b]). Thus,

both are considered inner product spaces.
For the vector space Mm,n(R), which consists of all m × n matrices over R, the

inner product ⟨A,B⟩ = tr(BtA) is defined for A,B ∈ Mm,n(R). Similarly, in

the vector space Mm,n(C), the inner product is given by ⟨A,B⟩ = tr(B∗A) for

A,B ∈ Mm,n(C).

It is important to note that on a vector space V, more than one inner product can
be defined. The inner product spaces mentioned above are considered standard
inner product spaces unless otherwise specified.

Remark.

Consider the result: Rm×n ≅Mm,n(R) implies Rm ≅Mm,1(R).

Let

be column vectors in Rm  or equivalently matrices of order m × 1 in Mm,1(R).

Then ⟨X,Y ⟩ = Y tX = tr(Y tX). It follows from below:

¯

X = and Y =

⎡⎢⎣x1

x2

⋮
xm

⎤⎥⎦ ⎡⎢⎣y1

y2

⋮
ym

⎤⎥⎦



(2)

Similarly, if X and Y are in Cm , then the standard inner product
⟨X,Y ⟩ = x1ȳ1 + x2ȳ2 + ⋯ + xmȳm = Y ∗X = tr(Y ∗X).

Let

be two real matrices of order 2×3. Then

Hence,

It is shown that Mm,n(R) ≅R
m×n . Hence, M2,3(R) ≅R

2×3 = R
6  with the

isomorphism A ↔ (a11, a12, a13, a21, a22, a23). Suppose

X = (a11, a12, a13, a21, a22, a23) and Y = (b11, b12, b13, b21, b22, b23) are

column vectors in R6 . Then

⟨X,Y ⟩ = Y tX = a11b11 + a12b12 + a13b13 + a21b21 + a22b22 + a23b23 = ⟨A,B
.
Thus, the inner product defined in Mm,n(R) is nothing but the dot product

defined in Rm×n . Similarly, the inner product defined in Mm,n(C) is same as dot

product defined in Cm×n .
Throughout, the vectors in Rm  or Cm  we consider as column matrices of order
m × 1 and call them as column vectors.

tr(Y tX)= tr [ ]

= tr([y1x1 + y2x2 + ⋯ + ymxm])

= y1x1 + y2x2 + ⋯ + ymxm

= x1y1 + x2y2 + ⋯ + xmym

= Y tX.

⎛⎜⎝ y1 y2 ⋯ ym

⎡⎢⎣x1

x2

⋮
xm

⎤⎥⎦⎞⎟⎠A = [ ] and B = [ ],
a11 a12 a13

a21 a22 a23

b11 b12 b13

b21 b22 b23

BtA= [ ]

= .

⎡⎢⎣b11 b21

b12 b22

b13 b23

⎤⎥⎦ a11 a12 a13

a21 a22 a23

⎡⎢⎣b11a11 + b21a21 − −
− b12a12 + b22a22 −
− − b13a13 + b23a23

⎤⎥⎦tr(BtA)= b11a11 + b21a21 + b12a12 + b22a22 + b13a13 + b23a23

= a11b11 + a12b12 + a13b13 + a21b21 + a22b22 + a23b23.



(a)

(b)

(c)

Example 6.1.3.

Let V = {{xn} ∈ R
N : ∑∞

n=1 x
2
n < ∞}, that is, V is a vector space of squares summable

sequences. Then V is an inner product space with the inner product defined by

⟨{an}, {bn}⟩ = ∑ anbn , where {an}, {bn} ∈ V . This inner product space is called the l2 -space.

Definition 6.1.4.

Let V be an inner product space. Then for any v ∈ V , the norm or length of v denoted by ∥v∥ is

defined ∥v∥ = +√⟨v, v⟩.

Note that ⟨v, v⟩ is a nonnegative real number for all v ∈ V . Hence, ∥v∥ is a nonnegative real

number. Also, the function v → ∥v∥ is called norm function from V to R.

Example 6.1.5.

Let x = (x1,x2, … ,xn) ∈ Rn . Then

For z = (z1, z2, … , zn) ∈ C
n ,

Let f ∈ C(R
[a,b]). Then

and for f ∈ C(C
[a,b]),

Let A = [aij] ∈ Mm,n(R). Then

Similarly, for A = [aij] ∈ Mm,n(C),

∥x∥ = +√⟨x,x⟩ = √x2
1 + x2

2 + ⋯ + x2
n.

∥z∥= +√⟨z, z⟩ = √z1z̄1 + z2z̄2 + ⋯ + znz̄n

= √|z1|2 + |z2|2 + ⋯ + |zn|2.

∥f∥ = √⟨f, f⟩ =

b

∫

a

f(x)f(x)dx =

b

∫

a

(f(x))
2
dx,

⎷ ⎷∥f∥ = √⟨f, f⟩ =

b

∫

a

f(x)f(x)dx =

b

∫

a

f(x) 2
dx.

⎷¯⎷ ∣ ∣∥A∥ = √⟨A,A⟩ = √tr(AtA) = √∑
i,j

a2
ij.



Theorem 6.1.6 (Cauchy–Schwarz inequality).
Let V be an inner product space. Then for any u, v ∈ V , |⟨u, v⟩| ≤ ∥u∥∥v∥. Further, equality holds if

and only if u and v are linearly dependent.

Proof.

If u = 0, then the result is true for all v ∈ V . Now, we prove the inequality for u ≠ 0. From the
definition of inner product, we have ⟨αu + v,αu + v⟩ ≥ 0, for all α ∈ F  and v ∈ V . Then,

The above inequality is true for all α ∈ F . Take α = − ⟨v,u⟩
∥u∥2 . Then

Hence, |⟨u, v⟩| ≤ ∥u∥∥v∥.

To prove the remaining part, suppose |⟨u, v⟩| = ∥u∥∥v∥. Now, we shall show that {u, v} are

linearly dependent. That is, u = αv, α ∈ F . Suppose if possible, {u, v} are linearly independent.

Then u + αv ≠ 0, ∀α ∈ F . Hence, from the steps of the proof we have ⟨u + αv,u + αv⟩ ≥ 0,

∀α ∈ F . This implies |⟨u, v⟩| ≤ ∥u∥∥v∥, which is a contradiction to our assumption that

|⟨u, v⟩| = ∥u∥∥v∥. Hence, {u, v} are linearly dependent.

Conversely, suppose that {u, v} are linearly dependent. Then u = αv, for some α ∈ F  and so

 □

Theorem 6.1.7.

∥A∥ = √tr(A∗A) = √∑
i,j

|aij|2.

α⟨u,αu + v⟩+ ⟨v,αu + v⟩≥ 0,
αᾱ⟨u,u⟩+ α⟨u, v⟩+ ᾱ⟨v,u⟩+ ⟨v, v⟩≥ 0.

⟨v,u⟩
∥u∥2

⟨v,u⟩
∥u∥2 ∥u∥2 −

⟨v,u⟩
∥u∥2 ⟨u, v⟩− ⟨v,u⟩

∥u∥2 ⟨v,u⟩+ ∥v∥2 ≥ 0, or

⟨v,u⟩ ⟨v,u⟩
∥u∥2 −

⟨v,u⟩
∥u∥2

⟨u, v⟩− ⟨v,u⟩
∥u∥2 ⟨v,u⟩+ ∥v∥2 ≥ 0, or

−
⟨v,u⟩
∥u∥2

⟨u, v⟩+ ∥v∥2 ≥ 0, or

− ⟨u,v⟩
∥u∥2 ⟨u, v⟩+ ∥v∥2 ≥ 0, or

−
|⟨u, v⟩|2

∥u∥2 + ∥v∥2 ≥ 0, or

∥v∥2 ≥
|⟨u, v⟩|2

∥u∥2
, or

∥u∥2∥v∥2 ≥ ⟨u, v⟩ 2.

¯̄

¯̄

¯∣ ∣⟨u, v⟩ = ⟨αv, v⟩ = α⟨v, v⟩ = α∥v∥2 = |α|∥v∥2

= |α|∥v∥∥v∥ = ∥αv∥∥v∥ = ∥u∥∥v∥.∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣



(i)

(ii)

(iii)

(i)

(ii)

(iii)

Let V be an inner product space. Then the norm function ∥∥ : V → R satisfies the following conditions:

∥v∥ ≥ 0 and ∥v∥ = 0 if and only if v = 0;

∥αv∥ = |α|∥v∥ ∀α ∈ F ;

∥u + v∥ ≤ ∥u∥ + ∥v∥, called the triangle inequality.

Proof.

∥v∥ = +√⟨v, v⟩. From the definition of inner product, we have ⟨v, v⟩ ≥ 0 and

⟨v, v⟩ = 0 ⇔ v = 0. Hence, the result is proved.

We have ∥αv∥2 = ⟨αv,αv⟩ = αα⟨v, v⟩ = |α|2∥v∥2 , which implies

∥αv∥ = |α|∥v∥.

Since, if z ∈ C, z + z̄ = 2× real part of z. R(⟨u, v⟩) denotes the real part of

⟨u, v⟩. Now, from the property R(z) ≤ |z| we have

Hence, ∥u + v∥ ≤ ∥u∥ + ∥v∥.

 □

Corollary 6.1.8.

If v is an inner product space, then for u, v ∈ V , |∥u∥ − ∥v∥| ≤ ∥u − v∥.

Proof.

∥u∥ = ∥(u − v) + v∥ ≤ ∥u − v∥ + ∥v∥, by triangle inequality.

Hence, ∥u∥ − ∥v∥ ≤ ∥u − v∥.

Interchanging u and v in above inequality, we get

This shows that ±(∥u∥ − ∥v∥) ≤ ∥u − v∥. Hence, |∥u∥ − ∥v∥| ≤ ∥u − v∥.  □

Theorem 6.1.9 (Parallelogram law).

Let V be an inner product space. Then ∥u − v∥2 + ∥u + v∥2 = 2(∥u∥2 + ∥v∥2) for all u, v ∈ V .

¯

∥u + v∥2= ⟨u + v,u + v⟩

= ⟨u,u⟩+ ⟨u, v⟩+ ⟨v,u⟩+ ⟨v, v⟩

= ∥u∥2 + ⟨u, v⟩+ ⟨u, v⟩+ ∥v∥2

= ∥u∥2 + 2R⟨u, v⟩+ ∥v∥2.

¯

∥u + v∥2≤ ∥u∥2 + 2 ⟨u, v⟩ + ∥v∥2

≤ ∥u∥2 + 2∥u∥∥v∥ + ∥v∥2 = (∥u∥ + ∥v∥)
2.∣ ∣∥v∥ − ∥u∥ ≤ ∥v − u∥ = (−1)(u − v) = | − 1| (u − v) = ∥u − v∥.∥ ∥ ∥ ∥



(i)

(ii)

(iii)

Proof.

Adding above two equations, we get

Thus, the parallelogram law states that the sum of areas formed by lengths of the four sides of a
parallelogram equals the sum of areas formed by diagonals.  □

Example 6.1.10.

Let x = (a1, a2, … , an) and y = ( 1
a1

, 1
a2

, … , 1
an

), where ai ≠ 0 ∀1 ≤ i ≤ n be in Rn . Then

by the Cauchy–Schwarz inequality,

In particular, for a1, a2 ≠ 0, (a2
1 + a2

2)( 1
a2

1
+ 1

a2
2

) ≥ 4.

Further, if x = (√a1, √a2, … , √an) and y = ( 1
√a1

, 1
√a2

, … , 1
√an

), where ai⟩0 ∀i, then

n2 ≤ ∑n
i=1 ai ∑n

i=1
1
ai

. In particular, for a1, a2 > 0, 4 ≤ (a1 + a2)( 1
a1

+ 1
a2

).

Below, we recall the definition of a metric space and then we shall show that every inner
product space is a metric space.

Definition 6.1.11.

Let X be a set. Then a function d : X × X → R is called metric or distance on X if it satisfies the
following conditions:

d(x, y) ≥ 0 and d(x, y) = 0 ⇔ x = y ∀x, y ∈ X.

d(x, y) = d(y,x) ∀x, y ∈ X.

d(x, z) ≤ d(x, y) + d(y, z) ∀x, y, z ∈ X.

The set X with the metric d denoted by (X, d) is called a metric space.

∥u − v∥2= ⟨u − v,u − v⟩ = ⟨u,u⟩− ⟨v,u⟩− ⟨u, v⟩+ ⟨v, v⟩ and

∥u + v∥2= ⟨u + v,u + v⟩ = ⟨u,u⟩+ ⟨v,u⟩+ ⟨u, v⟩+ ⟨v, v⟩.

∥u − v∥2 + ∥u + v∥2= 2⟨u,u⟩+ 2⟨v, v⟩ or,

∥u − v∥2 + ∥u + v∥2= 2(∥u∥2 + ∥v∥2).

⟨x, y⟩ ≤ ∥x∥∥y∥,

a1
1
a1

+ a2
1
a2

+ ⋯ + an
1
an

≤ √a2
1 + a2

2 + ⋯ + a2
n√

1

a2
1

+
1

a2
2

+ ⋯ +
1
a2
n

,

|n|≤
n

∑
i=1

a2
i

n

∑
i=1

1
a2
i

,

n2≤
n

∑
i=1

a2
i

n

∑
i=1

1
a2
i

.∣ ∣ ⎷ ⎷



(i)

(ii)

(iii)

(a)

(b)

(6.1.1)

(6.1.2)

(6.1.3)

(6.1.4)

Theorem 6.1.12.
Let V be an inner product space. Then (V , d) is a metric space with the metric d defined by

d(x, y) = ∥x − y∥, where (x, y) ∈ V × V .

Proof.

d(x, y) = ∥x − y∥ ≥ 0, by the property of norm.

Also, d(x, y) = 0 ⇔ ∥x − y∥ = 0 ⇔ x − y = 0 ⇔ x = y.

d(x, y) = ∥x − y∥ = ∥(−1)(y − x)∥ = | − 1|∥y − x∥ = ∥y − x∥ = d(y,x).

d(x, z) = ∥x − z∥ = ∥(x − y) + (y − z)∥ ≤ ∥x − y∥ + ∥y − z∥ = d(x, y) + d(
.

Hence, d(x, z) ≤ d(x, y) + d(y, z) ∀x, y, z ∈ X.  □

Thus, an inner product space is a metric space but a metric space may not be a vector space,
which is clear from the following example.

Example 6.1.13.

Let X = {1, 2, 3, 4, 5, 6}. Then the map d : X × X → R, defined by

is a metric space but X is not a vector space, and hence not a normed space.
The set {x ∈ R

n : ∥x∥ = 1} being a subset of a metric space Rn  is a metric

space but not a vector space, hence not a normed space.

Thus, the concept of a metric space is a generalization of the normed vector space.

Example 6.1.14.

Let v = (1 + i, 1 − i, 2i) ∈ C
3 . If ∥αv∥ = 1 for α ∈ C, then

|α|∥v∥ = 1 ⇒ |α| = 1
∥v∥ = 1

√⟨1+i,1−i,2i,1+i,1−i,2i⟩
= 1

√(1+i)(1−i)+(1−i)(1+i)+2i(−2i)
= 1

√2+2+4
=

. Hence, α is in a circle of radius 1
2√2

 in C.

Exercises

Let v1 = (1, −2, 3, −1) and v2 = (4, −3, 2, −1) be two vectors in R4 .

Then find all α1  and α2  in R such that ∥α1v1∥ = 1 = ∥α2v2∥.

Let v1 = (1 + i, 2i, 1 − 2i, 2) and v2 = (1 − i, −i, i, 1 + 3i) be two

vectors in C4 . Then find all α1  and α2  in C such that
∥α1v1∥ = ∥α2v2∥ = 1.

Let V = C
4  be the vector space with the standard inner product. If

x = (1 + i, 1 − i, 2, i) and y = (1 − i, 1, 1 + 2i, −1 + i) are in V, then

compute ⟨x, y⟩, ∥x∥, ∥y∥ and ∥x + y∥2 . Also, verify Cauchy’s and triangle

inequality.

d(x, y) = {
0, if x = y,
1, if x ≠ y



(6.1.5)

(6.1.6)

(6.1.7)

(6.1.8)

(6.1.9)
(i)

(ii)

(6.1.10)

(i)

(ii)

(iii)

(6.1.11)

(6.1.12)

(6.1.13)

Let f(x) = 1 + x and g(x) = ex  be the vectors in C(R[0,1]). Then using

the inner product ⟨f, g⟩ = ∫ 1
0 f(x)g(x)dx, find ∥f∥, ∥g∥, ⟨f, g⟩ and

∥f + g∥2 . Also, verify Cauchy’s and triangle inequality.

Let V = M2,2(C) with the inner product ⟨A,B⟩ = tr(B∗A). If

then find ⟨A,B⟩, ∥A∥, ∥B∥ and ∥A + B∥2 . Also, verify Cauchy’s and

triangle inequality.
Let V be an inner product space over R. Then show that

⟨x, y⟩ = 1
4 (∥x + y∥2 − ∥x − y∥2) ∀x, y ∈ V . Also, verify for x = (1, 2)

and y = (−1, 3) in R2 .

For the inner product space V over C, show that

Also, verify for x = (1 + i, −i) and y = (1 − i, i) in C2 .

For (x, y) ∈ R
2 , show that ∥(x, y)∥ =max {|x|, |y|} is a norm on R2 .

Prove that the following are norms on the given vector space V:
V = Mm,n(F), ∥A∥ =max |aij| ∀A = [aij] ∈ V .

V = C(R[0,1]), ∥f∥ =maxx∈[0,1] |f(x)|, and

∥f∥ = ∫ 1
0 |f(x)|dx ∀f ∈ V .

Let x = (x1,x2) and y = (y1, y2). Then show that:

⟨x, y⟩ = x1y1 + 2x2y2 ,

⟨x, y⟩ = 2x1y1 + 5x2y2 , and

⟨x, y⟩ = 4x1y1 − x1y2 − x2y1 + 2x2y2 ,

are inner products on R2 . If x = (1, 0) and y = (1, 1), then compute ∥x∥,

∥y∥, ∥x + y∥2  and verify Cauchy’s and triangle inequality with respect to

the above norms.
Show that ⟨x, y⟩ = ∑n

i=1 cixiyi  is an inner product on Rn , where

x = (x1,x2, … ,xn), y = (y1, y2, … , yn) ∈ R
n  and c1, c2, … , cn  are

positive real numbers.
For the real numbers x1,x2, … ,xn , show that

(x1 + x2 + ⋯ + xn)2 ≤ n(x2
1 + x2

2 + ⋯ + x2
n).

Let (V1, ⟨ ⟩1) and (V2, ⟨ ⟩2) be inner product spaces. Then prove that the

vector space V1 × V2  is an inner product space with the inner product
defined as ⟨(x1,x2), (y1, y2)⟩ = ⟨x1, y1⟩1 + ⟨x2, y2⟩2 , where

(x1,x2), (y1, y2) ∈ V1 × V2 .

6.2  Orthogonality and the Gram–Schmidt process

We begin this section by introducing the notion of angle between two vectors of a real inner
product space. Let V be a real inner product space. Then by the Cauchy–Schwarz inequality, we
have

A = [ ] and B = [ ],
1 − i 1 + i

−2 + i −i

i −3 + 2i
2 4i

⟨x, y⟩ =
1
4

(∥x + y∥2 − ∥x − y∥2 + i∥x + iy∥2 − i∥x − iy∥2) ∀x, y ∈ V .



If u and v are nonzero vectors, then 
|⟨u,v⟩|
∥u∥∥v∥ ≤ 1 ⇒ −1 ≤ ⟨u,v⟩

∥u∥∥v∥ ≤ 1.

In view of the bijective map cos θ : [0,π] → [−1, 1], we have that far each real number
⟨u,v⟩

∥u∥∥v∥ , there exists a unique θ ∈ [0,π] such that cos θ = ⟨u,v⟩
∥u∥∥v∥ . Thus, we have the following

definition.

Definition 6.2.1.

If u and v are two nonzero vectors in a real inner product space V, then the angle θ between u and

v is defined as cos θ = ⟨u,v⟩
∥u∥∥v∥ .

If ⟨u, v⟩ = 0, then cos θ = 0 ⇒ θ = π
2 . In this case, we say that u and v are perpendicular to

each other. Generalizing this concept for real or complex inner product spaces, we have the
following definition.

Definition 6.2.2.

Let V be an inner product space. Then two vectors u and v are said to be orthogonal if ⟨u, v⟩ = 0,

and we denote u ⊥ v.

Note that, since ⟨0, v⟩ = 0 ∀v ∈ V , 0 ⊥ v ∀v ∈ V . Conversely, if u ⊥ v ∀v ∈ V , then

⟨u,u⟩ = 0 ⇒ u = 0. This shows that u ∈ V  is orthogonal to every vector in V if and only if

u = 0.
Theorem 6.2.3 (Pythagoras theorem).
In an inner product space V if u, v ∈ V  such that u ⊥ v, then

∥u + v∥2 = ∥u − v∥2 = ∥u∥2 + ∥v∥2 .

Proof.

Hence, ∥u + v∥2 = ∥u∥2 + ∥v∥2 .

If we replace v = −v in the above equality, we get ∥u − v∥2 = ∥u∥2 + ∥ − v∥2 = ∥u∥2 + ∥v∥2 .

 □

In the following remark, we discuss about the converse of the above result.

Remark.

Suppose ∥u + v∥2 = ∥u∥2 + ∥v∥2 . We have that

∥u + v∥2 = ⟨u + v,u + v⟩ = ∥u∥2 + ∥v∥2 + ⟨u, v⟩+ ⟨v,u⟩. Then

∥u + v∥2 = ∥u + v∥2 + ⟨u, v⟩+ ⟨u, v⟩ ⇒ ⟨u, v⟩+ ⟨u, v⟩ = 0 ⇒ 2R⟨u, v⟩ = 0. If V is a real

inner product space, then 2R⟨u, v⟩ = 0 ⇒ ⟨u, v⟩ = 0 ⇒ u ⊥ v, but in a complex inner product

⟨u, v⟩ ≤ ∥u∥∥v∥, for all u, v ∈ V .∣ ∣∥u + v∥2= ⟨u + v,u + v⟩

= ⟨u,u⟩+ ⟨u, v⟩+ ⟨v,u⟩+ ⟨v, v⟩
= ⟨u,u⟩+ ⟨v, v⟩

= ∥u∥2 + ∥v∥2.

¯̄



(a)

(b)

(c)

space this is not true. Thus, in a real inner product space V, u ⊥ v if and only if

∥u + v∥2 = ∥u∥2 + ∥v∥2 .

Definition 6.2.4.

Let S be a nonempty subset of an inner product space V. Then S is called an orthogonal set if all
vectors in S are mutually orthogonal. That is, ⟨u, v⟩ = 0 ∀u ≠ v ∈ S .

An orthogonal set S is called orthonormal if ∥u∥ = 1, for all u ∈ S . Thus, the set

S = {v1, v2, … , vn} ⊂ V  is an orthonormal set if

Theorem 6.2.5.
An orthogonal set of nonzero vectors is linearly independent.

Proof.

Let S be an orthogonal set of nonzero vectors in an inner product space V. Then for distinct
elements v1, v2, … , vn  in S and scalars a1, a2, … , an , suppose a1v1 + a2v2 + ⋯ + anvn = 0
. Then for 1 ≤ r ≤ n,

Since vr ≠ 0 ∀1 ≤ r ≤ n, ar = 0 ∀r.
Thus, every finite subset {v1, v2, … , vn} of S is linearly independent. Hence, S is linearly

independent.  □

Definition 6.2.6.

A basis of a vector space, which is also an orthonormal set is called an orthonormal basis.

Example 6.2.7.

Let S = {e1, e2, … , en} be the standard basis of Rn . Since ∥ei∥ = 1 and

⟨ei, ej⟩ = 0 ∀1 ≤ i, j ≤ n, S is an orthonormal set, and hence an orthonormal

basis of Rn .

The set S = { 1
√3

(1, 1, 1), 1
√6

(−2, 1, 1), 1
√2

(0, −1, 1)} is an orthonormal basis

of R3 . Every proper subset of S is an orthonormal set in R3  but not an

orthonormal basis of R3 .

Let V = C(R
[−π,π]) be the vector space of continuous functions with the inner

product defined by ⟨f, g⟩ = ∫ −π
π f(x)g(x)dx. Then the set

{1, cos x, cos 2x, cos 3x, … , sin x, sin 2x, sin 3x, …} is an orthogonal set in

V.

Theorem 6.2.8 (Bessel’s inequality).

⟨vi, vj⟩ = {
1, if i = j,
0, if i ≠ j.

⟨a1v1 + a2v2 + ⋯ + anvn, vr⟩ = ⟨0, vr⟩
⇒ ar⟨vr, vr⟩ = 0

⇒ ar∥vr∥2 = 0.



Let S = {v1, v2, … , vn} be an orthonormal set in an inner product space V. Then for v ∈ V ,

∑n
i=1 |⟨v, vi⟩|2 ≤ ∥v∥2  and equality holds if and only if S is an orthonormal basis.

Proof.

Since ⟨v, vi⟩ ∈ F  ∀vi ∈ S , the linear combination

Then by the definition of inner product on V,

Since the set S is orthonormal, ⟨vi, vi⟩ = 1 and ⟨vi, vj⟩ = 0 ∀i ≠ j.

Then

Now suppose S is an orthonormal basis of V. Then v ∈ V  can be written as
v = a1v1 + a2v2 + ⋯ + anvn  for some scalars a1, a2, … , an .
Now ⟨v, vi⟩ = ⟨a1v1 + a2v2 + ⋯ + anvn, vi⟩ = ai  ∀i gives that

v = ∑n
i=1 aivi = ∑n

i=1⟨v, vi⟩vi .
Hence, ⟨v − ∑n

i=1⟨v, vi⟩vi, v − ∑n
i=1⟨v, vi⟩vi⟩ = 0.

On expansion given as above, we have

Conversely, suppose ∥v∥2 = ∑n
i=1 |⟨v, vi⟩|2  ∀v. Since S being an orthonormal set is linearly

independent, it is sufficient to show that every vector v ∈ V  can be written as linear combination
of elements of V:

n

∑
i=1

⟨v, vi⟩vi ∈ V .

⟨v −
n

∑
i=1

⟨v, vi⟩vi, v −
n

∑
i=1

⟨v, vi⟩vi⟩ ≥ 0, or

⟨v, v −
n

∑
i=1

⟨v, vi⟩vi⟩ + ⟨−
n

∑
i=1

⟨v, vi⟩vi, v −
n

∑
i=1

⟨v, vi⟩vi⟩ ≥ 0, or

⟨v, v⟩−
n

∑
i=1

⟨v, vi⟩⟨v, vi⟩−
n

∑
i=1

⟨v, vi⟩⟨vi, v⟩+ ⟨
n

∑
i=1

⟨v, vi⟩vi,
n

∑
i=1

⟨v, vi⟩vi⟩ ≥ 0.¯

∥v∥2 −
n

∑
i=1

⟨v, vi⟩
2 −

n

∑
i=1

⟨v, vi⟩⟨v, vi⟩+
n

∑
i=1

⟨v, vi⟩⟨v, vi⟩ ≥ 0, or

∥v∥2 −
n

∑
i=1

⟨v, vi⟩
2 ≥ 0, or

∥v∥2 ≥
n

∑
i=1

⟨v, vi⟩
2.∣ ∣¯̄∣ ∣∣ ∣ ∥v∥2 =

n

∑
i=1

⟨v, vi⟩
2.∣ ∣



(a)

(b)

This shows that v − ∑n
i=1⟨v, vi⟩vi = 0. That is, v = ∑n

i=1⟨v, vi⟩vi ⇒ v = ∑n
i=1 aivi , where

ai = ⟨v, vi⟩ ∀i.  □

Corollary 6.2.9.

Let V be an n-dimensional inner product space and let S = {v1, v2, … , vn} be its orthonormal

subset. Then ⟨v, vi⟩ = 0 ∀1 ≤ i ≤ n if and only if v = 0.

Proof.

Since dim (V ) = n and S is linearly independent, S is an orthonormal basis of V. From Bessel’s

inequality, we have

Then

If v = 0, then ∑n
i=1 |⟨v, vi⟩|2 = 0 ⇒ |⟨v, vi⟩|2 = 0 ⇒ ⟨v, vi⟩ = 0 ∀vi .  □

Definition 6.2.10.

Let S be a subset of an inner product space V. Then S⊥ = {v ∈ V : ⟨v,u⟩ = 0 ∀u ∈ S} is called
an orthogonal complement of S in V.

Example 6.2.11.

Let V be an inner product space. Then {0}⊥ = V  and {V }⊥ = {0}.

Let V = R3 . Then for S = {(1, 1, 0), (0, 1, −1)},

v −
n

∑
i=1

⟨v, vi⟩vi

2

= ⟨v −
n

∑
i=1

⟨v, vi⟩vi, v −
n

∑
i=1

⟨v, vi⟩vi⟩

= ∥v∥2 −
n

∑
i=1

⟨v, vi⟩
2

=
n

∑
i=1

⟨v, vi⟩
2 −

n

∑
i=1

⟨v, vi⟩
2

= 0.∥ ∥∣ ∣∣ ∣ ∣ ∣∥v∥2 =
n

∑
i=1

⟨v, vi⟩
2 ∀v ∈ V .∣ ∣⟨v, vi⟩ = 0 ∀i ⇒ ∥v∥2 = 0 ⇒ v = 0.



That is, S⊥  is a vector space generated by (1, −1, −1) ∈ R3 .

Theorem 6.2.12.

Let S be a subset of an inner product space V. Then S⊥  is a subspace of V.

Proof.

Since 0 ∈ S⊥ , S⊥ ≠ ϕ. Let v1, v2 ∈ S⊥ . Then for a1, a2 ∈ F ,

This shows that a1v1 + a2v2 ∈ S⊥ . Hence, S⊥  is a subspace of V.  □

The following theorem and example illustrate the importance of an orthonormal basis in an
inner product space.
Theorem 6.2.13.
Let V be an inner product space and let B = {v1, v2, … , vn} be its orthonormal basis. Then for any

v = ∑n
i=1 aivi, ai = ⟨v, vi⟩ ∀i and hence v = ∑n

i=1⟨v, vi⟩vi .

Proof.

Given that v = ∑n
i=1 aivi . Then ⟨v, vi⟩ = ⟨∑n

i=1 aivi, vi⟩ = ai⟨vi, vi⟩ = ai∥vi∥2 = ai
∀1 ≤ i ≤ n. Hence, v = ∑n

i=1 aivi = ∑n
i=1⟨v, vi⟩vi .  □

Example 6.2.14.

Let V = R
3  and B = {v1 = 1

√3
(1, 1, 1), v2 = 1

√6
(−2, 1, 1), v3 = 1

√2
(0, −1, 1)} be an

orthonormal basis of V. If v = (3, 2, −4) ∈ R
3 , then v can be expressed as

v = a1v1 + a2v2 + a3v3 . From the above theorem,

Hence,

S⊥= {(x, y, z) ∈ R
3 : ⟨(x, y, z), (1, 1, 0)⟩ = 0 and ⟨(x, y, z), (0, 1, −1)⟩ = 0}

= {(x, y, z) ∈ R
3 : x + y = 0 and y − z = 0}

= {x(1, −1, −1) : x ∈ R}

= ⟨{(1, −1, −1)}⟩.

⟨a1v1 + a2v2,u⟩ = a1⟨v1,u⟩+ a2⟨v2,u⟩ = 0 ∀u ∈ S.

a1= ⟨v, v1⟩ = ⟨(3, 2, −4),
1

√3
(1, 1, 1)⟩ =

1

√3
,

a2= ⟨v, v2⟩ = ⟨(3, 2, −4),
1

√6
(−2, 1, 1)⟩ =

−8

√6
,

a3= ⟨v, v3⟩ = ⟨(3, 2, −4),
1

√2
(0, −1, 1)⟩ =

−6

√2
.



Thus, in case of an orthonormal basis, obtaining coefficients of a vector to express as a linear
combination of the basis vectors is easier than the expression in the form of basis.

Now we provide an algorithm to obtain an orthonormal basis from a given basis of a finite-
dimensional inner product space called Gram–Schmidt process.
Theorem 6.2.15 (Gram–Schmidt).
Let {v1, v2, … , vn} be a basis of an inner product space V. Then there exists an orthonormal basis

{u1,u2, … ,un} of V.

Proof.

To prove the theorem, we use the following construction process.
Let u1 = v1

∥v1∥ . Then u1  is a unit vector.

Define w2 = v2 − ⟨v2,u1⟩u1 . Then

Hence, w2 ⊥ u1 . Also, w2 ≠ 0. For if w2 = 0, then v2 = ⟨v2,u1⟩u1 = ⟨v2,u1⟩
v1

∥v1∥ = αv1 ,

where α = ⟨v2,u1⟩

∥v1∥ ∈ F . This implies that the set {v1, v2} is linearly dependent, and hence the

set {v1, v2, … , vn} is linearly dependent, which is a contradiction. So, let u2 = w2

∥w2∥ . Then

{u1,u2} is an orthonormal set.

Now, let w3 = v3 − ⟨v3,u1⟩u1 − ⟨v3,u2⟩u2 . Then

For otherwise, {v1, v2, v3} is linearly dependent, a contradiction. Letting u3 = w3

∥w3∥ ,

{u1,u2,u3} is an orthonormal set.

Proceeding as above by induction, define wk = vk − ∑k−1
k=1⟨vk,uk⟩uk . Then uk = wk

∥wk∥  and

⟨uk,ui⟩ = 0 ∀1 ≤ i ≤ k − 1. Hence, {u1,u2, … ,uk} is an orthonormal set. Thus, by induction

we get orthonormal set {u1,u2, … ,un} which is a basis of V.  □

Remark.

Using the Gram–Schmidt process, every linearly independent subset {v1, v2, … , vr} of an inner

product space V can be converted into an orthonormal set {u1,u2, … ,ur} such that

span{v1, v2, … , vr} = span{u1,u2, … ,ur}.

(3, 2, −4)=
1

√3

1

√3
(1, 1, 1) +

−8

√6

1

√6
(−2, 1, 1) +

−6

√2

1

√2
(0, −1, 1)

=
1
3

(1, 1, 1) +
−8
6

(−2, 1, 1) +
−6
2

(0, −1, 1).

⟨w2,u1⟩= ⟨v2 − ⟨v2,u1⟩u1,u1⟩ = ⟨v2,u1⟩− ⟨v2,u1⟩⟨u1,u1⟩

= ⟨v2,u1⟩− ⟨v2,u1⟩

= 0.

⟨w3,u1⟩ = ⟨w3,u2⟩ = 0 and w3 ≠ 0.



Example 6.2.16.

Let S = {v1 = (1, 0, 1), v2 = (1, 2, −2), v3 = (2, −1, 1)} be a basis of the inner product space

R
3 . We apply the Gram–Schmidt process to convert S to an orthonormal basis {u1,u2,u3}.

Then u1 = v1
∥v1∥ = (1,0,1)

√12+02+12 = 1
√2

(1, 0, 1).

Let

Then

Let

w2= v2 − ⟨v2,u1⟩u1

= (1, 2, −2) − ⟨(1, 2, −2),
1

√2
(1, 0, 1)⟩

1

√2
(1, 0, 1)

= (1, 2, −2) − (
1

√2
−

2

√2
)

1

√2
(1, 0, 1)

= (1, 2, −2) +
1
2

(1, 0, 1)

= (
3
2

, 2,
−3
2
).

u2=
w2

∥w2∥
=

( 3
2 , 2, −3

2 )

√( 3
2 )2 + 22 + ( −3

2 )
2

=
2

√34
(

3
2

, 2,
−3
2
)

=
1

√34
(3, 4, −3).

w3= v3 − ⟨v3,u1⟩u1 − ⟨v3,u2⟩u2

= (2, −1, 1) − ⟨(2, −1, 1),
1

√2
(1, 0, 1)⟩

1

√2
(1, 0, 1)

−⟨(2, −1, 1),
1

√34
(3, 4, −3)⟩

1

√34
(3, 4, −3)

= (2, −1, 1) − (
3

√2
)

1

√2
(1, 0, 1) − (

−1

√34
)

1

√34
(3, 4, −3)

= (2, −1, 1) −
3
2

(1, 0, 1) +
1
34

(3, 4, −3)

=
1
34

(20, −30, −20)

=
5
17

(2, −3, −2).



Then

Hence, the set { 1
√2

(1, 0, 1), 1
√34

(3, 4, −3), 1
√17

(2, −3, −2)} is an orthonormal basis of R3 .

Example 6.2.17.

Let V = C(R
[0,1]) be the inner product space with the inner product defined by

Then we find the orthonormal basis of the subspace W generated by the basis

{f1(x) = x, f2(x) = x2, f3(x) = x3}.

Let u1(x) = f1(x)
∥f1(x)∥ , where

Then u1(x) = x
1

√3

= √3x.

Let

u3=
w3

∥w3∥
=

5
17 (2, −3, −2)

√( 10
17 )

2
+ ( −15

17 )
2

+ ( −10
17 )

2

=
5
17 (2, −3, −2)

√ 25
17

=
1

√17
(2, −3, −2).

⟨f, g⟩ =

1

∫

0

f(x)g(x)dx.

f1(x) = √⟨f1(x), f1(x)⟩ =

1

∫

0

f1(x)f1(x)dx =

1

∫

0

x2dx =
1

√3
.∥ ∥ ⎷ ⎷w2(x)= f2(x) − ⟨f2(x),u1(x)⟩u1(x)

= x2 − ⟨x2, √3x⟩√3x

= x2 − (

1

∫

0

x2√3xdx)√3x

= x2 − (

1

∫

0

√3x3dx)√3x

= x2 −
3
4
x.



Then u2(x) = w2(x)
∥w2(x)∥ = x2− 3

4 x

√∫ 1
0 (x2− 3

4 x)2
dx

= x2− 3
4 x

√∫ 1
0 (x4− 3

2 x
3+ 9

16 x
2)dx

= x2− 3
4 x

1
80

= 80x2 − 60x.

Let

Put

u3(x) = w3(x)
∥w3(x)∥ = x3− 320

3 x2+ 403
5 x

√∫ 1
0 (x3− 320

3 x2+ 403
5 x)2

dx

= x3− 320
3 x2+ 403

5 x

2
5√

18266
21

= √21
√18266

( 5
2 x

3 − 800x2 + 403
2 x).

Thus, {√3x,x2 − 3
4 x, √21

√18266
( 5

2 x
3 − 800x2 + 403

2 x)} is an orthonormal basis of W.

Example 6.2.18.

Let V = C3  be the inner product space and let W be the subspace of V generated by the basis
{v1 = (1 − i, 0, i), v2 = (1, 1 + i, 0)}. Now we use the Gram–Schmidt process to find the

orthonormal basis of W.

Let u1 = v1
∥v1∥ = (1−i,0,i)

√⟨(1−i,0,i),(1−i,0,i)⟩
= (1−i,0,i)

√(1−i)(1+i)+0⋅0+i(−i)
= (1−i,0,i)

√3
= ( 1

√3
− i

√3
, 0, i

√3
).

Let

Then put

w3(x)= f3(x) − ⟨f3(x),u1(x)⟩u1(x) − ⟨f3(x),u2(x)⟩u2(x)

= x3 − ⟨x3, √3x⟩√3x − ⟨x3, 80x2 − 60x⟩80x2 − 60x

= x3 − (

1

∫

0

√3x4dx)√3x − (

1

∫

0

x3(80x2 − 60x)dx)(80x2 − 60x)

= x3 −
3
5
x −

4
3

(80x2 − 60x)

= x3 −
320
3

x2 +
3
5
x + 80x

= x3 −
320
3

x2 +
403
5

x.

w2= v2 − ⟨v2,u1⟩u1

= (1, 1 + i, 0) − ⟨(1, 1 + i, 0),(
1

√3
−

i

√3
, 0,

i

√3
)⟩(

1

√3
−

i

√3
, 0,

i

√3
)

= (1, 1 + i, 0) − (1 ⋅ (
1

√3
+

i

√3
) + (1 + i) ⋅ 0 + 0)(

1

√3
−

i

√3
, 0,

i

√3
)

= (1, 1 + i, 0) − (
1

√3
+

i

√3
)(

1

√3
−

i

√3
, 0,

i

√3
)

= (1, 1 + i, 0) − (
2
3

, 0,
−1 + i

3
)

= (
1
3

, 1 + i,
1 − i

3
).



Thus, the set {( 1
√3

− i

√3
, 0, i

√3
), ( 1

√21
, 3+3i

√21
, 1−i

√21
)} is an orthonormal basis of W.

Theorem 6.2.19.

If U is a subspace of a finite-dimensional inner product space V, then V = U ⊕ U ⊥ . That is, a finite-

dimensional inner product space can be written as the direct sum of a subspace and its orthogonal

complement.

Proof.

Since U is finite-dimensional, there exists an orthonormal basis {u1,u2, … ,ur} of U. Let v ∈ V .

Then

by the property

This shows that v′ = v − ∑r
i=1⟨v,ui⟩ui  is orthogonal to each ui, 1 ≤ i ≤ r.

For u = a1u1 + a2u2 + ⋯ + arur ∈ U ,

Thus, v′ ⊥ u ∀u ∈ U . Hence, v′ ∈ U ⊥ .

Now, v′ = v − ∑r
i=1⟨v,ui⟩ui ⇒ v′ + ∑r

i=1⟨v,ui⟩ui = v, where v′ ∈ U ⊥  and

∑r
i=1⟨v,ui⟩ui ∈ U . Hence, V = U + U ⊥ .

Now, let v ∈ U ∩ U ⊥ . Then ⟨v, v⟩ = 0 ⇒ v = 0. That is, U ∩ U ⊥ = {0}. This proves that

U ⊕ U ⊥ = V .  □

The above result is not true for infinite-dimensional inner product spaces. For more detail and
examples, one can refer any good book of functional.

u2=
w2

∥w2∥
=

( 1
3 , 1 + i, 1−i

3 )

√⟨( 1
3 , 1 + i, 1−i

3 ), ( 1
3 , 1 + i, 1−i

3 )⟩
=

( 1
3 , 1 + i, 1−i

3 )

√ 1
3 ⋅ 1

3 + (1 + i)(1 − i) + 1−i
3

1+i
3

=
3

√21
(

1
3

, 1 + i,
1 − i

3
) = (

1

√21
,

3 + 3i

√21
,

1 − i

√21
).

⟨v −
r

∑
i=1

⟨v,ui⟩ui,ui⟩

= ⟨v,ui⟩− ⟨
r

∑
i=1

⟨v,ui⟩ui,ui⟩

= ⟨v,ui⟩− ⟨v,ui⟩

= 0,

⟨ui,uj⟩ = {
1, if i = j,
0, if i ≠ j.

⟨v′,u⟩= ⟨v′, a1u1 + a2u2 + ⋯ + arur⟩

= ā1⟨v′,u1⟩ + ā2⟨v′,u2⟩ + ⋯ + ār⟨v
′,ur⟩

= 0.



From the above theorem, it is clear that if U is a subspace of a finite- dimensional inner
product space V, then every vector v ∈ V  can be expressed uniquely as v = u1 + u2 , where

u1 ∈ U  and u2 ∈ U ⊥ .
In this case, u1  is called the orthogonal projection of v on U and u2  is called the orthogonal

projection of v on U ⊥  denoted by ProjU(v) and ProjU ⊥(v), respectively. Then

v = u1 + u2 = ProjU(v) + ProjU ⊥(v). Thus, from v = ProjU(v) + (v − ProjU(v)),

v − ProjU(v) is called the complement of v orthogonal to U.

Theorem 6.2.20.
If U is a subspace of a finite-dimensional inner product space V and {u1,u2, … ,um} is an

orthonormal basis of U, then for any vector v ∈ V ,

ProjU(v) = ⟨v,u1⟩u1 + ⟨v,u2⟩u2 + ⋯ + ⟨v,um⟩um .

Proof.

Given that v ∈ V . Then v can be written as v = ProjU(v) + ProjU ⊥(v), where ProjU(v) ∈ U .

Since {u1,u2, … ,um} is an orthonormal basis of U, ProjU(v) can be expressed as:

Since ProjU ⊥(v) is orthogonal to U, ⟨ProjU ⊥(v),ui⟩ = 0, ∀1 ≤ i ≤ m.

Then

 □

Corollary 6.2.21.

If U is a subspace of a finite-dimensional inner product space V and {u1,u2, … ,um} is an

orthogonal basis of U, then for any vector v ∈ V , ProjU(v) = ⟨v,u1⟩u1

∥u1∥2 + ⟨v,u2⟩u2

∥u2∥2 + ⋯ + ⟨v,um⟩um

∥um∥2 .

Proof.

Given that {u1,u2, … ,um} is an orthogonal basis of U. Then { u1
∥u1∥ + u2

∥u2∥ + ⋯ + um

∥um∥ } is an

orthonormal basis of U. Hence, from above theorem we have

ProjU(v) =
m

∑
i=1

⟨ProjU(v),ui⟩ui.

ProjU(v)=
m

∑
i=1

⟨ProjU(v),ui⟩ui

=
m

∑
i=1

(⟨ProjU(v),ui⟩ + ⟨ProjU ⊥(v),ui⟩)ui

=
m

∑
i=1

⟨ProjU(v) + ProjU ⊥(v),ui⟩ui

=
m

∑
i=1

⟨v,ui⟩ui.



(i)

(ii)

(iii)

(i)

(ii)

 □

Example 6.2.22.

Let U be a subspace of the vector space R3  with the orthonormal basis

{( 1
√3

, 1
√3

, 1
√3

), (0, −1
√2

, −1
√2

)}. Then the orthogonal projection of the vector (1, 2, 3) ∈ R3  on U

is

The component of (1,2,3) orthogonal to U is

It is easy to see that ProjU ⊥(1, 2, 3) = (−1, 1
2 , 1

2 ) is orthogonal to basis elements of U, and

hence orthogonal to U.

Theorem 6.2.23.
Let V be an inner product space. Then for the subsets S, S1 , S2  of V:

S1 ⊆ S2 ⇒ S⊥
2 ⊆ S⊥

1 .

S⊥ = ⟨S⟩⊥
.

⟨S⟩ ⊆ S⊥⊥  and equality holds if V is finite-dimensional.

Proof.

Let v ∈ S⊥
2 . Then ⟨v,u⟩ = 0 ∀u ∈ S2 . Since S1 ⊆ S2  ⟨v,u⟩ = 0 ∀u ∈ S1 . This

shows that v ∈ S⊥
1 , and hence S⊥

2 ⊆ S⊥
1 .

From (i), S ⊆ ⟨S⟩ ⇒ ⟨S⟩⊥ ⊆ S⊥ . Now, let v ∈ S⊥ . Then ⟨v,u⟩ = 0 ∀u ∈ S .

ProjU(v)= ⟨v,
u1

∥u1∥
⟩

u1

∥u1∥
+ ⟨v,

u2

∥u2∥
⟩

u2

∥u2∥
+ ⋯ + ⟨v,

um

∥um∥
⟩

um

∥um∥

=
⟨v,u1⟩u1

∥u1∥2
+
⟨v,u2⟩u2

∥u2∥2
+ ⋯ +

⟨v,um⟩um

∥um∥2
.

ProjU(1, 2, 3)= ⟨(1, 2, 3),(
1

√3
,

1

√3
,

1

√3
)⟩(

1

√3
,

1

√3
,

1

√3
)

+⟨(1, 2, 3),(0,
−1

√2
,

−1

√2
)⟩(0,

−1

√2
,

−1

√2
)

=
6

√3
(

1

√3
,

1

√3
,

1

√3
) +

1

√2
(0,

−1

√2
,

−1

√2
)

= (
6
3

,
6
3

,
6
3
) + (0,

−1
2

,
1
2
)

= (2,
3
2

,
5
2
).

ProjU ⊥(1, 2, 3)= (1, 2, 3) − ProjU(1, 2, 3)

= (1, 2, 3) − (2,
3
2

,
5
2
) = (−1,

1
2

,
1
2
).



(iii)

(6.2.1)

(i)

(ii)

(iii)

(6.2.2)

(6.2.3)

(6.2.4)

(i)

(ii)

(6.2.5)
(i)

(ii)

(6.2.6)

(i)
(ii)

(6.2.7)

(i)
(ii)

(6.2.8)

Also, for w = ∑ aiui ∈ ⟨S⟩, where ai ∈ F  and ui ∈ S ,

⟨v,w⟩ = ⟨v, ∑ aiui⟩ = ∑ āi⟨v,ui⟩ = 0. We have v ∈ ⟨S⟩⊥
 and hence

S⊥ ⊆ ⟨S⟩⊥
. This proves that S⊥ = ⟨S⟩⊥

.

Let v ∈ ⟨S⟩. Then, for w ∈ ⟨S⟩⊥ = S⊥ , ⟨w, v⟩ = 0. Since w is an arbitrary

element, v is orthogonal to every element of S⊥ . Hence, v ∈ S⊥⊥ . Thus,

⟨S⟩ ⊆ S⊥⊥ .

Let V be a finite-dimensional inner product space. Then ⟨S⟩, being a subspace of V

satisfies ⟨S⟩⊕ ⟨S⟩⊥ = V . Hence, dim ⟨S⟩ =dim V− dim ⟨S⟩⊥
.

Also, ⟨S⟩⊥
 is a subspace of V, we have ⟨S⟩⊥ ⊕ ⟨S⟩⊥⊥ = V , and hence

dim ⟨S⟩⊥⊥ =dim V− dim ⟨S⟩⊥
.

This shows that dim ⟨S⟩ =dim ⟨S⟩⊥⊥
. Since ⟨S⟩ is a finite- dimensional vector

space, ⟨S⟩ ≅⟨S⟩⊥⊥
.

But ⟨S⟩ ⊆ S⊥⊥ = ⟨S⟩⊥⊥
 gives that ⟨S⟩ = ⟨S⟩⊥⊥

.

From the above proof, it is clear that if W is a subspace of a finite-dimensional

inner product space, then W = W ⊥⊥ .  □

Exercises

Find the angle between x = (1, 0) and y = (0, 1) with respect to the

following inner products:
⟨x, y⟩ = x1y1 + 2x2y2 ,

⟨x, y⟩ = 2x1y1 + 5x2y2 , and

⟨x, y⟩ = 4x1y1 − x1y2 − x2y1 + 2x2y2 ,

defined on R2 .

Find an orthonormal basis of P2(R) where the inner product is given by

⟨f, g⟩ = ∫ 1
−1 f(x)g(x)dx.

Find an orthonormal basis of P3(R) where the inner product is defined by

⟨f, g⟩ = ∫ 1
0 f(x)g(x)dx.

Show that the following sets of vectors are orthogonal and determine a
corresponding orthonormal set:

{(2, −1, 1), (1, 1, −1), (0, 1, 1)} ⊆ R
3 ;

{(1, 0, 2, 1), (−1, 1, 1, −1), (1, 3, −1, 1)} ⊆ R4 .
Show that the set of vectors:

{(1 + i, 1 − i), (1 − i, 1 + i)} in C2  is orthogonal and

find the corresponding orthonormal set.
{(1 − i, 1 + i, i), (−3 + 3i, 2 + 2i, 2i), (0, i, 1 − i)} is

orthogonal in C3  and find the corresponding orthonormal
set.

Find the orthonormal bases of R3  corresponding to the following bases:
{(0,1,2),(1,2,3),(3,1,1)};
{(1,3,3),(1,4,3),(1,3,4)}.

Find the orthonormal basis of R4  corresponding to the following bases:
{(1,1,−1,−2),(1,2,0,1),(0,2,1,3),(−1,1,2,6)};
{(1,2,3,1),(1,3,3,2),(2,4,3,3),(1,1,1,1)}.

Find the orthonormal basis of the subspace generated by the basis
{(1,2,3,2),(0,1,1,3)}.



(6.2.9)

(i)

(ii)

(6.2.10)

(6.2.11)

(i)

(ii)

(6.2.12)

(i)

(ii)

(6.2.13)

(i)

(ii)

(iii)

(iv)

(6.2.14)

(i)

(ii)

(iii)

(6.2.15)

(i)

(ii)

(iii)

(iv)

(6.2.16)

(i)

(ii)

(iii)

(iv)

Find the orthonormal bases of C3  corresponding to the following bases:
{(1, 0, 0), (0, i, 0), (1, 1, i)};

{(3 − i, 2 + 2i, 4), (2, 2 + 4i, 3), (1 − i, −2i, −1)}.

Find the orthonormal basis of C2  from its basis {(1, 2i), (1, i)}.

In the inner product space C(R[0,1]) find the corresponding orthonormal
basis of the subspace generate by the following set of vectors:

{1,x2,x3};

{1 + x2,x3,x5}.

In the inner product space C(R[−1,1]) find the corresponding orthonormal
bases of the subspace generated by the set of vectors:

{x,x2,x3};

{1 − x2,x3,x4}.

In the vector space R3 , find

S⊥
1  if S1 = ⟨(1, 0, 0)⟩;

S⊥
2  if S2 = ⟨(−1, 1, 2)⟩;

S⊥
3  if s3 = ⟨{(0, 1, 2), (−1, 2, 0)}⟩;

S⊥
4  if S4 = ⟨{(1, 1, 1), (0, −1, 1)}⟩.

In the vector space R4 , find
S⊥

1  if S1 = ⟨{(1, 2, 3, 0), (0, 3, 2, 1)}⟩;
S⊥

2  if S2 = ⟨{(1, 1, 1, 1), (1, −1, 0, 0)}⟩;
S⊥

3  if S3 = ⟨{(1, 1, 1, 1), (1, 1, −1, 0), (1, −1, 0, 0)}⟩.
Let V = R

3  be the inner product space. Then find ProjU(v) and

ProjU ⊥(v) for each of the following:

v = (3, −2, 4), U = ⟨{( 2
3 , − 2

3 , 1
3 ), ( 1

3 , 2
3 , 2

3 )}⟩;
v = (1, −3, 6), U = ⟨{( 1

√6
, −2

√6
, 1

√6
), ( 2

√5
, 1

√5
, 0)}⟩;

v = (−1, 1, 10), U = ⟨{(1, 2, −2), ( 2
3 , 1

3 , 2
3 )}⟩;

v = (1, 2, 3), U = ⟨{(1, 1, −2), ( 2
√3

, 2
√3

, 2
√3

)}⟩.

In the inner product space R4 , find ProjU(v) and ProjU ⊥(v) for each of
the following:

v = (1, 2, −1, 2),

U = ⟨{( 1
2 , 1

2 , 1
2 , 1

2 ), ( 1
2 , 1

2 , −1
2 , −1

2 )}⟩;
v = (1, 0, 2, 3),

U = ⟨{( 1
√6

, 2
√6

, 0, −1
√6

), ( 1
√2

, 0, 0, 1
√2

)}⟩;

v = (1, 2, 3, 4), U = ⟨{(1, −1, 2, −1), (−1, 1, 3
2 , 1)}⟩;

v = (3, 2, 1, 0), U = ⟨{(1, −1, 2, −1), (1, 2, 0, −1)}⟩.

6.3  The adjoint of a linear operator

By a linear operator, we mean a linear transformation that takes the vector space V to itself. Linear
transformation T : V → F , where V is a vector over the field F is called a linear functional.

Definition 6.3.1.

Let T : V → V  be a linear operator on an inner product space V. A linear operator T ∗ : V → V
is called the adjoint of T if ⟨T (u), v⟩ = ⟨u,T ∗(v)⟩, for all u, v ∈ V .



Now, we discuss about the existence and uniqueness of the adjoint operator T ∗ .
Theorem 6.3.2.
Let f : V → F  be a linear functional on a finite-dimensional inner product space V. Then there exists a

unique vector w ∈ V  such that f(v) = ⟨v,w⟩ for all v ∈ V .

Proof.

Let dim (V ) = n. Then by the Gram–Schmidt orthogonalization process, we can find an

orthonormal basis {v1, v2, … , vn} of V. Since {v1, v2, … , vn} is an orthonormal basis, every

v ∈ V  can be written as v = ⟨v, v1⟩v1 + ⟨v, v2⟩v2 + ⋯ + ⟨v, vn⟩vn . Then

f(v) = ⟨v, v1⟩f(v1) + ⟨v, v2⟩f(v2) + ⋯ + ⟨v, vn⟩f(vn). Since f(vi), 1 ≤ i ≤ n are scalars

from the property of inner product we have

Take w = f(v1)v1 + f(v2)v2 + ⋯ + f(vn)vn . Then we have f(v) = ⟨v,w⟩ ∀v ∈ V .

For uniqueness, suppose for some u, v ∈ V ,

Then

Take v = w − u. Then

 □

This is called the Riesz representation theorem for finite-dimensional spaces. The above result
is not necessarily true for an infinite-dimensional inner product space.

From above theorem, it can be remarked that if ⟨v,w1⟩ = ⟨v,w2⟩, ∀v ∈ V , then w1 = w2 .

Example 6.3.3.

Let P(x) be the vector space of all polynomials over R with the inner product defined by

Since P(x) is an infinite-dimensional vector space, in this example we shall show that above

result is not true.
Let f : P(x) → R be a functional defined by f(p(x)) = p(0). In particular, if

p(x) = x2 − 2x + 1, then f(p(x)) = p(0) = 1. Similarly, f(xnp(x)) = 0p(0) = 0.

Suppose f(p(x)) = ⟨p(x), r(x)⟩, where r(x) is any fixed polynomial in P(x).

f(v)= ⟨v, f(v1)v1⟩ + ⟨v, f(v2)v2⟩ + ⋯ + ⟨v, f(vn)vn⟩

= ⟨v, f(v1)v1 + f(v2)v2 + ⋯ + f(vn)vn⟩.

¯̄̄

¯̄̄

¯̄̄

f(v) = ⟨v,w⟩ = ⟨v,u⟩ ∀v ∈ V .

⟨v,w⟩− ⟨v,u⟩ = 0 ∀v ∈ V

⇒ ⟨v,w − u⟩ = 0 ∀v ∈ V .

⟨w − u,w − u⟩ = 0 ⇒ w − u = 0 ⇒ w = u.

⟨p(x), q(x)⟩ =

1

∫

0

p(x)q(x)dx, where p(x), q(x) ∈ P(x).



Then f(p(x)) = p(0) = ∫ 1
0 p(x)r(x)dx, for all p(x) ∈ P(x).

Hence,

Since xn ≠ 0, r(x) is a zero polynomial. Then

This shows that f is a zero functional, which is a contradiction that f is a nonzero functional. Thus,
there is no r(x) ∈ P(x) such that f(p(x)) = ⟨p(x), r(x)⟩.

Theorem 6.3.4.
Let T : V → V  be a linear operator on a finite-dimensional inner product space V over F. Then T ∗

exists and is unique.

Proof.

To complete the proof, we need to find a unique linear operator T ∗ : V → V  such that
⟨T (u), v⟩ = ⟨u,T ∗(v)⟩ ∀u, v ∈ V . Consider the composite function fv ∘ T : V → F , where

fv : V → F  defined by fv(u) = ⟨u, v⟩ is a linear functional. Then

fv ∘ T (u) = fv(T (u)) = ⟨T (u), v⟩. Hence, fv ∘ T  being the composition of linear

transformations is a linear functional for all v. Then from above theorem, there is a unique

element 
‵
v ∈ V , such that fv ∘ T (u) = ⟨u, ‵

v⟩. That is, ⟨T (u), v⟩ = ⟨u, ‵
v⟩, for all u ∈ V .

Define T ∗ : V → V  by T ∗(v) = ‵
v. Then ⟨T (u), v⟩ = ⟨u,T ∗(v)⟩, ∀u, v ∈ V . Now, we shall

show that T ∗  is linear. Let v1, v2 ∈ V  and a1, a2 ∈ F . Then

Hence, T ∗(a1v1 + a2v2) = a1T
∗(v1) + a2T

∗(v2) and so T ∗  is linear.

For uniqueness, suppose

f(x2nr(x)) = 0 =

1

∫

0

x2nr(x)r(x)dx, n ≥ 1,

⇒

1

∫

0

x2n(r(x))
2
dx = 0

⇒ ⟨xnr(x),xnr(x)⟩ = 0

⇒ xnr(x)
2

= 0
⇒ xnr(x) = 0.∥ ∥f(p(x)) = ⟨p(x), r(x)⟩ = ⟨p(x), 0⟩ = 0 ∀p(x).

⟨u,T ∗(a1v1 + a2v2)⟩= ⟨T (u), a1v1 + a2v2⟩

= a1⟨T (u), v1⟩ + a2⟨T (u), v2⟩

= a1⟨u,T ∗(v1)⟩ + a2⟨u,T ∗(v2)⟩

= ⟨u, a1T
∗(v1)⟩ + ⟨u, a2T

∗(v2)⟩

= ⟨u, a1T
∗(v1) + a2T

∗(v2)⟩ ∀u ∈ V .

¯̄

¯̄



(i)

(ii)

(iii)

(iv)

(v)
(vi)

(i)

(ii)

(iii)

(iv)

(v)

Hence, T ∗
1 (v) = T ∗

2 (v) ∀v and so T ∗
1 = T ∗

2 .  □

Theorem 6.3.5.
Let T1  and T2  be linear operators on a finite-dimensional inner product space V and k is an scalar.

Then:

(T1 + T2)∗ = T ∗
1 + T ∗

2 ,

(kT1)∗ = kT ∗
1 ,

(T1T2)∗ = T ∗
2 T

∗
1 ,

(T ∗
1 )∗ = T1 ,

I ∗ = I , where I is the identity transformation,

0∗ = 0, where 0 is the zero transformation.

Proof.

Let u, v ∈ V . Then

Since u, v are arbitrary, we have (T1 + T2)∗ = T ∗
1 + T ∗

2 .

Similarly,

⟨u,T ∗
1 (v)⟩ = ⟨u,T ∗

2 (v)⟩, for all u, v ∈ V .

¯

⟨u, (T ∗
1 + T ∗

2 )(v)⟩

= ⟨u,T ∗
1 (v) + T ∗

2 (v)⟩

= ⟨u,T ∗
1 (v)⟩ + ⟨u,T ∗

2 (v)⟩

= ⟨T1(u), v⟩ + ⟨T2(u), v⟩

= ⟨T1(u) + T2(u), v⟩

= ⟨(T1 + T2)(u), v⟩

= ⟨u, (T1 + T2)∗(v)⟩.

⟨u, kT ∗
1 (v)⟩= k⟨u,T ∗

1 (v)⟩ = k⟨T1(u), v⟩

= ⟨kT1(u), v⟩ = ⟨u, (kT1)∗(v)⟩

⇒ (kT1)∗ = kT ∗
1 .

¯

¯

⟨u,T ∗
2 T

∗
1 (v)⟩= ⟨T2(u),T ∗

1 (v)⟩ = ⟨T1T2(u), v)⟩

= ⟨u, (T1T2)∗(v)⟩

⇒ (T1T2)∗ = T ∗
2 T

∗
1 .

⟨T1(u), v⟩= ⟨u,T ∗
1 (v)⟩ = ⟨T ∗

1 (v),u⟩ = ⟨v, (T ∗
1 )

∗
u⟩

= ⟨(T ∗
1 )

∗
u, v⟩

⇒ (T ∗
1 )

∗ = T1.

¯̄



(vi)

 □

Definition 6.3.6.

A linear operator T : V → V  on a finite- dimensional complex inner product space V is called

self-adjoint or Hermitian (symmetric in case of real inner product) if T ∗ = T ,
skew-Hermitian (skew-symmetric in case of real inner product) if T ∗ = −T ,
unitary if T ∗T = TT ∗ = I  (orthogonal in case of real inner product) and normal if
T ∗T = TT ∗ .

It is clear from the definition that Hermitian, skew-Hermitian and unitary operators are normal.

Theorem 6.3.7.
Let T : V → V  be a linear operator on a finite-dimensional inner product space V and let

B = {v1, v2, … , vn} be an orthonormal basis of V. Then [T ∗]B,B = [T ]∗
B,B . That is, the matrix of

the adjoint of T is the adjoint (tranjugate) of the matrix of T.

Proof.

Since B is an orthonormal basis of V, any vector v ∈ V  can be written as v = ∑n
i=1⟨v, vi⟩vi .

Hence, T (v1) ∈ V  can be written as

Then

Thus, the ij-th entry of [T ]B,B = ⟨T (vj), vi⟩. Similarly, ij-th entry of [T ∗]B,B = ⟨T ∗(vj), vi⟩.

⟨u, v⟩= ⟨I(u), v⟩ = ⟨u, I ∗(v)⟩

⇒ ⟨u, v⟩ = ⟨u, I ∗(v)⟩

⇒ ⟨u, I(v)⟩ = ⟨u, I ∗(v)⟩

⇒ I ∗ = I.

⟨u, 0∗(v)⟩= ⟨0(u), v⟩ = ⟨0, v⟩ = 0 = ⟨u, 0⟩

= ⟨u, 0(v)⟩

⇒ 0∗ = 0.

T (v1)= ⟨T (v1), v1⟩v1 + ⟨T (v1), v2⟩v2 + ⋯ + ⟨T (v1), vn⟩vn,

⋮

T (vn)= ⟨T (vn), v1⟩v1 + ⟨T (vn), v2⟩v2 + ⋯ + ⟨T (vn), vn⟩vn.

[T ]B,B = .

⎡⎢⎣⟨T (v1), v1⟩ ⋯ ⟨T (vn), v1⟩

⟨T (v1), v2⟩ ⋯ ⟨T (vn), v2⟩

⋮
⟨T (v1), vn⟩ ⋯ ⟨T (vn), vn⟩

⎤⎥⎦



(i)

(ii)

(iii)

(iv)

(i)

Now, ⟨T ∗(vj), vi⟩ = ⟨vi,T ∗(vj)⟩ = ⟨T (vi), vj⟩, the complex conjugate of ji-th entry of [T ]B,B .

Hence, [T ∗]B,B = [T ]∗
B,B .  □

Corollary 6.3.8.

Let T and S be linear operators on a finite- dimensional inner product space V and let

B = {v1, v2, … , vn} be an orthonormal basis of V. Then [T ]B,B = [S]∗
B,B  implies that T = S ∗ .

Proof.

From above theorem, [T ]B,B = [S]∗
B,B = [S ∗]B,B . Since matrix representation of linear

operators T and S ∗  on V with respect to same bases are equal, T = S ∗ .  □

Corollary 6.3.9.

Let T be a linear operator on a finite- dimensional inner product space V. Then for the orthonormal

basis B, we have:

T is Hermitian if and only if [T ]B,B  is Hermitian,

T is skew-Hermitian if and only if [T ]B,B  is skew-Hermitian,

T is unitary if and only if [T ]B,B  is unitary,

T is normal if and only if [T ]B,B  is normal.

Proof.

Let T is Hermitian. Then T = T ∗ , and hence from Theorem →6.3.7,

[T ]B,B = [T ∗]B,B = [T ]∗
B,B . That is, [T ]B,B  is Hermitian.

Conversely, suppose [T ]B,B  is Hermitian. Then from Corollary →6.3.8,

Similarly, remaining parts follow and left as an exercise.  □

The following result establishes a beautiful connection between the notion of adjoint of a
linear transformation with that of adjoint of a matrix.

Corollary 6.3.10.

Let A be an n × n matrix with entries in a field F. Then L∗
A = LA∗  and ⟨AX,Y ⟩ = ⟨X,A∗Y ⟩

∀X,Y ∈ F n .

Proof.

We have that LA  and LA∗  are linear transformations on F n . Also, if B is an standard basis of F n ,
then [LA]B,B = A and [LA∗ ]B,B = A∗ , where A∗  is the tranjugate of the matrix A.

Now from Theorem →6.3.7,

¯̄

[T ]∗
B,B = [T ]B,B ⇒ T ∗ = T .

[L∗
A]

B,B = [LA]∗
B,B = A∗ = [LA∗ ]B,B, and hence L∗

A = LA∗ .



(i)

(ii)

(iii)

(iv)

(v)

(vi)

(i)
(ii)

(iii)

For column vectors X and Y in F n ,

Since LA(X) = AX  and LA∗(Y ) = A∗Y , we have ⟨AX,Y ⟩ = ⟨X,A∗Y ⟩ ∀X,Y ∈ F n .  □

By replacing operators T1  and T2  with n-square matrices A and B, respectively, we obtain
Theorem →6.3.5 in matrix form. That is:

(A + B)∗ = A∗ + B∗ ,

(kA)∗ = kA∗ ,

(AB)∗ = B∗A∗ ,

(A∗)∗ = A,

I ∗
n = In , where In  is the identity matrix,

0∗ = 0, where 0 is the zero matrix.

Theorem 6.3.11.
Let T : V → V  be an operator on a finite- dimensional inner product space V over the field F. Then the

following statements are equivalent:

T is unitary (orthogonal),

⟨T (u),T (v)⟩ = ⟨u, v⟩, for all u, v ∈ V ,

∥T (u)∥ = ∥u∥ ∀u ∈ V .

Proof.

(i) ⇒ (ii)
Since T is unitary, TT ∗ = T ∗T = I . Hence,

(ii) ⇒ (iii)

(iii) ⇒ (i)

Since V is finite-dimensional TT ∗ = I . Hence, T is unitary.  □

If A is an n-square unitary (orthogonal) matrix, then from Corollary →6.3.10,

Hence, from above theorem we have the following.

⟨LA(X),Y ⟩ = ⟨X,L∗
A(Y )⟩ = ⟨X,LA∗(Y )⟩.

¯

⟨T (u),T (v)⟩ = ⟨u,T ∗T (v)⟩ = ⟨u, I(v)⟩ = ⟨u, v⟩, for all u, v ∈ V .

T (u)
2

= ⟨T (u),T (u)⟩ = ⟨u,u⟩ = ∥u∥2

⇒ T (u) = ∥u∥ ∀u ∈ V .∥ ∥∥ ∥T (u)
2

= ∥u∥2 ⇒ ⟨T (u),T (u)⟩ = ⟨u,u⟩

⇒ ⟨u,T ∗T (u)⟩ = ⟨u, I(u)⟩ ∀u

⇒ T ∗T = I.∥ ∥⟨AX,AY ⟩ = ⟨X,A∗AY ⟩ = ⟨X,Y ⟩ ∀X,Y ∈ F n.



(i)
(ii)

(iii)

Corollary 6.3.12.

Let A be an n-square matrix. Then the following are equivalent:

A is unitary (orthogonal).

⟨AX,AY ⟩ = ⟨X,Y ⟩ ∀X,Y ∈ F n .

∥AX∥ = ∥X∥ ∀X ∈ F n .

Theorem 6.3.13.
Let V be a finite-dimensional inner product space. Then a linear operator T : V → V  is unitary

(orthogonal) if and only if it takes an orthonormal basis of V into an orthonormal basis.

Proof.

Let {v1, v2, … , vn} be an orthonormal basis of V. If T is unitary, then

Hence, the set {T (v1),T (v2), … ,T (vn)} forms an orthonormal basis of V.

Conversely, suppose that {v1, v2, … , vn} and {T (v1),T (v2), … ,T (vn)} are orthonormal

bases of V. Then for u, v ∈ V ,

where ai = ⟨u, vi⟩ and bi = ⟨v, vi⟩.
Since {T (v1),T (v2), … ,T (vn)} is an orthonormal basis,

Hence, ⟨T (u),T (v)⟩ = ∑n
i=1 aibi .

Also, ⟨u, v⟩ = ⟨∑n
i=1 aivi, ∑n

i=1 bivi⟩ = ∑n
i=1 aibi . Thus, ⟨T (u),T (v)⟩ = ⟨u, v⟩ implies that T

is unitary.  □

Corollary 6.3.14.

Any two n-dimensional complex inner product spaces are isomorphic as inner product spaces.

Proof.

Let U and V be two complex inner product spaces of dimension n. Then there exist orthonormal
bases {u1,u2, … ,un} and {v1, v2, … , vn} of U and V, respectively. Define an isomorphism

T : U → V  such that T (ui) = vi  ∀i. Then from the proof of the above theorem, we get that T

preserves the inner product. Hence, T is an inner product space isomorphism.  □

Since Cn  is an n-dimensional complex inner product space, we have the following corollary.

⟨T (vi),T (vj)⟩ = ⟨vi, vj⟩ = δij.

⟨T (u),T (v)⟩= ⟨T(
n

∑
i=1

aivi),T(
n

∑
i=1

bivi)⟩

= ⟨
n

∑
i=1

aiT (vi),
n

∑
i=1

biT (vi)⟩,

⟨T (vi),T (vj)⟩ = δij.

¯

¯



(i)
(ii)
(iii)

(a)

(b)

Corollary 6.3.15.

An n-dimensional complex inner product space is isomorphic as an inner product space to Cn .

Theorem 6.3.16.
Let A be an n-square matrix. Then the following statements are equivalent:

A is an unitary (orthogonal) matrix.

The columns of A form an orthonormal set of vectors.

The rows of A form an orthonormal set of vectors.

Proof.

(i) ⇔ (ii)
Let A = [X1 X2 ⋯ Xn], where Xi  are column vectors in F n . Then

Thus, A∗A = In  if and only if X ∗
i Xj = δij . Hence, A is unitary if and only if columns of A form an

orthonormal set of vectors.
(i) ⇔ (iii)
Since A∗A = In  implies AA∗ = In , we have (i) ⇔ (iii).  □

Example 6.3.17.

Let T : R
2 → R

2  be a linear transformation defined by T (x, y) = (x,x + y).

Let us workout what T ∗ : R2 → R2  is.

Let (s, t) be any vector in R2 . Then ⟨T (x, y), (s, t)⟩ = ⟨(x, y),T ∗(s, t)⟩, for all

(x, y) ∈ R
2 .

Hence, T ∗(s, t) = (s + t, t).

Let B be the standard orthonormal basis of R2 . Then the matrix

Thus, we have [T ∗]B,B = [T ]∗
B,B = [T ]tB,B .

Let T : C
2 → C

2  be a linear transformation defined by

T (x, y) = (3x + 5iy, ix − 2iy). Let (s, t) ∈ C
2  be any vector such that

A∗ = and A∗A = .

⎡⎢⎣X ∗
1

X ∗
2

⋮
X ∗

n

⎤⎥⎦ ⎡⎢⎣X ∗
1X1 X ∗

1X2 ⋯ X ∗
1Xn

X ∗
2X1 X ∗

2X2 ⋯ X ∗
2Xn

⋮
X ∗

nX1 X ∗
nX2 ⋯ X ∗

nXn

⎤⎥⎦⟨(x,x + y), (s, t)⟩= ⟨(x, y),T ∗(s, t)⟩,

xs + xt + yt= ⟨(x, y),T ∗(s, t)⟩,

(s + t)x + yt= ⟨(x, y),T ∗(s, t)⟩,

⟨(x, y), (s + t, t)⟩= ⟨(x, y),T ∗(s, t)⟩, for all (x, y) ∈ R
2.

[T ]B,B = [ ] and [T ∗]
B,B = [ ].

1 0
1 1

1 1
0 1



⟨T (x, y), (s, t)⟩ = ⟨(x, y),T ∗(s, t)⟩ ∀(x, y) ∈ C
2 .

Then

Hence,

If B is the standard basis in C2 , then

Thus, [T ∗]B,B = [T ]∗
B,B .

Note that to compute T ∗  for a given linear operator T it is easy to compute the
matrix [T ]B,B  with respect to standard orthonormal basis B and then compute

T ∗  using the matrix [T ]∗
B,B .

Example 6.3.18.

Let T1 : C
3 → C

3  be a linear operator defined by
T1(x, y, z) = (x + (1 − i)y + 2z, (1 + i)x + 3y + iz, 2x − iy). Then the matrix of T1  with

respect to the standard basis B of C3  is

is Hermitian. From the result that T is Hermitian if and only if the matrix [T ]B,B  is Hermitian, we

have that T1  is Hermitian.

Similarly, the operator T2  on C3  defined by T2(x, y, z) = (ix, iz, iy) is skew-Hermitian and

unitary both. The operator T3  on R3  defined by

T3(x, y, z) = (x + 2y + 3z, 2x + y + 4z, 3x + 4y) is symmetric. The operator T4  on R3

defined by T4(x, y, z) = 1
3 (x + 2y + 2z, 2x + y − 2z, −2x + 2y − z) is orthogonal.

Theorem 6.3.19.
Let T be an operator on a complex inner product space V. Then T is Hermitian if and only if

⟨T (v), v⟩ ∈ R ∀v ∈ V .

⟨(3x + 5iy, ix − 2iy), (s, t)⟩

= (3x + 5iy)s + (ix − 2iy)¯t

= (3s + i¯t)x + (5is − 2i¯t)y

= x(3s + it̄) + y(5is − 2it̄)

= x(3s − it) + y(−5is + 2it)

= ⟨(x, y), (3s − it, −5is + 2it)⟩

= ⟨(x, y),T ∗(s, t) ∀(x, y) ∈ C
2⟩.

¯

¯̄

¯̄

¯̄

T ∗(s, t) = (3s − it, −5is + 2it) or T ∗(x, y) = (3x − iy, −5ix + 2iy).

[T ]B,B = [ ] and [T ]∗
B,B = [ ].

3 5i
i −2i

3 −i

−5i 2i

[T1]B,B =
⎡⎢⎣ 1 1 − i 2

1 + i 3 i

2 −i 0

⎤⎥⎦



(6.1)

(6.2)

(i)
(ii)
(iii)

(i)

Proof.

Suppose T is Hermitian. Then ⟨T (v), v⟩ = ⟨v,T ∗(v)⟩ = ⟨v,T (v)⟩ = ⟨T (v), v⟩. This shows that

⟨T (v), v⟩ ∈ R ∀v ∈ V .

Conversely, suppose that ⟨T (v), v⟩ ∈ R ∀v ∈ V . Then ⟨T (v + w), v + w⟩ ∈ R ∀v,w ∈ V .

Hence,

Since ⟨T (v), v⟩, ⟨T (w),w⟩ ∈ R, we have

Again, since v + iw ∈ V , we have ⟨T (v + iw), (v + iw)⟩ ∈ R. Then

Since ⟨T (v), v⟩+ ⟨T (w),w⟩ ∈ R, i(⟨T (w), v⟩− ⟨T (v),w⟩) ∈ R. This implies that

is purely imaginary.
Notice that if z1 = x1 + iy1  and z2 = x2 + iy2  are two complex numbers such that
z1 + z2 ∈ R and z1 − z2  is purely imaginary, then
x1 + x2 + i(y1 + y2) ∈ R ⇒ y1 + y2 = 0 ⇒ y1 = −y2  and x1 − x2 + i(y1 − y2) purely

imaginary ⇒ x1 − x2 = 0 ⇒ x1 = x2 .
Hence, z1 = x1 + iy1  and z2 = x1 − iy1 ⇒ z1 = z2 .

Thus, from equations (→6.1) and (→6.2) we have ⟨T (v),w⟩ = ⟨T (w), v⟩ = ⟨v,T (w)⟩ ∀v,w ∈ V
. Hence, T is Hermitian.  □

Corollary 6.3.20.

Let T be a Hermitian linear operator on a finite-dimensional complex inner product space V. Then:

I + iT  is invertible;

I − iT  is invertible;

(I + iT )(I − iT )−1
 is unitary.

Proof.

Since V is a finite-dimensional inner product space, it is sufficient to show that
I + iT  is injective. Let v ∈ Ker(I + iT ). Then

(I + iT )(v) = I(v) + iT (v) = v + iT (v) = 0 ⇒ v = −iT (v). Since

⟨v, v⟩ ∈ R,

¯

⟨T (v + w), v + w⟩= ⟨T (v) + T (w), v + w⟩

= ⟨T (v), v⟩ + ⟨T (v),w⟩ + ⟨T (w), v⟩ + ⟨T (w),w⟩ ∈ R ∀v,w ∈ V .

⟨T (v),w⟩ + ⟨T (w), v⟩ ∈ R ∀v,w ∈ V .

⟨T (v + iw), (v + iw)⟩

= ⟨T (v), v⟩ + ⟨T (v), iw⟩ + ⟨iT (w), v⟩ + ⟨iT (w), iw⟩

= ⟨T (v), v⟩ − i⟨T (v),w⟩ + i⟨T (w), v⟩ + i
¯
i⟨T (w),w⟩

= ⟨T (v), v⟩ + ⟨T (w),w⟩ + i(⟨T (w), v⟩ − ⟨T (v),w⟩) ∈ R.

⟨T (w), v⟩ − ⟨T (v),w⟩ ∀v,w ∈ V

¯
¯



(ii)

(iii)

(6.3.1)

(i)

(ii)

(iii)

(iv)

(6.3.2)

(i)

(ii)

(iii)

(iv)

(6.3.3)

(6.3.4)

(6.3.5)

Since T is Hermitian, from the above theorem we have that ⟨T (v), v⟩ ∈ R

∀v ∈ V . Hence, −i⟨T (v), v⟩ ∈ R ⇒ ⟨T (v), v⟩ = 0. Then ⟨v, v⟩ = 0, and so

v = 0. Thus, Ker(I + iT ) = {0}. Hence, I + iT  is invertible.

As in part (i), we get (I − iT )(v) = 0 ⇒ v = iT (v) and ⟨v, v⟩ = i⟨T (v), v⟩ ∀v.

Hence, Ker(I − iT ) = {0}.

Since I + iT  and I − iT  are operators, we have

Then

It is easy to verify that (I − iT )(I + iT ) = (I + iT )(I − iT ), which is used in

the above step.

Similarly, (I + iT )(I − iT )−1((I + iT )(I − iT )−1)
∗

= I . Hence,

(I + iT )(I − iT )−1
 is unitary.

 □

Exercises

Find the adjoint of T : R
3 → R

3  defined by:

T (x, y, z) = (x + 2y − z, −2x + z,x + 3y − 5z),

T (x, y, z) = (x + y, y + z, z + x),

T (x, y, z) = (x + y + z,x − y − z, 3y),

T (x, y, z) = (z, y,x).

Find the adjoint of T : C
3 ⟶ C

3  defined by:
T (x, y, z) = (ix, −iy, z),

T (x, y, z) = (x + (1 + i)y − iz, (1 − i)y + (1 + i)z, 3ix − iz
,
T (x, y, z) = ((1 + 2i)x + y + 2iz, −ix + (3 + 4i)z, −iy + iz
,
T (x, y, z) = (x + iy, ix + 2iz, 5iy).

If T is an invertible operator, then show that (T −1)∗ = (T ∗)−1
.

Show that the operator T : C3 ⟶ C3  defined by
T (x, y, z) = (2x + (3 + 2i)y − 4z, (3 − 2i)x + 5y + 6iz, −4x − 6iy + 3z)
is Hermitian and iT  defined by iT (x, y, z) = T (ix, iy, iz) is skew-

Hermitian.

Show that the operators T1  and T2  on C2  defined by

T1(x, y) = 1
2 (ix + √3y, √3x + iy) and

T2(x, y) = 1
√3

(x + (1 + i)y, (1 − i)x − y) are unitary.

⟨v, v⟩ = ⟨−iT (v), v⟩ = −i⟨T (v), v⟩ ∈ R.

((I + iT )(I − iT )−1)
∗
= ((I − iT )−1)

∗
(I + iT )∗ = ((I − iT )∗)

−1(I + iT )∗

= ((I ∗ − ¯iT ∗))
−1

(I ∗ + ¯iT ∗) = (I + iT )−1(I − iT ).

((I + iT )(I − iT )−1)
∗
(I + iT )(I − iT )−1= (I + iT )−1(I − iT )(I + iT )(I −

= (I + iT )−1(I + iT )(I − iT )(I −



(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)
(6.3.11)

(6.3.12)

(6.3.13)

Show that the operators T1  and T2  on R3  defined by
T1(x, y, z) = (−2x + 5y + 4z, 5x + 7y + 5z, 4x + 5y + 3z) and

T2(x, y, z) = (2y + 5z, −2x − 3z, −5x + 3y) are symmetric and skew-

symmetric, respectively.

Show that the operator T on R3  defined by

T (x, y, z) = ( x
3 + 2

3 y + 2
3 z, 2

3 x + y

3 − 2
3 z, − 2

3 x + 2
3 y − 1

3 z) is

orthogonal.
Let V be a real inner product space. Then show that (i) the set of symmetric
operators on V and (ii) the set of skew- symmetric operators on V form a
subspace of the vector space of linear transformations on V.
Let V be a complex inner product space. Then show that (i) the set of
Hermitian operators on V and (ii) the set of skew-Hermitian operators on V
are subgroups but not subspaces of vector space of linear transformations
on V.
Show that T is Hermitian if and only if iT  is skew-Hermitian.
Show that for a Hermitian linear operator T, kT  is Hermitian if and only if k
is real.
Show that for a skew-Hermitian linear operator T, kT  is skew-Hermitian if
and only if k is purely imaginary.
If T is a skew-Hermitian operator on a finite-dimensional complex inner
product space, then show that I + T  and I − T  are invertible.



7  Determinant, eigenvalues and diagonalization of
matrices

In this chapter, we delve into the fundamental concepts of determinants, eigenvalues and
diagonalization of matrices, which have broad applications in mathematics, physics and
engineering.

7.1  Determinant of a matrix

The determinant of an n-square matrix A is a number, which depends in a complicated way on the
entries of A. The determinant of A is denoted by det (A) or |A|. Despite the complicated

definition, the determinant of a matrix has some very remarkable properties, especially with
regard to matrix multiplication, and row and column operations. Since the topic determinant is a
part of the subject something called exterior algebra, which is beyond the scope of this book, we
will not be able to give the proof of many of these remarkable properties here. So, we will write
some results without their proofs.

The determinant of any square matrix is defined recursively, that is, the determinant of a large
matrix is defined in terms of the determinant of smaller matrices. Before defining the
determinant of a matrix, we give the definition of a submatrix.

Definition 7.1.1.

Let A = [aij] be an n-square matrix. Then the matrix Aij  of order (n − 1) × (n − 1) obtained

from A by removing the i-th row and j-th column of A is called a submatrix of A.

For example, let

be a 3-square matrix. Then

are submatrices of the matrix A.
Now, we define the determinant of a square matrix.

A = ,
1 2 3

−1 0 2
3 4 2

A11= [ ], A12 = [ ], A13 = [ ],

A21= [ ], A22 = [ ], A23 = [ ],

A31= [ ], A32 = [ ] and A33 = [ ]

0 2
4 2

−1 2
3 2

−1 0
3 4

2 3
4 2

1 3
3 2

1 2
3 4

2 3
0 2

1 3
−1 2

1 2
−1 0



(i)

(ii)

Definition 7.1.2.

Let A = [aij] be an n-square matrix. Then

for n = 1, A = [a11] and det (A) = a11 , and

for n ≥ 2, det (A) = ∑n
j=1 (−1)1+j

a1j det (A1j).

For example, if A = [6], then det (A) = 6.

If

then det (A) = (−1)1+1a11 det (A11) + (−1)1+2a12 det (A12) = a11a22 − a12a21 . That is, if

is any 2×2 matrix, then det (A) = ad − bc.

If

then

The definition of the determinant is given by using the expansion along the first row of the
matrix but the determinant of the matrix can be computed by expanding along any row or
column of the matrix. That is clear from the following theorem whose proof is omitted.
Theorem 7.1.3.
Let A = [aij] be an n-square matrix. Then

The above theorem provides an amazing thing that the determinant of a matrix can be
obtained by expanding along any row or column. In the following example, the determinant of the
given matrix is computed along first row expansion and along third column expansion both.

A = [ ],
a11 a12

a21 a22

A = [ ]
a b

c d

A = ,
1 2 4

−3 5 2
6 2 0

det (A)= (−1)1+1
a11 det (A11) + (−1)1+2

a12 det (A12) + (−1)1+3
a13 det (A13)

= (1)(1) det ([ ]) + (−1)(2) det ([ ]) + (1)(4) det ([ ])

= (1)(1)(−4) + (−1)(2)(−12) + (1)(4)(−36)
= −124.

5 2
2 0

−3 2
6 0

−3 5
6 2

det (A)=
n

∑
j=1

(−1)i+jaij det (Aij) (expansion along i-th row)

=
n

∑
i=1

(−1)i+j
aij det (Aij) (expansion along j-th column).



(a)

(b)

(a)

Example 7.1.4.

Let

Then the determinant of the matrix along:

The first row expansion is

The third column expansion is

From Theorem →7.1.3, the following result immediately follows.

Corollary 7.1.5.

Let A be an n-square matrix. Then det (A) =det (At).

Example 7.1.6.

Let A = [aij] be an n-square matrix whose i-th row is zero. Then det (A) = 0.

By expansion along i-th row, det (A) = ∑n
j=1 (−1)i+jaij det (Aij). Since i-th

row of A is zero (aij = 0) ∀j,

Similarly, det (A) = 0 if j-th column of A is zero.

Thus, the determinant of an n-square matrix A is zero if its at least one row or
column is zero.

A = .
2 0 −1
3 2 1

−2 3 4

det (A)= (−1)1+1(2) det ([ ]) + (−1)1+2(0) det ([ ])

+(−1)1+3(−1) det ([ ])

= (1)(2)(5) + 0 + (1)(−1)(13)
= −3.

2 1
3 4

3 1
−2 4

3 2
−2 3

det (A)= (−1)1+3(−1) det ([ ]) + (−1)2+3(1) det ([ ])

+(−1)3+3(4) det ([ ])

= (1)(−1)(13) + (−1)(1)(6) + (1)(4)(4)
= −3.

3 2
−2 3

2 0
−2 3

2 0
3 2

det (A) =
n

∑
j=1

(−1)i+j(0) det (Aij) = 0.



(b)

(c)

Let

be an upper triangular matrix. Then to evaluate det (A) we use expansion along

first column. Since there is only one nonzero entry in the first column

det (A) = (−1)1+1a11 det (A11) = a11 det (A11), where

is an upper triangular matrix. Then det (A11) = a22 det (B11), where B11  is

again an upper triangular sub matrix of A11 , and hence
det (A) = a11a22 det (B11).

Proceeding in this fashion, we get det (A) = a11a22 ⋯ ann .

In particular, let

Then det (A) = 2 × 3 × 5 = 30.

If A is a lower triangular matrix, then At  is an upper triangular. In this case,

det (A) =det (At) = Product of diagonal entries of A.

Thus, the determinant of an upper triangular matrix, lower triangular matrix or
diagonal matrix is equal to the product of diagonal entries of the matrix.
If In  is the identity matrix, then det (In) = 1 × 1 × 1 × ⋯ × 1 = 1.

Theorem 7.1.7.
If B is the matrix obtained from an n-square matrix A by interchanging any two rows or columns, then

det (B) = − det (A).

Proof.

To prove the result, we use the principle of mathematical induction on n.
For n = 2, let

A = ,

a11 a12 a13 ⋯ a1n

0 a22 a23 ⋯ a2n

0 0 a33 ⋯ a3n

⋮
0 0 0 ⋯ ann

A11 = = B (say),

a22 a23 a24 ⋯ a2n

0 a33 a34 ⋯ a3n

0 0 a44 ⋯ a4n

⋮
0 0 0 ⋯ ann

A = .
2 3 1
0 3 −1
0 0 5

A = [ ].
a11 a12

a21 a22



Then

Now, det (A) = a11a22 − a12a21  and det (B) = a12a21 − a11a22 = −(a11a22 − a12a21).

Hence, det (B) = − det (A). Thus, the result is true for n = 2.

Suppose the result is true for all l-square matrices. Let A be a (l + 1)-square matrix and let B be

the matrix obtained by interchanging any two rows or columns of A. To compute the determinant
of B, we use the expansion along an unchanged k-th row of B. Then

Since Bkj  are l-square submatrices of B, which are equal to l-square submatrices Akj  in the form

of interchanged rows for all j = 1, 2, … , l + 1. Then by the induction hypothesis
det (Bkj) = − det (Akj).

Hence,

Thus, the result is proved for n = k + 1. Hence, by the method of mathematical induction, the
theorem is proved.
Similarly, the theorem can be proved for column interchanged matrices.  □

For proper understanding the proof of the above theorem consider the matrix

which is obtained by interchanging the first and third rows of A. Since the second row of B remains
unchanged, meaning the second rows of both matrices A and B are identical, we use the
expansion along this row to calculate the determinant of B. Then

B = [ ].
a21 a22

a11 a12

det (B)=
(l+1)

∑
j=1

(−1)k+jakj det (Bkj)

= (−1)k+1ak1 det (Bk1) + (−1)k+2ak2 det (Bk2) + ⋯ + (−1)k+(l+1)ak(l+1) det (Bk(l

det (B)= (−1)k+1
ak1(−1) det (Ak1) + (−1)k+2

ak2(−1) det (Ak2) + ⋯

+(−1)k+(l+1)ak(l+1)(−1) det (Ak(l+1))

= (−1)
(l+1)

∑
j=1

(−1)k+j
akj det (Akj)

= − det (A).

A = and the matrix B = ,
1 2 3
2 4 −1
5 1 2

5 1 2
2 4 −1
1 2 3



Thus, det (A) = −63 and det (B) = 63.

Corollary 7.1.8.

Let A be an n-square matrix with two identical rows (columns). Then det (A) = 0.

Proof.

Suppose r-th and s-th rows (columns) of matrix A are identical. If we interchange r-th and s-th
rows (columns) of A, A remains unchanged but from above theorem det (A) = − det (A).

Hence, det (A) = 0.  □

For example, if

then det (A) = 0.

Theorem 7.1.9.
Let A be an n-square matrix and let B be a matrix obtained from A by multiplying each entry of i-th row

(column) of A by a scalar s. Then det (B) = s det (A).

Proof.

The determinant of B along the i-th row expansion is

Since rows of A and B except i-th row are equal, Bij = Aij  ∀i.
Then det (B) = s∑n

j=1 (−1)i+jaij det (Aij) = s det (A). The proof in the case when B is

obtained from A by multiplying s in a column of A is similar.  □

For example, let

det (B)= (−1)2+1(2) det (B21) + (−1)2+2(4) det (B22) + (−1)2+3(−1) det (B23)

= (−1)2+1(2) det ([ ]) + (−1)2+2(4) det ([ ]) + (−1)2+3(−1) det ([

= (−1)2+1(2)(−1) det ([ ]) + (−1)2+2(4)(−1) det ([ ])

+(−1)2+3(−1)(−1) det ([ ])

= (−1)2+1(2)(−1) det (A21) + (−1)2+2(4)(−1) det (A22) + (−1)2+3(−1)(−1) det (

= −[(−1)2+1(2) det (A21) + (−1)2+2(4) det (A22) + (−1)2+3(−1) det (A23)]

= − det (A).

1 2
2 3

5 2
1 3

5
1

2 3
1 2

1 3
5 2

1 2
5 1

A = ,
4 −3 2
2 1 0
4 −3 2

det (B) =
n

∑
j=1

(−1)i+jsaij det (Bij) = s

n

∑
j=1

(−1)i+jaij det (Bij).



Then

Hence, det (B) = 6 det (A).

Corollary 7.1.10.

Let A be an n-square matrix. Then det (sA) = sn det (A), where s is an scalar.

Proof.

The matrix sA is obtained by multiplying all the rows of A with s. Hence, from above theorem,
det (sA) = (s)(s) ⋯ (s) det (A) = sn det (A).  □

For example, let

Then det (A) = −3 and det (5A) = 53 det (A) = 125(−3) = −375.

Example 7.1.11.

Let

be obtained by multiplying l in first row and adding it to second row of A.
Then the determinant of B along the second row expansion is

A = [ ] and B = [ ] = [ ].
1 2
3 8

(6)(1) (6)(2)
3 8

6 12
3 8

det (B) = 12 = 6 det ([ ]) = (6)(2) = 12.
1 2
3 8

A = .
2 0 −1
3 2 1

−2 3 4

A = and B =
a11 a12 a13

a21 a22 a23

a31 a32 a33

a11 a12 a13

(a21 + la11) (a22 + la12) (a23 + la13)
a31 a32 a33



The following theorem is the generalization of the above example.
Theorem 7.1.12.
Let A be an n-square matrix and let B be the matrix obtained from A by multiplying a row (or column)

by a scalar l and then adding it to another row (or column). Then det (B) =det (A).

Proof.

Suppose B is obtained by multiplying l in r-th row and adding it to s-th row of A = [aij]. Then the

s-th row of B will be

and remaining rows will be same as of A.
Computing det (B) along the s-th row expansion, we get

Since remaining rows of B are the same as rows of A, Bsj = Asj  for all j.

Then

det (B)= (−1)2+1(a21 + la11) det (B21) + (−1)2+2(a22 + la12) det (B22)

+(−1)2+3(a23 + la13) det (B23)

= [(−1)a21 det (B21) + a22 det (B22) + (−1)(a23 det (B23)] + l[(−1)a11 det (B21)

+a12 det (B22) + (−1)(a13 det (B23)]

= [(−1)a21 det ([ ]) + a22 det ([ ])

+(−1)(a23 det ([ ])]

+l[(−1)a11 det ([ ]) + a12 det ([ ])

+(−1)(a13 det ([ ])]

=det (A) + l det along second row expansion

=det (A) + l(0)
=det (A).

a12 a13

a32 a33

a11 a13

a31 a33

a11 a12

a31 a32

a12 a13

a32 a33

a11 a13

a31 a33

a11 a12

a31 a32

a11 a12 a13

a11 a12 a13

a31 a32 a33

(as1 + lar1) + (as2 + lar2) + ⋯ + (asn + larn),

det (B)=
n

∑
j=1

(−1)s+jbsj det (Bsj)

=
n

∑
j=1

(−1)s+j(asj + larj) det (Bsj).



where A1  is obtained from A by replacing s-th row of A by r-th row. Then det (A1) = 0. Hence,

det (B) =det (A).

Similarly, the theorem can be proved for column cases, also.  □

In the following examples, we use above results to compute the determinant of matrices.

Example 7.1.13.

Let

We compute the determinant of A by converting into the upper triangular matrix, using
elementary row operations.
Then

det (B)=
n

∑
j=1

(−1)s+j(asj + larj) det (Asj)

=
n

∑
j=1

(−1)s+jasj det (Asj) + l

n

∑
j=1

(−1)s+jarj det (Asj)

=det (A) + l det A1,

A = .

−2 3 0 1
9 −2 0 1
1 3 −2 −1
4 1 2 6



det (A)=det

= − det (from (R1 ↔ R3) and Theorem 7.1.7)

= − det

(from R2 → R2 − 9R1, R3 → R3 + 2R1, R4 → R4 − 4R1 and Theorem 7.1.12)

= (−1)(−29) det

(from R2 ⟷
−1
29 R2 and Theorem 7.1.9)

= 29 det (from R3 → R3 − 9R2, R4 → R4 + 11R2)

= 29 det (from R4 → R4 − 2R3)

= 29 × 1 × 1 ×
46
29

×
58
29

= 92.

−2 3 0 1
9 −2 0 1
1 3 −2 −1
4 1 2 6

1 3 −2 −1
9 −2 0 1

−2 3 0 1
4 1 2 6

1 3 −2 −1
0 −29 18 10
0 9 −4 −1
0 −11 10 10

1 3 −2 −1

0 1 −18
29

−10
29

0 9 −4 −1
0 −11 10 10

1 3 −2 −1

0 1 −18
29

−10
29

0 0 46
29

61
29

0 0 92
29

180
29

1 3 −2 −1

0 1 −18
29

−10
29

0 0 46
29

61
29

0 0 0 58
29



Example 7.1.14.

det

=det (from R1 → R1 + R2 + R3)

= (2 + a + b) det

= (2 + a + b) det

(from R2 → R2 − aR1,R3 → R3 − R1, R4 → R4 − bR1)

= (2 + a + b) det (by expansion along the first column)

= (2 + a + b)(a − b) det (from C2 → 1
a−b

C2)

= (2 + a + b)(a − b) det (from R1 → R1 + R3)

= (2 + a + b)(a − b)(2 − a − b) det (from R1 → 1
2−a−b

R1)

= (2 + a + b)(a − b)(2 − a − b)(−1)3+2(1) det ([ ])

(by expansion along C2)

= (2 + a + b)(a − b)(2 − a − b)(−1){(a − 1) − (b − 1)}

= (a − b)2(a + b + 2)(a + b − 2).

1 a 1 b

a 1 b 1
1 b 1 a

b 1 a 1
2 + a + b 2 + a + b 2 + a + b 2 + a + b

a 1 b 1
1 b 1 a

b 1 a 1
1 1 1 1
a 1 b 1
1 b 1 a

b 1 a 1
1 1 1 1
0 1 − a b − a 1 − a

0 b − 1 0 a − 1
0 1 − b a − b 1 − b

1 − a b − a 1 − a

b − 1 0 a − 1
1 − b a − b 1 − b

1 − a −1 1 − a

b − 1 0 a − 1
1 − b 1 1 − b

2 − a − b 0 2 − a − b

b − 1 0 a − 1
1 − b 1 1 − b

1 0 1
b − 1 0 a − 1
1 − b 1 1 − b

1 1
b − 1 a − 1



(a)

(b)

(c)

Example 7.1.15.

In this example, we compute the determinants of the three possible elementary row (column)
matrices.

Let E1  be the elementary row (column) matrix obtained by interchanging any two
rows (columns) of In . Then det (E1) = − det (In) = −1.

Let E2  be the elementary matrix obtained by multiplying scalar l in the i-th row
(column) of In . Then det (E2) = l det (In) = l(1) = l.
If E3  is the elementary matrix obtained by multiplying r-th row (column) of In  by
l and adding it to s-th row (column) of In , then by Theorem →7.1.12,
det (E3) =det (In) = 1.

Thus, the determinants of elementary matrices are nonzero.

Theorem 7.1.16.
If A is an n-square matrix and E is an n-square elementary matrix, then det (EA) =det (E) det (A)
.

Proof.

We prove the result for all of the three types of elementary row matrices. Let E1  be the
elementary matrix obtained by interchanging two rows of In . Then E1A is the matrix resulting
from interchanging the corresponding two rows of A. Hence,
det (E1A) = − det (A) = (−1) det (A) =det (E1) det (A).

Let E2  be the elementary matrix obtained by multiplying scalar l to the r-th row of In . Then E2A
is the matrix resulting from multiplying l to the r-th row of A. Hence,
det (E2A) = l det (A) =det (E2) det (A).

Finally, let E3  be the elementary matrix obtained by multiplying r-th row by l and adding it to s-th
row of In . Then E3A is the matrix resulting from multiplying r-th row by l and adding to s-th row
of A. Hence, det (E3A) = (1) det (A) =det (E3) det (A).

Similarly, we can prove the result for all three elementary column matrices, and hence the
theorem is proved for all elementary matrices.  □

Theorem 7.1.17.
An n-square matrix A is singular if and only if det (A) = 0.

Proof.

Let A be an n-square singular matrix and let B be the matrix, which is the reduced row echelon
form of A. Then

Hence,

Since A is singular and B is the reduced row echelon form of A, B must contain some zero rows.
Hence, det (B) = 0.

B = ErEr−1Er−2 ⋯E2E1A, where E1,E2, … ,Er are elementary row matrices.

det (B)=det (ErEr−1Er−2 ⋯E2E1A)
=det (Er) det (Er−1) det (Er−2) ⋯ det (E2) det (E1) det (A).



Also, a determinant of elementary matrices are nonzero, and we have that

Hence, det (A) = 0.

Conversely, suppose that det (A) = 0. We shall prove the contrapositive. Suppose A is

nonsingular. Then by elementary row operations, A can be reduced to the identity matrix In .
Suppose there exist elementary matrices E1,E2, … ,Es−1,Es , such that

Then

Since the determinant of elementary matrices is nonzero,

This proves that A is singular.  □

Equivalently, we have that an n-square matrix A is invertible if and only if det (A) ≠ 0.

Theorem 7.1.18.
Let A and B be n-square matrices. Then det (AB) =det (A) det (B).

Proof.

We prove the theorem by satisfying the result for both of the cases, singular and nonsingular of A.
Suppose that A is a singular matrix. Then det (A) = 0. Since A is singular, AB is singular. Then

det (AB) = 0 = (0) det (B) =det (A) det (B).

Now, suppose that A is a nonsingular matrix. Then by the Gauss–Jordan method, we have

Then

Since the inverse of an elementary matrix is also an elementary matrix,

 □

0 =det (Er) det (Er−1) det (Er−2) ⋯ det (E2) det (E1) det (A).

EsEs−1 ⋯E2E1A = In.

det (EsEs−1 ⋯E2E1A) =det (In),
det (Es) det (Es−1) ⋯ det (E2) det (E1) det (A) = 1.

det (A) =
1

det (Es) det (Es−1) ⋯ det (E2) det (E1)
≠ 0.

In = EsEs−1 ⋯E2E1A, where E1,E2, … ,Es are elementary matrices.

A = E−1
1 E−1

2 ⋯E−1
s .

det (AB)=det (E−1
1 E−1

2 ⋯E−1
s B)

=det (E−1
1 ) det (E−1

2 ) ⋯ det (E−1
s ) det (B)

=det (E−1
1 E−1

2 ⋯E−1
s ) det (B)

=det (A) det (B).



Definition 7.1.19.

Let A = [aij] be an n-square matrix. Then Cij = (−1)i+j det (Aij) is called the cofactor of aij .

Example 7.1.20.

Let

Then

are cofactors of A.

Let

be a 3-square matrix.

Then the expression

A = .
2 0 −1
3 2 1

−2 3 4

C11= (−1)1+1 det (A11) = (−1)2 det ([ ]) = 5,

C12= (−1)1+2 det (A12) = (−1)3 det ([ ]) = −14,

C13= (−1)1+3 det (A13) = (−1)4 det ([ ]) = 13,

C21= (−1)2+1 det (A21) = (−1)3 det ([ ]) = −3,

C22= (−1)2+2 det (A22) = (−1)4 det ([ ]) = 6,

C23= (−1)2+3 det (A23) = (−1)5 det ([ ]) = −6,

C31= (−1)3+1 det (A31) = (−1)4 det ([ ]) = 2,

C32= (−1)3+2 det (A32) = (−1)5 det ([ ]) = −5,

C33= (−1)3+3 det (A33) = (−1)6 det ([ ]) = 4,

2 1
3 4
3 1

−2 4
3 2

−2 3
0 −1
3 4

2 −1
3 = −2 4
2 0

−2 3
0 −1
2 1
2 −1
3 1
2 0
3 2

A =
a11 a12 a13

a21 a22 a23

a31 a32 a33



(a)

(b)

represents the det (A), obtained by expansion along the second row.

In the above expression, if we replace a21 , a22 , a23  by a11 , a12 , a13 , respectively, we get

which is the determinant of the matrix

computed along the second row. Since first and second rows of matrix A1  are identical,
det (A1) = 0. Hence,

Similarly, we get

In view of above discussion, we have the following theorem.
Theorem 7.1.21.
Let A = [aij] be an n-square matrix. Then

in case of expansion along a row,

in case of expansion along a column.

Definition 7.1.22.

Let A = [aij] be an n-square matrix. Then transpose of the matrix

(−1)2+1
a21A21 + (−1)2+2

a22A22 + (−1)2+3
a23A23

= a21C21 + a22C22 + a23C23,

(−1)2+1
a11A21 + (−1)2+2

a12A22 + (−1)2+3
a13A23,

A1 = ,
a11 a12 a13

a11 a12 a13

a31 a32 a33

0= (−1)2+1a11A21 + (−1)2+2a12A22 + (−1)2+3a13A23

= a11C21 + a12C22 + a13C23.

3

∑
k=1

aikCjk = {
det (A), if i = j,
0, if i ≠ j.

n

∑
k=1

aikCjk = {
det (A), if i = j,
0, if i ≠ j,

n

∑
k=1

akiCkj = {
det (A), if i = j,
0, if i ≠ j,



where Cij  are cofactors of A is called the adjoint of A, denoted by adj(A). Thus, adj(A) = [Cij]
t
.

Example 7.1.23.

Consider the matrix

given in Example →7.1.20. Then

Theorem 7.1.24.
Let A = [aij] be an n-square matrix. Then A adj(A) = adj(A)A =det (A)In .

Proof.

Given that A = [aij], an n-square matrix. Then

Hence,

,

C11 C12 ⋯ C1n

C21 C22 ⋯ C2n

⋮
Cn1 Cn2 ⋯ Cnn

A =
2 0 −1
3 2 1

−2 3 4

adj(A)=

t

=

t

= .

C11 C12 C13

C21 C22 C23

C31 C32 C33

5 −14 13
−3 6 −6
2 −5 4
5 −3 2

−14 6 −5
13 −6 4

adj(A) =

t

= .

C11 C12 ⋯ C1n

C21 C22 ⋯ C2n

⋮
Cn1 Cn2 ⋯ Cnn

C11 C21 ⋯ Cn1

C12 C22 ⋯ Cn2

⋮
C1n C2n ⋯ Cnn



Similarly, we can prove that adj(A)A =det (A)In .  □

Corollary 7.1.25.

If det (A) ≠ 0, then A is invertible and A−1 = 1
det(A) adj(A).

Proof.

From the above theorem, we have A adj(A) =det (A)In . Since det (A) ≠ 0, A
adj(A)
det(A) = In .

Hence, A−1 = 1
det(A) adj(A).  □

Example 7.1.26.

Consider Example →7.1.23. Then

Hence, from the result A−1 = 1
det(A) adj(A), we have

A adj(A)=

=

=

=det (A)

=det (A)In.

a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮
an1 an2 ⋯ ann

C11 C21 ⋯ Cn1

C12 C22 ⋯ Cn2

⋮
C1n C2n ⋯ Cnn

∑n
j=1 a1jC1j ∑n

j=1 a1jC2j ⋯ ∑n
j=1 a1jCnj

∑n
j=1 a2jC1j ∑n

j=1 a2jC2j ⋯ ∑n
j=1 a2jCnj

⋮
∑n

j=1 anjC1j ∑n
j=1 anjC2j ⋯ ∑n

j=1 anjCnj

det (A) 0 ⋯ 0
0 det (A) ⋯ 0

⋮
0 0 ⋯ det (A)

1 0 ⋯ 0
0 1 ⋯ 0

⋮
0 0 ⋯ 1

A = and adj(A) = .
2 0 −1
3 2 1

−2 3 4

5 −3 2
−14 6 −5
13 −6 4



(i)

(ii)

(i)

where det (A) = −3.

Theorem 7.1.27.
If A and B are n-square matrices such that AB = In , then BA = In .

Proof.

Since det (AB) =det (A) det (B) = 1, det (A) ≠ 0, det (B) ≠ 0. Hence, A and B are

invertible matrices. Since B is an invertible matrix, there exists a matrix C such that BC = In .
Now, BA = (BA)In = (BA)(BC) = B(AB)C = BInC = BC = In .  □

Thus, from the above theorem it is clear that to prove that a matrix B is the inverse of a matrix
A, it is sufficient to show that AB = In  except AB = BA = In .

Example 7.1.28.

If A and B are n-square similar matrices, then det (A) =det (B).

Since A and B are similar matrices, there exists a nonsingular matrix P such that A = P −1BP .
Then

det (A) =det (P −1BP) =det (P −1) det (B) det (P) =det (B) det (P −1) det (P) =det (B
.

Example 7.1.29.

If A is an n-square invertible matrix, then:

det (adj(A)) = (det (A))n−1
, and

adj(adj(A)) = (det (A))n−2
A.

From Theorem →7.1.24, we have

Hence,

A−1 =
1

−3
= ,

5 −3 2
−14 6 −5
13 −6 4

−5
3 1 −2

3
14
3 −2 5

3
−13

3 2 −4
3

A adj(A) = adj(A)A =det (A)In = .

det (A) 0 ⋯ 0
0 det (A) ⋯ 0

⋮
0 0 ⋯ det (A)



(ii)

(7.1.1)

Thus, det (adj(A)) = (det (A))n−1
.

Denote adj(A) = B. From Theorem →7.1.24, we have

which implies

Therefore, adj(B) = (det (A))n−2A, and hence

Example 7.1.30.

Let A be an n-square skew-symmetric matrix. In this example, we discuss the determinant of A.
Since A is skew-symmetric, At = −A.
Thus,

Since det (At) =det (A), from the above equation we have

Thus, either det (A) = 0, or (−1)n = 1. In other words, the determinant of a skew-symmetric

matrix is 0 whenever its dimension is odd.
If the dimension of a skew-symmetric matrix is even, then we cannot say anything about its
determinant.

Exercises

Find the determinants of the following matrices:

det (A(adj(A)))=det (A) det (adj(A))

=det

= (det (A))n.

det (A) 0 ⋯ 0
0 det (A) ⋯ 0

⋮
0 0 ⋯ det (A)

adj(B)B =det (B)In,

adj(B)BA =det (B)InA
⇒ adj(B) adj(A)A =det (B)A

⇒ adj(B)(det (A)In) =det (B)A

⇒det (A) adj(B) =det (adj(A))A = (det (A))
n−1

A.

adj(adj(A)) = (det (A))
n−2

A.

det (At) =det (−A) = (−1)n det (A).

det (A)(1 − (−1)n) = 0.



(7.1.2)

(7.1.3)

(7.1.4)

(7.1.5)

(7.1.6)

If

then show that det (A) = (a − b)(b − c)(c − a).

If

then show that det (A) = 2xyz(x + y + z)2
.

Show that the determinant det (A) = (x − d)(x − g)(x − k)(x − m),

where

Evaluate the determinant of the following matrices:

Let A = [aij], where aij = i + j and

be matrices of order 4×4. Then find the determinant of the following
matrices:

A= , B = ,

C= , D = .

1 4 7
2 5 8
3 6 9

1 3 0
0 5 1
4 −1 2

2 0 −1 −2
3 2 1 −1

−2 3 4 −4
3 2 4 2

1 0 −1 −2
0 2 1 0
5 3 −2 −4
0 0 −4 2

A = ,
1 1 1
a b c

a2 b2 c2

A = ,

(y + z)2 x2 x2

y2 (z + x)2 y2

z2 z2 (x + y)2

A = .

x d d d d

a x g g g

b e x k k

c f h x m

1 1 1 1 1

A = , B =
1 1 1

a + b b + c c + a

a2 + b2 b2 + c2 c2 + a2

1 1 1
x y z

x2 y2 z2

x3 + yzu y3 + zux z3 + u

B = [bij], where bij = {
1, if i + j is odd,
0, otherwise



(7.1.7)

(7.1.8)

(7.1.9)

(7.1.10)

(7.1.11)

(7.1.12)

(7.1.13)

(7.1.14)

(7.1.15)

(7.1.16)

Let A = [aij], where aij = (−1)i+j
 and

be matrices of order 4×4. Then find the determinant of the following
matrices:

Find all the values of t such that the matrix

is nonsingular.
Find all the values of a so that the matrix

is singular.
Prove that the determinant of an n-square real skew-symmetric matrix is
zero if n is odd.
Let A and B be n-square matrices. Test whether
det (A + B) =det (A)+ det (B) is true. If so, then give a proof. If not,

then give a counterexample.
Find the cofactor, adjoint and also the inverse of the following matrices:

If the matrix A is invertible, then show that adj(A) is also invertible. Is the

converse true? Support your finding.
Suppose that A is a 3-square invertible matrix with determinant 5. Find the
det (adj(A)).

Suppose that A is a 4-square invertible matrix such that det (adj(A)) = 27
. Find the determinant of A.
Show that the determinant of an orthogonal matrix is ±1.

(i) A (ii) B (iii) 3A − 5B (iv) AB (v) BA (vi) A2B(vii)AB2.

B = [bij], where bij = {
1, if i + j is even,
0, otherwise

(i) A (ii) B (iii) 3A − 5B (iv) AB (v) BA (vi) A2B (vii)AB2.

A =
1 0 4
0 4 + t −2
0 1 t

A =
a 2 0

a2 3 −1
1 1 1

A = , B = .
3 −1 −2
0 0 −1
3 −5 0

1 3 0
0 5 1
4 −1 2



(a)

(b)

(c)

(i)

(ii)
(iii)

(iv)

(i)

(ii)

7.2  Eigenvalues and eigenvectors (of linear transformations and
matrices)

Eigenvalues and eigenvectors provide a powerful framework for understanding the properties
and behavior of matrices and linear transformations. They offer valuable insights into stability,
dynamics and structural properties, making them indispensable tools in the study of linear
algebra and its applications.

Understanding eigenvalues and eigenvectors is foundational in linear algebra and has broad
implications across diverse fields.

Definition 7.2.1.

Let V be a vector space over a field F and let T : V → V  be a linear transformation. A scalar
λ ∈ F  is called an eigenvalue of T if their exists a nonzero vector x ∈ V  such that T (x) = λx.

If λ is an eigenvalue of T, then any nonzero vector x ∈ V  satisfying T (x) = λx is called an

eigenvector of T associated to λ.
Eigenvalues are also called characteristic values or characteristic roots or latent roots or proper
values.

Example 7.2.2.

Let I : V → V  be the identity linear transformation. Then I(x) = x, ∀x ∈ V .

This shows that 1 is the only eigenvalue of I and all nonzero vectors of V are
eigenvectors associated to eigenvalue 1.
The zero linear transformation 0 : V → V  is defined by 0(x) = 0 = 0.x,

∀x ∈ V . Hence, 0 is the only eigenvalue of the zero linear transformation and
every nonzero vector of V is eigenvector associated to 0.

Let T : R2 → R
2  be a linear transformation, which rotates every vector

counterclockwise by π3 . This rotation in R2  moves every vector in such a way that

no vector is taken to a scaling of itself. In this case, T has no eigenvalue, and hence
no eigenvector. In general, rotation linear transformation is defined as
T (x, y) = (x cos θ − y sin θ,x sin θ + y cos θ).

Theorem 7.2.3.
Let V be a vector space over a field F and let T : V → V  be a linear transformation. Then:

for all k ≠ 0, kx is an eigenvector of T associated to eigenvalue λ if x is an eigenvector

of T associated to λ;

eigenvalue λ, associated with an eigenvector x is unique;

λ ∈ F  is an eigenvalue of T if and only if T − λI , where I is the identity linear

transformation is singular;

T is singular if and only if one of its eigenvalue is zero.

Proof.

T (kx) = kT (x) = kλx = λ(kx). This implies that kx is an eigenvector of T

associated to eigenvalue λ.
Suppose T (x) = λ1x = λ2x. Then

0 = T (0) = T (x − x) = T (x) − T (x) = λ1x − λ2x = (λ1 − λ2)x ⇒ λ1 − λ2



(iii)

(iv)

or x = 0. Since x is an eigenvector, x ≠ 0. Hence, λ1 − λ2 = 0 ⇒ λ1 = λ2 .
If λ is an eigenvalue of T, then there exists a nonzero vector x ∈ V  such that
T (x) = λx = λI(x) ⇒ T (x) − λI(x) = 0 ⇒ (T − λI)(x) = 0 ⇒ T − λI  is

singular.
Conversely, suppose that T − λI  is singular. Then there exists a nonzero vector
x ∈ V  such that (T − λI)(x) = 0 ⇒ T (x) − λI(x) = 0 ⇒ T (x) = λx.

Hence, λ is an eigenvalue of T.
It follows from (iii) by taking λ = 0.  □

It is shown in Theorem →5.3.2 that if A = [aij] is an n-square matrix with entries in a field F,

then there exists a linear transformation LA : F n → F n  defined by LA(X) = AX  such that

[LA]B,B = A, where B is the standard ordered basis of F n . Suppose λ ∈ F  is an eigenvalue of

LA , then there exists a nonzero column vector X ∈ F n  such that LA(X) = AX = λX.

Accordingly, we have the following definition.

Definition 7.2.4.

Let A be an n-square matrix with entries in a field F. Then scalar λ ∈ F  is called an eigenvalue of A
if there exists a nonzero column vector X ∈ F n  such that AX = λX.
For an eigenvalue λ, any nonzero column vector X satisfying AX = λX  is called an eigenvector
associated to λ.

If X is an eigenvector of A associated to eigenvalue λ, then A(kX) = kAX = kλX = λ(kX),

and shows that kX  is also an eigenvector associated to λ, k ≠ 0 ∈ F . Also, every eigenvalue λ of
A associated with an eigenvector is unique.
Theorem 7.2.5.
Let A be an n-square matrix with entries in a field F. Then the scalar λ ∈ F  is an eigenvalue of A if and

only if |A − λIn| = 0, where |A − λIn| denotes the determinant of the matrix (A − λIn).

Proof.

Since λ ∈ F  is an eigenvalue of A, there exists a nonzero column vector X ∈ F n  such that
AX = λX. Then AX = λX = λIn(X) ⇒ (A − λIn)X = 0, a homogeneous system of n

equations in n variables. This system has a nontrivial solution X if and only if |A − λIn| = 0.

Hence, λ is an eigenvalue of A if and only if |A − λIn| = 0.  □

Definition 7.2.6.

Let A = [aij] be an n-square matrix. Then

is an n-degree polynomial in λ. This polynomial is called the characteristic polynomial of A and is
denoted by PA(λ). By the characteristic equation of A, we mean the equation PA(λ) = 0.

|A − λIn| =

a11 − λ a12 ⋯ a1n

a21 a22 − λ ⋯ a2n

⋮
an1 an2 ⋯ ann − λ



From above theorem, it is clear that the eigenvalues of A are the roots of the characteristic
equation. Thus, an n-square matrix may have at most n distinct eigenvalues.

From the properties of determinant, we have the following result.
Theorem 7.2.7.
Let A be an n-square matrix. Then the characteristic equation of A is given by

PA(λ) = λn − a1λ
n−1 + a2λ

n−2 + ⋯ + (−1)rarλn−r + ⋯ + (−1)nan = 0, where ar  is the

sum of principal r-minors of A.

Theorem 7.2.8.
Similar matrices have the same characteristic polynomial, and hence the same eigenvalues also.

Proof.

Let A and B be similar n-square matrices. Then there exists a nonsingular matrix P such that

B = P −1AP .
Hence,

Since PA(λ) = 0 and PB(λ) = 0 are characteristic equations and eigenvalues are roots of

characteristic equations, A and B have the same eigenvalues.  □

Since matrices representing a linear transformation T on a finite-dimensional vector space V
with respect to different choice a bases are similar, the above theorem enables us to define the
characteristic polynomial of T.

Definition 7.2.9.

Let T be a linear transformation on a finite-dimensional vector space V over a field F. Then the
characteristic polynomial of T is defined as the characteristic polynomial of any matrix
representing T.

Example 7.2.10.

Let the matrix

Then the characteristic equation of A is |A − λI3| = 0.

PB(λ)= |B − λIn| = P −1AP − λIn = P −1AP − λP −1P = P −1AP − P −1λP

= P −1(A − λIn)P = P −1 |A − λIn||P | = |A − λIn| = PA(λ).

A = .
2 1 1
1 2 1
0 0 1

= 0 ⇒ (1 − λ)((2 − λ)2 − 1) = 0

⇒ (1 − λ)(4 + λ2 − 4λ − 1) = 0 ⇒ (1 − λ)(λ − 3)(λ − 1) = 0

⇒ (λ − 3)(λ − 1)2 = 0.

2 − λ 1 1
1 2 − λ 1
0 0 1 − λ



(i)
(ii)

(iii)

(iv)

(v)

Since eigenvalues of a matrix are the roots of its characteristic equation, 1, 1, 3 are the
eigenvalues of the matrix A.
Alternatively, from Theorem →7.2.7,

where

Then PA(λ) = λ3 − 5λ2 + 7λ − 3 = 0 ⇒ (λ − 3)(λ − 1)2 = 0.

Thus, the characteristic equation of a matrix can be obtained by anyone method from the above
two.

Example 7.2.11.

Let

is a real number. Then

If A is representing the linear transformation T : R2 → R
2  with respect to the standard ordered

basis of R2 , then T has no eigenvalues. But if A is representing the linear transformation

T : C2 → C2  with respect to the standard ordered basis of C2 , then T has ±ki eigenvalues. This
shows that A has no eigenvalues in R but has the two eigenvalues ki and −ki in C. Therefore,
we must be careful about the field involved during the calculation of eigenvalues of a matrix.

Theorem 7.2.12.
Let A be an n-square matrix with entries in a field F. Then the following properties hold:

A is singular if and only if zero is an eigenvalue of A.

A is nonsingular if and only if all the eigenvalues of A are nonzero. If λ is an eigenvalue

of A, then λ−1  is an eigenvalue of A−1 .

If λ is an eigenvalue of A, then the polynomial

f(A) = a0In + a1A + a2A
2 + ⋯ + arA

r , which is an n-square matrix has

f(λ) = a0 + a1λ + a2λ
2 + ⋯ + arλ

r , as an eigenvalue, where

a0, a1, a2, … , ar ∈ F .

The sum of the eigenvalues of A is equal to tr(A) and the product of eigenvalues of A

is equal to |A|.
A and At  have the same eigenvalues.

PA(λ) = λ3 − a1λ
2 + a2λ − a3 = 0,

a1= a11 + a22 + a33 = tr(A) = 5,

a2= the sum of 2-minors of A = + + = 2 + 2 + 3 = 7, and

a3= the sum of 3-minors of A = |A| = 3.

2 1
0 1

2 1
0 1

2 1
1 2

A = [ ], k > 0
2 k

−k 0

|A − λI2| = = 0 ⇒ λ2 + k2 = 0.
−λ k

−k −λ



(i)

(ii)

(iii)

(iv)

(v)

Proof.

If A is singular, then the homogeneous system of linear equations AX = 0 has a
nontribal solution. Then there exists a nonzero column vector X1  such that
AX1 = 0 = 0.X1 . Hence, 0 is an eigenvalue of A.
Conversely, if 0 is an eigenvalue of A, then there exists X ≠ 0 such that
AX = 0X = 0. That is the homogeneous system AX = 0 has a nontrivial
solution. Hence, |A| = 0 and so A is singular.

Suppose A is a nonsingular matrix. Then from (i) it is clear that if λ is an eigenvalue
of A, then λ ≠ 0 if and only if A is nonsingular. If λ is an eigenvalue of A, then

there exists a nonzero vector X such that AX = λX. Since A is nonsingular, A−1

exists. Then

AX = λX ⇒ A−1AX = A−1λX ⇒ X = λA−1X ⇒ A−1X = λ−1X. That is,

λ−1  is an eigenvalue of A−1 .
Let λ be an eigenvalue of A. Then there exists a nonzero vector X such that

AX = λX. Then A2X = A(AX) = AλX = λ(AX) = λλX = λ2X. This

shows that λ2  is an eigenvalue of A2 . Similarly, AnX = λnX ,
kAX = kλX = (kλ)X  and eigenvalues of identity matrix is 1. Hence,

This proves that f(λ) is the eigenvalue of f(A).

From Theorem →7.2.7, the characteristic equation of A is

PA(λ) = λn − a1λ
n−1 + a2λ

n−2 + ⋯ + (−1)rarλn−r + ⋯ + (−1)nan = 0.

Since eigenvalues of A are the roots of its characteristic equation, the sum of the
roots of PA(λ) = 0 = the sum of the eigenvalues of

A = −(−a1) = a1 = a11 + a22 + ⋯ + ann = tr(A).

Similarly, the product of roots of equation PA(λ) = 0 = product of eigenvalues

of A = (−1)nan = an , if n is even and −(−1)nan = an  if n is odd, where

an = |A|.
|A − λIn| = |(A − λIn)t| = |At − λIn|. This shows that the characteristic

polynomials of A and At  are the same, and hence A and At  have the same
eigenvalues.  □

Example 7.2.13.

Let

Then the characteristic equation PA(λ) = 0 gives

f(A)X= a0InX + a1AX + a2A
2X + ⋯ + arA

rX

= a0X + a1λX + a2λ
2X + ⋯ + arλ

rX

= (a0 + a1λ + a2λ
2 + ⋯ + arλ

r)X

= f(λ)X.

A = .
1 0 −1
1 2 1
2 2 3



Thus, the eigenvalues of A are 1, 2, 3.
Let

be the eigenvector associated to eigenvalue λ of A. Then

Now, we put λ = 1, 2 and 3 in the above equation and find associated eigenvectors of A.
For λ = 1,

Then

Take x1 = k. Then x2 = −k.
Hence,

Thus,

is an eigenvector corresponding to eigenvalue λ = 1.
For λ = 2,

= 0 ⇒ λ3 − 6λ2 + 11λ − 6 = 0 ⇒ (λ − 1)(λ − 2)(λ − 3) = 0.
1 − λ 0 −1

1 2 − λ 1
2 2 3 − λ

X =
x1

x2

x3

(A − λI3)X = 0, or = .
1 − λ 0 −1

1 2 − λ 1
2 2 3 − λ

x1

x2

x3

0
0
0

= .
0 0 −1
1 1 1
2 2 2

x1

x2

x3

0
0
0

−x3= 0, x1 + x2 + x3 = 0, 2x1 + 2x2 + x3 = 0, or
x3= 0, x1 + x2 = 0.

= = k .
x1

x2

x3

k

−k

0

1
−1
0

1
−1
0



Then

Take x3 = k. Then x1 = −k and x2 = k
2 .

Hence,

Thus,

is an eigenvector corresponding to eigenvalue λ = 2.
For λ = 3,

Then

Take x1 = k.
Hence,

Thus,

= .
−1 0 −1
1 0 1
2 2 1

x1

x2

x3

0
0
0

−x1 − x3= 0, x1 + x3 = 0, 2x1 + 2x2 + x3 = 0, or
x1 + x3= 0, 2x1 + 2x2 + x3 = 0.

= = k .
x1

x2

x3

−k

k
2

k

−1
1
2

1

−1
1
2

1

= .
−2 0 −1
1 −1 1
2 2 0

x1

x2

x3

0
0
0

−2x1 − x3= 0, x1 − x2 + x3 = 0, 2x1 + 2x2 = 0, or
x2= −x1, x3 = −2x1.

= = k .
x1

x2

x3

k

−k

−2k

1
−1
−2

1
−1
−2



is an eigenvector corresponding to eigenvalue λ = 3.

Example 7.2.14.

Let

Then the characteristic equation PA(λ) = |A − λI3| = 0 is

Hence the eigenvalues of A are 1, 1, 3. To find the eigenvector associated to eigenvalues of A, we
need to solve the following equation for λ = 1, 3:

For, λ = 1, we have x1 + x2 + x3 = 0 ⇒ x3 = −x1 − x2 . Take x1 = k1  and x2 = k2 . Then

Thus,

are eigenvectors associated to eigenvalue 1.
Similarly, for λ = 3 we have

Take x1 = k.
Then

A = .
2 1 1
1 2 1
0 0 1

= 0 ⇒ (1 − λ)2(3 − λ) = 0.
2 − λ 1 1

1 2 − λ 1
0 0 1 − λ

= .
2 − λ 1 1

1 2 − λ 1
0 0 1 − λ

x1

x2

x3

0
0
0

= = k1 + k2 .
x1

x2

x3

k1

k2

−k1 − k2

1
0

−1

0
1

−1

and
1
0

−1

0
1

−1

−x1 + x2 + x3= 0, x3 = 0, or
x1= x2, x3 = 0.

= = k .
x1

x2

x3

k

k

0

1
1
0



(a)

Hence,

is an eigenvector associated to eigenvalue λ = 3.

Example 7.2.15.

Let

Then the characteristic equation |A − λI3| = 0 ⇒ (1 − λ)3 = 0 ⇒ λ = 1, 1, 1.

Now, we find the eigenvector of A associated to eigenvalue 1. Then

Hence, eigenvectors of A associated to eigenvalue 1 are of the form

In this case, eigenvalue 1 is repeated three times but there is only one linearly independent
associated eigenvector.

Example 7.2.16.

Let

be an upper triangular matrix. Then the characteristic equation

1
1
0

A = .
1 1 1
0 1 1
0 0 1

=

⇒ x2 + x3 = 0,x3 = 0 ⇒ x1 = k,x2 = 0,x3 = 0.

0 1 1
0 0 1
0 0 0

x1

x2

x3

0
0
0

= k .
k

0
0

1
0
0

A =
a11 a12 a13

0 a22 a23

0 0 a33

PA(λ) = = (a11 − λ)(a22 − λ)(a33 − λ) = 0 ⇒
a11 − λ a12 a13

0 a22 − λ a23

0 0 a33 − λ



(b)

(c)

(d)

Thus, in general if A is an n-square triangular matrix, then all the diagonal
elements of A are its eigenvalues.
Let

be a diagonal matrix. Then
PD(λ) = (d1 − λ)(d2 − λ)(d3 − λ) = 0 ⇒ λ = d1, d2, d3  are eigenvalues of

D. Vectors e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1) are eigenvectors

associated to eigenvalues d1 , d2  and d3 , respectively.
Similarly, for an n-square diagonal matrix D = diag(d1, d2, … , dn), eigenvalues

are d1, d2, … , dn  and e1, e2, … , en  are associated eigenvectors, respectively,
where ei = (0, 0, … , 0, 1, 0, … , 0) ∀1 ≤ i ≤ n.

Let A be an idempotent matrix. Then A2 = A. If λ is an eigenvalue of A, then
there exists a nonzero vector X such that AX = λX. Also,

A2X = A(AX) = A(λX) = λ(AX) = λ2X.

Hence, A2X = AX ⇒ λ2X = λX ⇒ (λ2 − λ)X = 0. Since X ≠ 0,

λ2 − λ = 0 ⇒ λ = 0, 1. Thus, eigenvalues of an idempotent matrix are 0, 1.
Similarly, it is easy to prove that the eigenvalues of a nilpotent matrix are 0.
Let A = [aij] be an n-square matrix with entries in a field F such that

∑n
j=1 aij = k, for all 1 ≤ i ≤ n. Then k will be an eigenvalue of A and

will be its associated eigenvector.

Example 7.2.17.

Let A be a matrix of order 3×3 such that |A − 2I3| = 0, tr(A) = 10 and |A| = 30. Then we find

the eigenvalues of A.
From Theorem →7.2.5, we have that λ ∈ F  is an eigenvalue of A if and only if |A − λλIn| = 0.

Hence, |A − 2I3| = 0 ⇒ 2 is an eigenvalue of A. Let λ1 = 2,λ2,λ3  be the eigenvalues of A.

Then

Substituting λ3 = 8 − λ2 , in λ2λ3 = 15 we get

D =
d1 0 0
0 d2 0
0 0 d3

1
1

⋮
1

λ1 + λ2 + λ3 = tr(A)
⇒ 2 + λ2 + λ3 = 10
⇒ λ2 + λ3 = 8
⇒ λ3 = 8 − λ2, and

λ1λ2λ3 = |A| ⇒ 2λ2λ3 = 30 ⇒ λ2λ3 = 15.



If λ2 = 5, then λ3 = 8 − 5 = 3. If λ2 = 3, then λ3 = 8 − 3 = 5. Thus, eigenvalues of A are 2, 3,
5.
Alternatively, we have the following. Let λ1 , λ2 , λ3  be the eigenvalues of A. Then from Theorem
→7.2.12(iii), λ1 − 2, λ2 − 2, λ3 − 2 will be eigenvalues of matrix A − 2I3 . Since |A − 2I3| = 0,

at least one eigenvalue of A − 2I3  will be zero. Suppose λ1 − 2 = 0, then λ1 = 2. Hence,
λ1λ2λ3 = 30 and λ1 + λ2 + λ3 = 10 give the result.

Example 7.2.18.

Let

Then find the eigenvalues of 2A3 + 5A2 − 3A + 2I3 .
Since A is an upper triangular matrix, eigenvalues of A are 1, −2, −3, the principal diagonal of A.

Then from Theorem →7.2.12 (iii), eigenvalues of 2A3 + 5A2 − 3A + 2I3  are

Example 7.2.19.

Let A and B be n-square matrices with entries in a field F. Then AB and BA have the same
eigenvalues.
If λ = 0 is an eigenvalue of AB, then AB is singular. Hence, 0 = |AB| = |BA| ⇒ BA is a

singular matrix. Then λ = 0 is an eigenvalue of BA, also.
Now, let λ ≠ 0 be an eigenvalue of AB. Then there exists a nonzero column vector X such that
ABX = λX.
Again, (BA)(BX) = B(ABX) = BλX = λ(BX) implies that λ is an eigenvalue of BA with

the associated eigenvector BX ≠ 0.
If BX = 0, then ABX = 0 ⇒ λX = 0. Since λ ≠ 0, λX = 0 ⇒ X = 0, which is a
contradiction that X is an eigenvector.

Example 7.2.20.

Let

λ2(8 − λ2) = 15

⇒ λ2
2 − 8λ2 + 15 = 0

⇒ (λ2 − 5)(λ2 − 3) = 0
⇒ λ2 = 5, or 3.

A = .
1 −2 3
0 −2 4
0 0 −1

2(1)3 + 5(1)2 − 3(1) + 2 × 1= 6,

2(−2)3 + 5(−2)2 − 3(−2) + 2 × 1= 12, and

2(−1)3 + 5(−1)2 − 3(−1) + 2 × 1= 8.



(7.2.1)

(7.2.2)

Then find the eigenvalues of A.
Since the sum of each row is 4, 4 is an eigenvalue of A.
Now, suppose λ1 = 4,λ2,λ3  are eigenvalues of A. Then
tr(A) = λ1 + λ2 + λ3 ⇒ 11 = 4 + λ2 + λ3 ⇒ λ2 + λ3 = 7.

Also, λ1λ2λ3 = |A| ⇒ 4λ2λ3 = 3.

Solving the above two equations, we get λ2 = 7+√37
2  and λ3 = 7−√37

2 .

Example 7.2.21.

Let

where r = e
2πi
5  is a fifth root of unity. Then we calculate the trace of the matrix I5 + A + A2  with

the help of the eigenvalues of A.

Since A is an upper triangular matrix, eigenvalues of A are 1, r, r2 , r3 , r4 . Hence, eigenvalues of

I5 + A + A2  are 1 + 1 + 1 = 3, 1 + r + r2, 1 + r2 + r4, 1 + r3 + r6  and 1 + r4 + r8 .

Now, trace of (I5 + A + A2) = sum of the eigenvalues. Hence,

Since r is the fifth root of unity, 1 + r + r2 + r3 + r4 = 0. Hence, from the above equation,
tr(I5 + A + A2) = 5.

Exercises

Determine eigenvalues and their associated eigenvectors of the following
matrices:

Let

A = .
1 2 1
1 5 −2
2 −3 5

A = ,

1 r r2 r3 r4

0 r r2 r3 r4

0 0 r2 r3 r4

0 0 0 r3 r4

0 0 0 0 r4

tr(I5 + A + A2)= 3 + (1 + r + r2) + (1 + r2 + r4) + (1 + r3 + r6) + (1 + r4 + r8)

= 3 + (1 + r + r2 + r3 + r4) + (1 + r2 + r4 + r6 + r8) + 2

= 5 + (1 + r + r2 + r3 + r4) + (1 + r2 + r4 + r + r3).

A = , B = , C = .
1 0 −1
1 2 1
2 2 3

3 10 5
−2 −3 −4
3 5 7

6 −2 2
−2 3 −1
2 −1 3



(7.2.3)

(7.2.4)

(7.2.5)

(7.2.6)

(7.2.7)

Then find the eigenvalues of

For the matrices A, B, C given in exercise (7.2.1), find tr(A4), tr(B5) and

tr(C 10).

Let A be a 3-square matrix such that |2A − 6I3| = 0, tr(A) = 15 and

|A| = 105. Then find the sum of squares of eigenvalues of A.

Let A be a 3-square matrix such that |A − I3| = 0, tr(A) = 13 and

|A| = 32. Then find the eigenvalues of A.

Consider λ as an eigenvalue of square matrices A and B, both of size n,
corresponding to the common eigenvector x. Show that: (a) 2λ is an

eigenvalue of A + B corresponding to x, and (b) λ2  is an eigenvalue of
AB corresponding to x.
Suppose that 1, −1, 2, −2 are eigenvalues of a 4-square matrix A. If

B = A4 − 3A2 + 3I4 , then find det (A + B), det (A − B), det (B2),

tr(A + B), tr(A − B) and tr(B2).

7.3  Diagonalization

We know that any computation involving diagonal matrices is quite simple in comparison to other
matrices. For a given linear transformation T on a finite-dimensional vectors space V, the existence
of an ordered basis B for V, such that [T ]B,B  is a diagonal matrix is called a diagonalization

problem. In this section, we deal with this problem.

Let T : V → V  be a linear transformation and let B = {v1, v2, … , vn} be a basis of V, such that

T (vi) = λivi , 1 ≤ i ≤ n, where λi  are scalars. Then

and hence

is a diagonal matrix.

A = .
6 −2 2

−2 3 −1
2 −1 3

(i) A5 (ii) 5A3 (iii) (A − 3I3)2 (iv) 3A3 − 2A2 + A − I3

(v) 5A4 + 4A3 − 6A2 + 2A − 7I3 (vi) At.

T (v1)= λ1v1 = λ1v1 + 0v2 + 0v3 + ⋯ + 0vn,
T (v2)= λ2v2 = 0v1 + λ2v2 + 0v3 + ⋯ + 0vn,

⋮
T (vn)= λnvn = 0v1 + 0v2 + 0v3 + ⋯ + λnvn,

[T ]B,B =

λ1 0 0 ⋯ 0
0 λ2 0 ⋯ 0

⋮ ⋮
0 0 ⋯ 0 λn



(7.1)

(7.2)

Since all vi , 1 ≤ i ≤ n, being basis elements are nonzero vectors, all λi , 1 ≤ i ≤ n are
eigenvalues of T and vi  are there associated eigenvectors.

Thus, from this illustration it is clear that the concepts of eigenvalues and eigenvectors
discussed in the previous section are naturally attached with diagonalization problems. Thus, we
have the following definition.

Definition 7.3.1.

Let V be a finite-dimensional vector space over a field F. Then a linear transformation T : V → V
is said to be diagonalizable if there is a basis of V with respect to which the matrix of T is a
diagonal matrix.
Or equivalently, T is diagonalizable if and only if eigenvectors of T form a basis of V.

In Corollary →5.2.4, if we replace V by F n , T by LA , where A is an n-square matrix and basis
B1  by standard ordered basis of F n , then we get the result that A is diagonalizable if and only if
LA  is diagonalizable. In view of this result, we have the following definition for a matrix.

Definition 7.3.2.

An n-square matrix A with entries in a field F is said to be diagonalizable if it is similar to a diagonal
matrix. Or equivalently, A is diagonalizable if and only if eigenvectors of A form of basis of F n .

Theorem 7.3.3.
The set {x1,x2, … ,xk} of eigenvectors associated to distinct eigenvalues λ1,λ2, … ,λk  of linear

transformation T on a finite-dimensional vector space V is linearly independent. Or equivalently,

eigenvectors associated to distinct eigenvalues of a matrix A are linearly independent.

Proof.

To prove the result, we use the method of mathematical induction on the number of distinct
eigenvalues of T.
Suppose T : V → V  has only one eigenvalue λ1 . Then there exist a nonzero eigenvector x
associated to λ. Since x ≠ 0, {x} is linearly independent. Thus, the result is true for k = 1.

Suppose that the statement holds for k = r distinct eigenvalues. Let {x1,x2, … ,xr,xr+1}
represent the set of eigenvectors corresponding to the distinct eigenvalues λ1,λ2, … ,λr,λr+1 .
Now, for the scalars {a1, a2, … , ar, ar+1}, assume that

Then

Applying (7.2) − λr+1(7.1), we have

It is assumed that {x1,x2, … ,xr} are linearly independent,

a1x1 + a2x2 + ⋯ + arxr + ar+1xr+1 = 0.

T (a1x1 + a2x2 + ⋯ + arxr + ar+1xr+1)= T (0),
a1T (x1) + a2T (x2) + ⋯ + arT (xr) + ar+1T (xr+1)= 0,
a1λ1x1 + a2λ2x2 + ⋯ + arλrxr + ar+1λr+1xr+1= 0.

a1(λ1 − λr+1)x1 + a2(λ2 − λr+1)x2 + ⋯ + ar(λr − λr+1)xr = 0.



Since all λr  are distinct, a1 = a2 = ⋯ = ar = 0. Then from (→7.1), ar+1xr+1 = 0. Since
xr+1 ≠ 0, ar+1 = 0. Hence, the set {x1,x2, … ,xr,xr+1} is linearly independent. Thus, by the

induction hypothesis the result is true for all distinct eigenvalues.  □

With the help of this result, we obtain the following important corollary related to
diagonalization of a linear transformation or equivalently, diagonalization of a matrix.

Corollary 7.3.4.

Let V be an n-dimensional vectors space over a field F. Then the linear transformation T : V → V
having n distinct eigenvalues is diagonalizable.

Proof.

Suppose x1,x2, … ,xn  are n eigenvectors associated to distinct eigenvalues λ1,λ2, … ,λn  of T.
Then from the above theorem the set {x1,x2, … ,xn} ⊂ V  is linearly independent. Since

dim (V ) = n, the set of eigenvectors of T form a basis of V. Hence, T is diagonalizable. Also, from

T (xi) = λixi , 1 ≤ i ≤ n, the matrix of T related to the basis {x1,x2, … ,xn} is the diagonal

matrix diag(λ1,λ2, … ,λn).  □

For example, the matrix

is diagonalizable.

Remark.

Converse of the above result is not true. Since I3  is a diagonal matrix but 1 is the only eigenvalue
of I3  repeated 3 times.

The fundamental theorem of algebra states that every polynomial has a root in the field of
complex numbers. Thus, the characteristic equation |A − λIn| = 0 has n roots, including

repetition, over the field of complex numbers. That is, if λ1,λ2, … ,λr  are distinct roots of the
characteristic equation, then

We call α1,α2, … ,αr  the algebraic multiplicities of λ1,λ2, … ,λr , respectively.

Definition 7.3.5.

The algebraic multiplicity of an eigenvalue λ is the number of times λ is repeated as a root of the
characteristic polynomial. We use the notation Mula(λ) for algebraic multiplicity of λ.

a1(λ1 − λr+1) = a2(λ2 − λr+1) = ⋯ = ar(λr − λr+1) = 0.

1 2 5
0 2 6
0 0 4

0 = |A − λIn| = (λ − λ1)α1(λ − λ2)α2 ⋯ (λ − λr)
αr , where α1 + α2 + ⋯ + αr = n.



Definition 7.3.6.

Let λ be an eigenvalue of linear transformation T : V → V . Then
V (λ) = {x ∈ V : T (x) = λx}, the set of all eigenvectors associated to λ including zero vector is

a subspace of V, called the λ-eigenspace.
The dimension of the λ-eigenspace V (λ) is called the geometric multiplicity of the eigenvalue λ

and is denoted by Mulg(λ).

Equivalently, if λ is an eigenvalue of an n-square matrix A with entries in a field F, then F n(λ) =
the set of all eigenvectors associated to λ with the zero column vector is a subspace of F n , called
the λ-eigenspace.
Hence, the geometric multiplicity,

Example 7.3.7.

Consider Example →7.2.14. We have Mula(1) = 2 and Mula(3) = 1.

Now,

Hence, Mulg(1) = 3 − rank(A − I3) = 2.

Similarly, Mulg(3) = 3 − rank(A − 3I3) = 3 − 2 = 1.

Now, let

Then |B − λI3| = (1 − λ)(2 − λ)2 = 0.

Here, Mula(1) = 1 and Mula(2) = 2.

Now,

Thus, the algebraic multiplicity of an eigenvalue λ may not be equal to its geometric multiplicity.
Note that if Mula(λ) = 1, then Mulg(λ) = 1 (see Corollary →7.3.10).

Theorem 7.3.8.
Let T be a linear transformation on an n-dimensional vectors space V and let λ1,λ2, … ,λk  be its

distinct eigenvalues. Then T is diagonalizable if and only if

Mulg(λ1) + Mulg(λ2) + ⋯ + Mulg(λk) = n.

Proof.

Suppose Mulg(λ1) + Mulg(λ2) + ⋯ + Mulg(λk) = n. Then we have

Mulg(λ) =dim (F n(λ)) =dim (N(A − λIn)) = n − rank(A − λIn).

rank(A − I3) = rank = 1.
1 1 1
1 1 1
0 0 0

B = .
1 2 3
0 2 3
0 0 2

Mulg(1)= 3 − rank(B − I3) = 3 − 2 = 1, and

Mulg(2)= 3 − rank(B − 2I3) = 3 − 2 = 1.



That is, V is the direct sum of eigenspaces of T.

If Bi  denotes the basis of λi -eigenspace for all i, then B = ⋃k
i=1 Bi  is a basis of V consisting of

eigenvectors of T. Hence, T is diagonalizable.
Conversely, suppose T is diagonalizable. Then eigenvectors of T form a basis of V. Hence, in view of
the result that the associated eigenvectors to distinct eigenvalues are linearly independent,
V (λ1) ⊕ V (λ2) ⊕ ⋯ ⊕ V (λk) = V .

Therefore, Mulg(λ1) + Mulg(λ2) + ⋯ + Mulg(λk) = n.  □

Equivalently, the above result can also be proved for a matrix.
Theorem 7.3.9.
If λ is an eigenvalue of a linear transformation on a finite-dimensional vector space, then

Mulg(λ) ≤ Mula(λ).

Proof.

Let T be a linear transformation on an n-dimensional vectors space V and let λ be an eigenvalue of
geometric multiplicity r. Then dim V (λ) = r.

Suppose {v1, v2, … , vr} is a basis of V (λ). Extending it to a basis of V, let

B = {v1, v2, … , vr, vr+1, … , vn} be an ordered basis of V. Then matrix of T related to the basis

B is a block matrix

Then the characteristic polynomial P[T ]B,B
(t) = PλIr(t)PB(t) = (λ − t)rPB(t), where PB(t) is

a polynomial of degree n − r. It follows that the algebraic multiplicity of λ is greater than or equal
to r. Hence, Mulg(λ) ≤ Mula(λ).  □

Corollary 7.3.10.

If algebraic multiplicity of an eigenvalue λ is one, then Mulg(λ) = Mula(λ) = 1.

Proof.

Since eigenvector x associated to an eigenvalue λ is nonzero, dim (V (λ)) ≥ 1. Hence,

Mulg(λ) ≥ 1. But 1 ≤ Mulg(λ) ≤ Mula(λ) = 1 ⇒ 1 ≤ Mulg(λ) ≤ 1 ⇒ Mulg(λ) = 1.  □

Corollary 7.3.11.

Let V be an n-dimensional vector space. Then the linear transformation T : V → V  is diagonalizable if

and only if for every eigenvalue λ of T, Mulg(λ) = Mula(λ).

Proof.

Let λ1,λ2, … ,λk  be distinct eigenvalues of T such that Mula(λi) = Mulg(λi) ∀1 ≤ i ≤ k.

Then ∑k
i=1 Mula(λi) = ∑k

i=1 Mulg(λi) = n. Hence, the result follows from Theorems →7.3.8

dim (V (λ1))+ dim (V (λ2)) + ⋯ + dim (V (λk)) = n

⇒ V (λ1) ⊕ V (λ2) ⊕ ⋯ ⊕ V (λk) = V .

[T ]B,B = [ ].
λIr A

0 B



and →7.3.9.  □

Example 7.3.12.

Recall the matrix

given in Example →7.2.14. Then PA(λ) = (1 − λ)2(3 − λ) = 0 ⇒ λ = 1, 3 are eigenvalues of A.

Also, A has three linearly independent eigenvectors, hence A is diagonalizable.
Alternatively, from Example →7.3.7 we have Mulg(1) + Mulg(3) = 2 + 1 = 3. Hence, A is

diagonalizable.
Next, recall the matrix B in Example →7.3.7,

Then PB(λ) = (1 − λ)(2 − λ)2 = 0, and Mulg(1) + Mulg(2) = 1 + 1 = 2 ≠ 3. Hence, B is

not diagonalizable.
Note that an n-square matrix A is diagonalizable if the sum of the geometric multiplicities of its
eigenvalues equals n. If this sum is not equal to n, then A is not diagonalizable. Thus, determining
whether A is diagonalizable does not require computing all of its eigenvectors.
We have that if A is a diagonal matrix, then A is similar to a diagonal matrix. That is, there exists a

nonsingular matrix P such that P −1AP = D. The following theorem provides the solution of the
problem of determining such a matrix P.

Theorem 7.3.13.
Let A be an n-square diagonalizable matrix and let P be a matrix whose columns are eigenvectors of A.

Then P −1AP = D is the diagonal matrix whose diagonal elements are eigenvalues of A.

Proof.

Since A is diagonalizable, A has n linearly independent eigenvectors.
Let X1,X2, … ,Xn  be the eigenvectors associated to eigenvalues λ1,λ2, … ,λn  of A,
respectively.
Let P = [X1 X2 ⋯ Xn]. Since columns of P are linearly independent, P is invertible.

Now,

A =
2 1 1
1 2 1
0 0 1

B = .
1 2 3
0 2 3
0 0 2

AP= [ ] = [ ]

= [ ]

= PD.

AX1 AX2 ⋯ AXn λ1X1 λ2X2 ⋯ λnXn

X1 X2 ⋯ Xn

λ1 0 0 ⋯ 0
0 λ2 0 ⋯ 0

⋮
0 0 ⋯ 0 λn



1.

2.
3.

Then AP = PD ⇒ P −1AP = D.  □

Remark.

If x is an eigenvector, then kx is also an eigenvector where k ≠ 0. Hence, the

matrix P is not unique.
Eigenvalues λ1,λ2, … ,λn  need not be distinct.
To visualize above computation of matrix product, consider the matrix

and let

be the eigenvectors associated to eigenvalues λ1 , λ2 , λ3  of A, respectively.
Then

Now,

Note that

is equal to the first column of the matrix AP . Similarly, AX2  and AX3  are the
second and third columns of AP .
Hence, AP = [AX1 AX2 AX3].
Again,

A =
a11 a12 a13

a21 a22 a23

a31 a32 a33

X1 = , X2 = , X3 =
x1

x2

x3

y1

y2

y3

z1

z2

z3

P = [ ] = .X1 X2 X3

x1 y1 z1

x2 y2 z2

x3 y3 z3

AP=

=

a11 a12 a13

a21 a22 a23

a31 a32 a33

x1 y1 z1

x2 y2 z2

x3 y3 z3

a11x1 + a12x2 + a13x3 a11y1 + a12y2 + a13y3 a11z1 + a12z2 + a13z

a21x1 + a22x2 + a23x3 a21y1 + a22y2 + a23y3 a21z1 + a22z2 + a23z

a31x1 + a32x2 + a33x3 a31y1 + a32y2 + a33y3 a31z1 + a32z2 + a33z

AX1 = =
a11 a12 a13

a21 a22 a23

a31 a32 a33

x1

x2

x3

a11x1 + a12x2 + a13x3

a21x1 + a22x2 + a23x3

a31x1 + a32x2 + a33x3



Example 7.3.14.

Let

Then the characteristic equation of A is λ3 − 7λ2 + 11λ − 5 = 0, and hence λ = 5, 1, 1 are

eigenvalues of A.
Eigenvectors associated to eigenvalues 5, 1, 1 are

respectively.
Since the number of linearly independent eigenvectors of 3-square matrix A is 3, matrix A is
diagonalizable.
Consider

then

Hence, P −1AP = D, where

is the diagonal matrix.

P −1AP = D ⇒ A = PDP −1 .
Then

[ ] = =λ1X1 λ2X2 λ3X3

λ1x1 λ2y1 λ3z1

λ1x2 λ2y2 λ3z2

λ1x3 λ2y3 λ3z3

x1 y1 z1

x2 y2 z2

x3 y3 z3

λ1 0
0 λ2

0 0

A = .
2 2 1
1 3 1
1 2 2

X1 = , X2 = , X3 = ,
1
1
1

1
0

−1

2
−1
0

P = [ ] = ,X1 X2 X3

1 1 2
1 0 −1
1 −1 0

P −1 = .

1
4

1
2

1
4

1
4

1
2

−3
4

1
4

−1
4

1
4

D =
5 0 0
0 1 0
0 0 1

A2 = (PDP −1)(PDP −1) = PDP −1PDP −1 = PDInDP −1 = PD2P −1.



(a)

(b)

Similarly, An = PDnP −1 .
Hence,

Example 7.3.15.

Let

The characteristic equation of A is (λ − 5)3 = 0. Since

Mula(5) = 3 ≠ Mulg(5) = 1, A is not diagonalizable.

Alternatively, if A is diagonalizable, then there exists an invertible matrix P such
that

Then A = P5I3P
−1 = 5I3PP

−1 = 5I3 , which is a contradiction. Hence, A is not
diagonalizable.
Let A be an n-square matrix with entries in a field F. Then A is diagonalizable if and
only if A + kIn  is diagonalizable for all k ∈ F .

If A is diagonalizable, then A = PDP −1 , where D is a diagonal matrix and P is
invertible.
Now,

A + kIn = PDP −1 + kIn = PDP −1 + kInPP
−1 = P(D + kIn)P −1 = PD́P

, where D́ = D + kIn  is a diagonal matrix.
Conversely, if A + kIn  is diagonalizable, then

A + kIn = PDP −1 ⇒ A = PDP −1 − kIn = PDP −1 − kInPP
−1 = P(D −

, where D́ = D − kIn  is a diagonal matrix.

Example 7.3.16.

Let A be an n-square matrix. If λ1  and λ2  are eigenvalues of A and X1  and X2  are associated
eigenvectors of λ1  and λ2 , respectively, then we shall show that
Ar(c1X1 + c2X2) = c1λ

r
1X1 + c2λ

r
2X2 , where c1  and c2  are scalars.

A3= PD3P −1 =

= .

1 1 2
1 0 −1
1 −1 0

125 0 0
0 1 0
0 0 1

1
4

1
2

1
4

1
4

1
2

−3
4

1
4

−1
4

1
4

32 62 31
31 63 31
31 62 32

A = .
5 3 −2
0 5 1
0 0 5

P −1AP = = 5I3.
5 0 0
0 5 0
0 0 5



We have AX1 = λ1X1 . Then

A2X1 = A(AX1) = A(λ1X1) = λ1(AX1) = λ1(λ1X1) = λ2
1X1 .

Similarly, ArX1 = λr
1X1  and ArX2 = λr

2X2 .

Hence, Ar(c1X1 + c2X2) = c1A
rX1 + c2A

rX2 = c1λ
r
1X1 + c2λ

r
2X2 .

In particular, if A is a 3-square matrix and −2 and 3 are eigenvalues with associated eigenvectors

respectively, then we can compute

Suppose

Then

Hence,

Example 7.3.17.

Let J be a 21-square matrix with all the entries equal to 1. In this example, we shall show that J and
J − I21  are diagonalizable matrices.
We have rank(J) = 1 ≠ 21, hence 0 is an eigenvalue of J.

Also, since row sum of J is 21, 21 is an eigenvalue of J.

and ,
1
2
0

0
1

−1

A4 .
−1
0

−2

X1 = and X2 = .
1
2
0

0
1

−1

= (−1) + 2 = (−1)X1 + 2X2.
−1
0

−2

1
2
0

0
1

−1

A4 = A4((−1)X1 + 2X2)

= (−1)A4X1 + 2A4X2

= (−1)(−2)4X1 + 2(34)X2

= −16 + 162 = .

−1
0

−2

1
2
0

0
1

−1

−16
130

−162



(7.3.1)
(7.3.2)

(7.3.3)

(7.3.4)

(7.3.5)

(7.3.6)

(7.3.7)

Thus, Mulg(0) + Mulg(21) = 21, and hence J is diagonalizable.

Also, we have Mula(0) = 20 and Mula(21) = 1. This implies eigenvalues of J are 0,0,…,0 (20

times), and 21.
Hence, eigenvalues of J − I21  are −1,−1,…,−1 (20 times), and 20.

Thus, Mulg(−1) + Mulg(20) = 21, and hence J − I21  is diagonalizable.

In general, the n-square matrix J with all the entries equal to 1 is diagonalizable, and hence
J − In  is diagonalizable.

Exercises

Show that a strictly upper triangular matrix is nondiagonalizable.
Let P be an n-square matrix and Q be a m-square matrix. Then show that
the block diagonal matrix

is diagonalizable if and only if P and Q are diagonalizable.
Find eigenvalues and their eigenvectors of the differential linear
transformation D : P3(x) → P3(x), where P3(x) is a polynomial space

over R.
Show that any triangular matrix with distinct principal diagonals is
diagonalizable.
Check whether the following matrices are diagonalizable or not:

In the above example, if any matrix A is diagonalizable, then find the matrix

P such that P −1AP  becomes a diagonal matrix.

Find the matrix P such that PAP −1  is in diagonal form, where

Mulg(0)= 21 − rank(J − 0I21) = 21 − rank(J) = 20 and

Mulg(21)= Mula(21) = 1.

Mulg(−1)= 21 − rank[(J − I21) − (−1)I21] = 21 − rank(J) = 20 and

Mulg(20)= Mula(20) = 1.

R = [ ]
P 0
0 Q

A= , B = , C = ,

D= , E = , F = .

2 1 1
2 3 2
3 3 4

2 −2 2
1 1 1
1 3 −1

1 1 0
0 1 0
0 0 1

−3 −7 −5
2 4 3
1 2 2

0 1 1
1 0 1
1 1 0

1 1 1
1 1 1
1 1 1

A = .
1 1 1
0 2 1

−4 4 3



(7.3.8)

(7.3.9)

(7.3.10)

(7.3.11)

(7.3.12)

(7.3.13)

(7.3.14)

Hence, calculate A6 .
Let A be a 3-square singular matrix such that 2 and 3 are eigenvalues of A.

Then show that the matrix A3 + 2A + I3  is diagonalizable.
Let A be a 3-square singular matrix. If 2 and 5 are eigenvalues of A, then

show that A3 − 2A + I3  is diagonalizable.

Let −3 and 2 be two eigenvalues and

are associated eigenvectors, respectively, of a matrix A of order 3×3. Then

compute A3Y , where

is the linear combination of X1  and X2 .
Let A be a 4-square matrix. If −1 and 3 are eigenvalues and

are associated eigenvectors of A, respectively. Then compute A3Y , where

is the linear combination of X1  and X2 .
If λ1,λ2, … ,λn  are distinct eigenvalues and X1,X2, … ,Xn  are
associated eigenvectors of an n-square real matrix A, respectively. Then
show that ArX  can be computed for any X ∈ R

n , even A is unknown.
Find geometric multiplicities of each eigenvalues and a basis for each
eigenspace of the matrix

Suppose that A is a diagonalizable matrix. If

PA(λ) = λ(λ − 2)2(λ + 3)3(λ − 5)4
 is the characteristic polynomial of A,

then find the size of A and the dimension of eigenspaces V (2) and V (5).

X1 = and X2 =
1

−1
2

2
1
0

Y =
−1
−2
2

X1 = and X2 =

1
1
0
2

0
0
2

−1

Y =

−2
−2
2

−5

A = .
2 1 1
1 2 1
0 0 1



(7.3.15)

(7.3.16)

(7.3.17)

Suppose that A is a diagonalizable matrix. If

PA(λ) = λ(λ − 1)2(λ − 2)3(λ − 3)5
 is the characteristic polynomial of A,

then find the size of A and the dimension of eigenspaces V (2) and V (3).

Let A be a 5-square real matrix with trace 21. If 3 and 4 are eigenvalues of A,
each with algebraic multiplicity 2, then show that A is invertible.
Let J be a 31-square matrix with all the entries equal to 1. Then show that
the matrix J − I31  is invertible and diagonalizable.

7.4  Eigenvalues and eigenvectors of some special matrices

Recall that if

are column vectors in Cn , then the inner product

Also, an n-square matrix A ∈ Mn(C) is called Hermitian if A∗ = A.

Now, we prove some remarkable results on eigenvalues and eigenvectors of Hermitian, skew-
Hermitian and unitary matrices.
Theorem 7.4.1.
All the eigenvalues of a Hermitian matrix are real.

Proof.

Let A ∈ Mn(C) be a Hermitian matrix. Then A∗ = A.

If λ is an eigenvalue of A, then there exists a nonzero column vector X, such that AX = λX.
Now,

λX ∗X = X ∗λX = X ∗(AX) = (X ∗A)X = (X ∗A∗)X = (AX)∗
X = (λX)∗

X = λX ∗X.

Since X ≠ 0, X ∗X = ∥X∥2 ≠ 0.

Hence, λ∥X∥2 = λ∥X∥2 ⇒ λ = λ ⇒ λ is a real number.  □

It is known that not every real matrix necessarily has an eigenvalue, but the following result
shows that every symmetric matrix does have at least one eigenvalue.

Corollary 7.4.2.

All the eigenvalues of a symmetric matrix are real.

Proof.

The result follows from the fact that every symmetric matrix can be considered as a complex
Hermitian matrix.  □

X = and Y =

x1

x2

⋮
xn

y1

y2

⋮
yn

⟨X,Y ⟩ = x1y1 + x2y2 + ⋯ + xnyn = Y ∗X, where Y ∗ = Y
t
.



(i)
(ii)
(iii)

Corollary 7.4.3.

All the eigenvalues of a skew-Hermitian matrix are either zero or purely imaginary.

Proof.

Let A be a skew-Hermitian matrix and λ be its eigenvalue. We know that A is skew-Hermitian if and
only if iA is Hermitian. Hence, λ is an eigenvalue of A if and only if iλ is an eigenvalue of iA. This
shows that iλ is real. It follows that λ is zero or purely imaginary.  □

Corollary 7.4.4.

There is no nonzero eigenvalue of a real skew-symmetric matrix.

Proof.

Let A be an n-square real skew-symmetric matrix. Then A is complex skew-Hermitian, and hence
all the nonzero eigenvalues of a are purely imaginary. λ is an eigenvalue of A is equivalent to say
that λ is an eigenvalue of the linear transformation LA : Rn ⟶ R

n . Then LA(X) = λX  is

possible only when λ ∈ R. Thus, there is no nonzero eigenvalue of A.  □

Theorem 7.4.5.
If λ is an eigenvalue of an unitary matrix U, then |λ| = 1.

Proof.

From Corollary →6.3.12, we have

Since X ≠ 0, |λ|2 = 1. Hence, |λ| = 1.  □

Corollary 7.4.6.

If λ is an eigenvalue of an orthogonal matrix O, then λ = ±1.

Proof.

Since every orthogonal matrix is an unitary matrix, |λ| = 1. But λ ∈ R, and hence λ = ±1.  □

Theorem 7.4.7.
Let A ∈ Mn(C) and let λ1 , λ2  be distinct eigenvalues of A. Then their associated eigenvectors X1 ,

X2  are orthogonal if:

A is Hermitian;

A is skew-Hermitian;

A is unitary.

⟨UX,UX⟩ = ⟨X,X⟩

⇒ ⟨λX,λX⟩ = ∥X∥2

⇒ λλ⟨X,X⟩ = ∥X∥2

⇒ |λ|2∥X∥2 = ∥X∥2.



(i)

(ii)

(iii)

Proof.

If A is Hermitian, then A∗ = A and eigenvalues λ1 , λ2  are real. Hence,

Since λ1 ≠ λ2 , X ∗
1X2 = 0. That is, ⟨X2,X1⟩ = 0.

If A is skew-Hermitian, then A∗ = −A and all the eigenvalues of A are either zero
or purely imaginary. Since λ1 ≠ λ2 , at least one is nonzero. Suppose λ1 ≠ 0.

Then λ1  is purely imaginary, and hence λ1 = −λ1 .
Now,

If A is an unitary matrix, then ⟨AX1,AX2⟩ = ⟨X1,X2⟩.
Hence,

Since |λ| = 1 ⇒ λλ = 1 ⇒ λ = λ−1 , we have

λ1 ≠ λ2 ⇒ λ1
λ2

≠ 1 ⇒ λ1λ
−1
2 ≠ 1 ⇒ λ1λ2 ≠ 1. This shows that ⟨X1,X2⟩ = 0

.  □

We have that Hermitian, skew-Hermitian and unitary operators are normal operators, and we
discuss here some nice results and properties related to eigenvalues and eigenvectors of normal
operators.
Theorem 7.4.8.

Let T be a normal operator such that T (v) = λv. Then T ∗(v) = λv, where v is a vector and λ is a

scalar.

Proof.

Let T : V → V  be a normal operator. To prove the result, we have to show that

∥T ∗(v) − λv∥ = 0.

Consider

λ1X
∗
1X2= (λ1X1)

∗
X2 = (λ1X1)∗

X2 = (AX1)∗
X2

= X ∗
1A

∗X2 = X ∗
1AX2 = X ∗

1λ2X2 = λ2X
∗
1X2

⇒ (λ1 − λ2)X ∗
1X2 = 0 ⇒ λ1 − λ2 = 0 or X ∗

1X2 = 0.

λ1X
∗
1X2= (λ1X1)

∗
X2 = −(λ1X1)∗

X2 = −(AX1)∗
X2 = −X ∗

1A
∗X2

= −X ∗
1 (−A)X2 = X ∗

1AX2 = X ∗
1λ2X2 = λ2X

∗
1X2

⇒ (λ1 − λ2)X ∗
1X2 = 0 ⇒ X ∗

1X2 = 0.

⟨X1,X2⟩ = ⟨λ1X1,λ2X2⟩ = λ1λ2⟨X1,X2⟩⇒ (1 − λ1λ2)⟨X1,X2⟩ = 0.



Then

In particular, we have the following.

If T is Hermitian, then T = T ∗ , and hence T (v) = T ∗(v) ⇒ λv = λv ⇒ (λ − λ)v = 0. Since

v ≠ 0, λ = λ ⇒ λ is real.
If T is skew-Hermitian, then T ∗ = −T . Hence,

T ∗(v) = −T (v) ⇒ λv = −λv ⇒ (λ + λ)v = 0 ⇒ λ = −λ. This shows that λ = 0 or purely

imaginary.
Similarly, if T is Unitary, then TT ∗ = T ∗T = I . Hence,

 □

Also, we have that the linear operator LA  is normal if and only if matrix A is normal. Replacing
T by LA  in the above theorem, we obtain a similar result for normal matrices.

Corollary 7.4.9.

Eigenvectors associated to two distinct eigenvalues of a normal operator are orthogonal.

Proof.

Let v1  and v2  be associated eigenvectors of distinct eigenvalues λ1  and λ2  of a normal operator
T, respectively.

Then T (v1) = λ1v1  and T (v2) = λ2v2 . Also, from the above theorem, T ∗(v1) = λ1v1  and

T ∗(v2) = λ2v2 . Then

This implies (λ1 − λ2)⟨v1, v2⟩ = 0.

Since λ1 − λ2 ≠ 0, ⟨v1, v2⟩ = 0. Hence, v1  and v2  are orthogonal.  □

⟨T ∗(v) − λv,T ∗(v) − λv⟩

= ⟨T ∗(v),T ∗(v)⟩ + ⟨−λv,T ∗(v)⟩ + ⟨T ∗(v), −λv⟩ + ⟨−λv, −λv⟩

= ⟨v,TT ∗(v)⟩ − λ⟨v,T ∗(v)⟩ − λ⟨T ∗(v), v⟩ + λλ⟨v, v⟩

= ⟨v,TT ∗(v)⟩ − λ⟨T (v), v⟩ − λ⟨v,T (v)⟩ + λλ⟨v, v⟩

= ⟨v,T ∗T (v)⟩ − λ⟨λv, v⟩− λ⟨v,λv⟩+ λλ⟨v, v⟩

= ⟨T (v),λv⟩ − λλ⟨v, v⟩− λλ⟨v, v⟩+ λλ⟨v, v⟩

= λλ⟨v, v⟩− λλ⟨v, v⟩
= 0.

T ∗(v) − λv
2

= 0 ⇒ T ∗(v) − λv = 0 ⇒ T ∗(v) − λv = 0 ⇒ T ∗(v) = λv.

T ∗(v)= λv ⇒ TT ∗(v) = T (λv) ⇒ I(V ) = λT (v) ⇒ v = λλv ⇒ (1 − λλ)v = 0

⇒ λλ = 1 ⇒ |λ|2 = 1 ⇒ |λ| = 1.

λ1⟨v1, v2⟩ = ⟨λ1v1, v2⟩ = ⟨T (v1), v2⟩ = ⟨v1,T ∗(v2)⟩ = ⟨v1,λ2v2⟩ = λ2⟨v1, v2⟩.



Accordingly, this result is also true for all Hermitian, skew-Hermitian and unitary operators
(matrices).

Note that if B is an orthonormal basis consisting of eigenvectors of an operator T, then the
matrix [T ]B,B  is diagonal. Since a diagonal matrix is normal, [T ]B,B  is normal, and hence T is a

normal operator.
We now prove an important theorem known as spectral theorem for normal operators that

the converse of the above discussion is also true.
Theorem 7.4.10.
Let T be a normal operator on a finite-dimensional complex inner product space V. Then T is

diagonalizable.

Proof.

We prove the result, using the method of mathematical induction on the dimension of V. Let
dim (V ) = n. If dim (V ) = 1, take any nonzero vector v ∈ V  and then B = {v1}, where

v1 = v
∥v∥  is an orthonormal basis of V. Since dim (V ) = 1, V = {αv : α ∈ C}. Hence, v is an

eigenvector of T. Thus, the set of eigenvectors of T form an orthonormal basis of V and so T is
diagonalizable. Hence, the result is true for dim (V ) = 1.

Suppose the result is true for all normal operators on vector spaces of dimension less than n.
Since T has at least one eigenvalue λ1  in the case of a complex inner product space, let us take a
unit vector v1 ∈ V  such that T (v1) = λ1v1 .

Let U be the subspace of V generated by the eigenvector v1 . Then V = U ⊕ U ⊥ . Since
dim (U) = 1, dim (U ⊥) = n − 1.

Now, we shall show that the restriction of T and T ∗  on U ⊥  are also operators on U ⊥  and T ∗/U ⊥

is an adjoint of T/U ⊥ .

Let v2 ∈ U ⊥ . Then ⟨T (v2), v1⟩ = ⟨v2,T ∗(v1)⟩ = ⟨v2,λ1v1⟩ = λ1⟨v2, v1⟩. Since ⟨v2, v1⟩ = 0,

⟨T (v2), v1⟩ = 0. This shows that T (v2) ∈ U ⊥ .

Similarly,

Also, since U ⊥ ⊂ V ,T/U ⊥  and T ∗/U ⊥  are adjoint to each other. Since dim (U ⊥) = n − 1, by

the induction hypothesis U ⊥  has an orthonormal basis {v2, v3, … , vn} consisting of

eigenvectors of T/U ⊥ . Clearly, these eigenvectors are also eigenvectors of T. Then adding v1  to

this basis, we get {v1, v2, v3, … , vn}, an orthonormal basis of V. Since each vi, 1 ≤ i ≤ n is an

eigenvector of T, and T is diagonalizable.  □

Corollary 7.4.11.

Hermitian, skew-Hermitian and unitary operators on a finite-dimensional complex inner product space

V are diagonalizable.

Proof.

All the operators are normal, and hence diagonalizable.  □

Corollary 7.4.12.

Hermitian, skew-Hermitian and unitary complex matrices are diagonalizable.

⟨T ∗(v2), v1⟩ = ⟨v2,T (v1)⟩ = ⟨v2,λ1v1⟩ = λ1⟨v2, v1⟩ = 0 implies T ∗(v2) ∈ U ⊥.



Proof.

Let A be an n-square Hermitian (skew-Hermitian, unitary) matrix. Then A is Hermitian (skew-
Hermitian, unitary) if and only if the linear operator LA : Cn → C

n  is Hermitian (skew-Hermitian,
unitary). Hence, the result follows from the above corollary.  □

We have proved that the normal operator on a finite-dimensional complex inner product
space is diagonalizable. Now, we provide an example of a normal operator on a real inner product
space, which is normal but not diagonalizable.

Example 7.4.13.

Let T : R3 → R
3  be an operator defined by T (x, y, z) = (−y − 2z,x − 3z, 2x + 3y). Then

T ∗(x, y, z) = (y + 2z, −x + 3z, −2x − 3y), and hence TT ∗ = T ∗T  (verify).

Now, we shall so that T is not diagonalizable. Let B be standard basis of R3 . Then

The characteristic equation of T = Characteristic equation of the matrix [T ]B,B = λ3 + 14λ = 0

. Then 0, ±i√14 are eigenvalues of T. We have Mulg(0) = 1 but there is no vector

(x, y, z) ∈ R3  such that T (x, y, z) = ±i√14(x, y, z) ∈ R3 . Thus, the set of eigenvectors of T is

not a basis of R3 . Hence, T is not diagonalizable. However, if T is defined on the complex inner

product space C3  by T (x, y, z) = (−y − 2z,x − 3z, 2x + 3y), where (x, y, z) ∈ C
3 . Then T

has distinct eigenvalues 0, ±i√14 and so T is diagonalizable.

By noting that all the eigenvalues of a Hermitian operator are real, and hence its characteristic
equation splits over the reals, we prove the spectral theorem for Hermitian operators defined on a
real or complex inner product space.
Theorem 7.4.14.
A Hermitian operator and a finite-dimensional inner product space (real or complex) is diagonalizable.

Proof.

Let dim (V ) = n. We use the method of mathematical induction on n. If n = 1, then we get an

orthonormal basis {v} of V, where v = u
∥u∥  for any nonzero vector u ∈ V . That is eigenvector v

forms an orthonormal basis of V. Hence, the Hermitian operator T on V is diagonalizable.
Now suppose that the result is true for dim (V ) < n. Since all the eigenvectors of a Hermitian

operator are real, we can find a real eigenvalue λ1  and a nonzero eigenvector v1 . Also, T ∗ = T .
After that, repeating the rest of the proof of the spectral theorem for normal operators we obtain
the proof of this theorem.  □

Corollary 7.4.15.

Every Hermitian and symmetric matrix is diagonalizable.

[T ]B,B = .
0 −1 −2
1 0 −3
2 3 0



Proof.

Let A be an n-square matrix. Then we have that A is Hermitian if and only if LA : Cn → C
n  is

Hermitian and A is symmetric if and only if LA : Rn → R
n  is symmetric. Hence, the result follows

from above theorem.  □

Corollary 7.4.16.

Let A be a Hermitian matrix. Then there exists an unitary matrix U such that U ∗AU  is a diagonal

matrix. Similarly, if A is a symmetric matrix, then there exists an orthogonal matrix O such that OtAO
is a diagonal matrix.

Proof.

Let A be an n-square Hermitian matrix. Then the linear transformation LA : Cn → C
n  is

Hermitian. From Theorem →7.4.14, there exists an orthonormal basis {X1,X2, … ,Xn} of Cn ,

where each column vector Xi ∈ C
n , 1 ≤ i ≤ n is an eigenvector of LA . That is,

LA(Xi) = AXi = λiXi  for some λi ∈ C
n . Define the matrix U = [X1 X2 ⋯ Xn], where

eigenvectors X1,X2, … ,Xn  are as columns of U. Since all the column vectors are orthonormal,
U is an unitary matrix.
Then



where X ∗
i Xj  represents the standard inner product in Cn . Since X1,X2, … ,Xn  are

orthonormal, X ∗
i Xj = δij .

Similarly, if A is symmetric then LA : Rn → R
n  is symmetric. We get an orthonormal basis

{X1,X2, … ,Xn} of Rn , and hence the orthogonal matrix O = [X1 X2 ⋯ Xn]. Since

Xi ∈ R
n  ∀i, the inner product is defined as ⟨Xi,Xj⟩ = X t

jXi . Then we get OtAO a diagonal

matrix.  □

Since O is an orthogonal matrix Ot = O−1 , and hence OtAO = O−1AO = D, a diagonal
matrix containing corresponding eigenvalues in the diagonal. This special type of diagonalization
for symmetric matrices is called orthogonally diagonalization.

Remark.

Once we have identified the unique eigenvalues, we proceed to determine their associated
eigenspaces. Using the Gram–Schmidt process, we construct an orthonormal basis for each
eigenspace. Consequently, this yields an orthonormal basis containing eigenvectors. Notably, this
method extends to the diagonalization of both Hermitian and real symmetric matrices.

U ∗AU= A[ ]

= [ ]

= [ ]

=

= ,

X ∗
1

X ∗
2

⋮
X ∗

n

X1 X2 ⋯ Xn

X ∗
1

X ∗
2

⋮
X ∗

n

AX1 AX2 ⋯ AXn

X ∗
1

X ∗
2

⋮
X ∗

n

λ1X1 λ2X2 ⋯ λnXn

λ1X
∗
1X1 λ2X

∗
1X2 ⋯ λnX

∗
1Xn

λ1X
∗
2X1 λ2X

∗
2X2 ⋯ λnX

∗
2Xn

⋮
λ1X

∗
nX1 λ2X

∗
nX2 ⋯ λnX

∗
nXn

λ1 0 0 ⋯ 0
0 λ2 0 ⋯ 0

⋮
0 0 0 ⋯ λn



(7.4.1)

(7.4.2)

(7.4.3)

(7.4.4)

(7.4.5)

(7.4.6)

(7.4.7)
(7.4.8)
(7.4.9)

Exercises

Find orthogonal matrices O, P, Q and R such that the matrices OtAO,
P tBP , QtCQ and RtDR are diagonal, where

are real symmetric matrices.
Using the properties of eigenvalues show that the determinant of a
Hermitian matrix is always real.
Let A be a 101-square skew-Hermitian matrix. Using the properties of
eigenvalues of A, show that the determinant of A is either 0, or it is purely
imaginary.
Let A be a 100-square skew-Hermitian matrix. Using the properties of
eigenvalues of A show that the determinant of A is purely real.
Let A be an n-square Hermitian matrix. Then using the properties of
eigenvalues of A show that iIn + A is invertible.
Let A be an n-square skew-symmetric (skew-Hermitian). Then using the
properties of eigenvalues of A show that In + A is invertible.
Show that all eigenvalues of A⋆A are real, and A⋆A is diagonalizable.
Let A be a real matrix. Show that AtA is diagonalizable.
Show that for every real matrix A, there exist an orthogonal matrix O such
that AAt = ODOt , where D is a diagonal matrix.

7.5  Cayley–Hamilton theorem and the minimal polynomial

The celebrated Cayley–Hamilton theorem is one of the most fundamental results in basic linear
algebra. Before stating and proving this important theorem, we explain some elementary ideas
used in the proof.

Let

be a 3-square matrix. Then

and

A= , B = ,

C= , D =

−6 2 1
2 −6 1
1 1 −5

−3 2 −4
2 −6 −2

−4 −2 −3
−1 6 −4
6 −2 2

−4 2 3

−3 2 −4
2 −6 −2

−4 −2 −3

A =
1 2 3

−1 0 2
0 3 4

A − λI3 =
1 − λ 2 3

−1 −λ 2
0 3 4 − λ



where B2 , B1 , B0  are above 3×3 matrices.
Here, we observe that the elements of adj(A − λI3) are cofactors of the matrix A − λI3 ,

and hence are polynomials in λ of degree at most 2 and adj(A − λI3) is written as

λ2B2 + λB1 + B0 , where B2 , B1 , B0  are 3×3 matrices, which are independent of λ. This shows
that if A is any n-square matrix with entries in a field F, then

adj(A − λIn) = λn−1Bn−1 + λn−2Bn−2 + ⋯ + λB1 + B0  where Bn−1,Bn−2, … ,B1,B0
are n-square matrices with entries in F and free from λ.

Now, we are ready to prove our celebrated result.
Theorem 7.5.1 (Cayley–Hamilton theorem).
Every square matrix satisfies its own characteristic polynomial. That is, if A is a square matrix and

PA(λ) is its characteristic polynomial then PA(A) = 0.

Proof.

Let A be an n-square matrix. Then

PA(λ) = (−1)n(λn + an−1λ
n−1 + an−2λ

n−2 + ⋯ + a1λ + a0).

Also, we have that

From the earlier discussion, we have that

where Bn−1,Bn−2, … ,B1,B0  are n-square matrices independent from λ.
Then from above equation,

or

Now, equating the coefficients of corresponding powers of λ, we get

adj(A − λI3)=

= λ2 + λ +

= λ2B2 + λB1 + B0,

λ2 − 4λ − 6 2λ + 1 3λ + 4

−λ + 4 λ2 − 5λ + 4 2λ − 5

−3 3λ − 3 λ2 − λ + 2
1 0 0
0 1 0
0 0 1

−4 2 3
−1 −5 2
0 3 −1

−6 1 4
4 4 −5

−3 −3 2

(A − λIn) adj(A − λIn)= |A − λIn|In, or
(A − λIn) adj(A − λIn)= PA(λ)In.

adj(A − λIn) = Bn−1λ
n−1 + Bn−2λ

n−2 + ⋯ + B1λ + B0,

(A − λIn)(Bn−1λ
n−1 + Bn−2λ

n−2 + ⋯ + B1λ + B0)

= (−1)n(λn + an−1λ
n−1 + an−2λ

n−2 + ⋯ + a1λ + a0)In,

−Bn−1λ
n + (ABn−1 − Bn−2)λn−1 + (ABn−2 − Bn−3)λn−2 + ⋯ + (AB1 − B0)λ + AB0)

= (−1)n(λn + an−1λ
n−1 + an−2λ

n−2 + ⋯ + a1λ + a0)In.



Multiplying above equations from first to n-th by An,An−1, … ,A and In , respectively, we get

Adding the above equations, we get

That is, A is a root of its characteristic polynomial PA(λ).  □

The Cayley–Hamilton theorem is applicable to find the inverse of an invertible matrix.

Example 7.5.2.

Let

Then the characteristic polynomial of A is PA(λ) = −λ3 + 7λ2 − 13λ + 7.

From the Cayley–Hamilton theorem, we have

(−1)nIn= −Bn−1,

(−1)nan−1In= ABn−1 − Bn−2,
(−1)nan−2In= ABn−2 − Bn−3,

⋮

(−1)na1In= AB1 − B0,
(−1)na0In= AB0.

(−1)nAn= −AnBn−1,

(−1)nan−1A
n−1= AnBn−1 − An−1Bn−2,

(−1)nan−2A
n−2= An−1Bn−2 − An−2Bn−3,

⋮

(−1)na1A= A2B1 − AB0,

(−1)na0In= AB0.

(−1)n{An + an−1A
n−1 + an−2A

n−2 + ⋯ + a1A + a0In} = 0, or PA(A) = 0

A = .
2 0 1
1 3 1
1 2 2



Note that if the characteristic polynomial of a matrix A does not contain the constant term, then A

is not invertible. For example, suppose PA(λ) = −λ3 + a1λ
2 + a2λ is the characteristic

polynomial of any matrix A. Then

PA(λ) = 0 ⇒ −λ3 + a1λ
2 + a2λ = 0 ⇒ λ(−λ2 + a1λ + a2) = 0. That is, λ = 0 is an

eigenvalue of A. Hence, A is noninvertible.
From the Cayley–Hamilton theorem, it is clear that for any given n-square matrix A there exists an
n degree polynomial P(x) such that P(A) = 0. But the question is that, “does there exist any n-

square matrix A and a polynomial P ′(x) such that deg (P ′(x)) < n and P ′(A) = 0.” The

answer of this question is positive. Hence, we discuss about the existence and uniqueness of such
a monic polynomial m(x) of degree less than or equal to n such that m(A) = 0. Recall that a

polynomial P(x) = anx
n + an−1x

n−1 + ⋯ + a1x + a0  is called monic if an = 1.

Definition 7.5.3.

Let A be an n-square matrix with entries in a field F. Then the least degree monic polynomial
mA(x) satisfying mA(A) = 0 is called the minimal polynomial of A.

Theorem 7.5.4.
There exists a unique minimal polynomial of any n-square matrix A.

Proof.

Consider the set:

From the Cayley–Hamilton theorem, if PA(x) is the characteristic polynomial of A, then

PA(A) = 0. Hence, Λ is a nonempty subset of N. By the well-ordering principle, there exist a

smallest natural number k in Λ. Then without loss of any generality, we can assume a monic
polynomial m(x) such that deg (m(x)) = k and m(A) = 0. Since all the polynomials P(x) of

PA(A)= 0 ⇒ −A3 + 7A2 − 13A + 7I3 = 0

⇒
1
7

(A3 − 7A2 + 13A) = I3

⇒ A
1
7

(A2 − 7A + 13I3) = I3

⇒ A−1 =
1
7

(A2 − 7A + 13I3)

=
1
7
A2 − A +

13
7
I3

=
1
7

− +
13
7

= .

5 2 4
6 11 6
6 10 7

2 0 1
1 3 1
1 2 2

1 0 0
0 1 0
0 0 1

4
7

2
7

−3
7

−1
7

3
7

−1
7

−1
7

−4
7

6
7

Λ = {deg (P(x)) : P(x) is a nonzero polynomial satisfying P(A) = 0}.



(i)

(ii)

(i)

(ii)

degree k such that P(A) = 0 will be of the form P(x) = akm(x) where ak ≠ 0 ∈ F , m(x) is

unique, and hence minimal polynomial of A.  □

Theorem 7.5.5.
Let A be an n-square matrix and let P(x) be a polynomial such that P(A) = 0. Then the minimal

polynomial mA(x) divides P(x).

Proof.

By division algorithm, there exist polynomials q(x) and r(x) such that

P(x) = mA(x)q(x) + r(x), with r(x) = 0 or deg (r(x)) <deg (mA(x)). Since P(A) = 0 and

mA(A) = 0, from above equation we have 0 = P(A) = mA(A)q(A) + r(A) ⇒ r(A) = 0. But

mA(x) is the least degree monic polynomial satisfying mA(A) = 0, r(x) cannot be nonzero

polynomial with r(A) = 0 and deg (r(x)) <deg (mA(x)). Hence, r(x) = 0. It follows that

P(x) = mA(x)q(x). Thus, mA(x) divides P(x).  □

Corollary 7.5.6.

If PA(x) and mA(x) are characteristic and minimal polynomials of a matrix A, respectively, then:

mA(x) divides PA(x) and

every eigenvalue of A is a root of mA(x).

Proof.

Since PA(x) is a polynomial satisfying PA(A) = 0, from the above theorem we

have that mA(x) divides PA(x). That is, every zero of m(x)  is a zero of PA(x),

also.
Let λ be an eigenvalue of A and X be its associated eigenvector. Also, we have that
if P(x) is any polynomial then the eigenvalue of matrix P(A) is P(λ), that is,

P(A)X = P(λ)X. Hence, for the minimal polynomial mA(x) we have

mA(λ)X = mA(A)X = 0X = 0. Since X is an eigenvector, X ≠ 0, hence

mA(λ) = 0. This proves that λ is a root of minimal polynomial mA(x). That is,

every zero of PA(x) is also a zero of mA(x).  □

Thus, from the above corollary it is clear that the characteristic polynomial and the minimal
polynomial of a matrix have the same zeros.
Theorem 7.5.7.
Similar matrices have the same minimal polynomial.

Proof.

Let A and B be similar matrices. Then there exist an invertible matrix P such that B = P −1AP .

Let f(x) = xk + ak−1x
k−1 + ak−2x

k−2 + ⋯ + a1x + a0 , be any polynomial. Then

Since (P −1AP)n = (P −1AP)(P −1AP) ⋯ (P −1AP) = (P −1AnP), we have

f(B) = f(P −1AP) = (P −1AP)
k

+ ak−1(P −1AP)
k−1

+ ak−2(P −1AP)
k−2

+ ⋯ + a1(P −1



(7.5.1)

Thus, f(A) = 0 if and only if f(B) = 0.

Hence, A and B have the same minimal polynomial.  □

Example 7.5.8.

Consider the matrix

The characteristic polynomial of A is

PA(λ) = |A − λI3| = −λ3 + 6λ2 − 11λ + 6 = −(λ − 1)(λ − 2)(λ − 3). By Corollary →7.5.6,

we have that minimal polynomial contains all the eigenvalues of the matrix and divides the
characteristic polynomial. Hence, the minimal polynomial is either −(λ − 1)(λ − 2)(λ − 3) or

(λ − 1)(λ − 2)(λ − 3). Since the minimal polynomial is the monic polynomial,

mA(λ) = (λ − 1)(λ − 2)(λ − 3).

Example 7.5.9.

Let

Then PA(λ) = −λ3 + 10λ2 − 28λ + 24 = −(λ − 2)2(λ − 6).

The minimal polynomial of A will be either (λ − 2)(λ − 6) or (λ − 2)2(λ − 6). Now,

Hence, the minimal polynomial of A is (λ − 2)(λ − 6).

Exercises

Verify the Cayley–Hamilton theorem for the following matrices:

f(B)= P −1AkP + ak−1P
−1Ak−1P + ak−2P

−1Ak−2P + ⋯ + a1P
−1AP + a0In

= P −1(Ak + ak−1A
k−1 + ak−2A

k−2 + ⋯ + a1A + a0In)P

= P −1f(A)P .

A = .
1 0 −1
1 2 1
2 2 3

A = .
3 2 −1
3 8 −3
3 6 −1

(A − 2I3)(A − 6I3) = = .
1 2 −1
3 6 −3
3 6 −3

−3 2 −1
3 2 −3
3 6 −7

0 0 0
0 0 0
0 0 0

A = , B = .
1 2 3
0 −1 2
0 0 −2

3 1 4
2 3 1
1 2 5



(7.5.2)

(7.5.3)

(7.5.4)

(7.5.5)

Find the inverse of the following matrices using Cayley–Hamilton theorem:

Find the minimal polynomial of the following matrices:

Let f(x) be the minimal polynomial of the matrix

Then find the rank and the determinant of the matrix f(A).

Let f(x) be the characteristic polynomial of the matrix

Then find the rank and the determinant of the matrix f(A).

A= , B = ,

C= , D = .

1 1 2
0 2 2

−1 1 3

1 1 4
0 −2 6
0 0 3

3 2 0
3 3 1
4 4 1

1 −1 0
2 3 −4
2 3 −3

A= , B = ,

C= , D = .

2 1 1
1 2 1
0 0 1

1 2 2
2 1 −2
2 −2 1

1 1 2 1
0 1 0 −1
0 0 1 2
0 0 0 1

0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0

A = .

2 1 2 1
1 1 5 −1
0 1 −1 −5

−2 1 −3 −1

A = .

2 3 4 5
6 3 −2 −1
0 1 −1 −5
2 −1 3 1



(i)

(ii)

(a)

(b)

8  Bilinear and quadratic forms

In this chapter, we explore bilinear and quadratic forms. Bilinear forms are linear transformations
that are linear in more than one variable, extending our understanding of linear phenomena.
Although the field F is initially general, we will focus specifically on F = R or C.

8.1  Bilinear forms

Definition 8.1.1.

Let V be a vector space over a field F. A function f : V × V → F  is called a bilinear form on V if it
satisfies the following conditions:

f(au + bv,w) = af(u,w) + bf(v,w);

f(u, av + bw) = af(u, v) + bf(u,w)

for all a, b ∈ F  and u, v,w ∈ V .

In the first part of the definition, fix w and denote f(u,w) = fw(u) for all u ∈ V . Then we have

This demonstrates that fw : V → F  is a linear functional. Similarly, in the second part, fix u and
define fu(v) = f(u, v) for all v ∈ V . Then fu  is also a linear functional. Therefore, the bilinear

form f on V is linear in each variable when the other variable is fixed, which is why it is termed
bilinear.

It is evident that if f and g are bilinear forms on V, then (f + g) and kf , defined by

(f + g)(u, v) = f(u, v) + g(u, v) and (kf)(u, v) = kf(u, v), where k ∈ F  are also bilinear

forms. Thus, Bl(V ), the set of bilinear forms on V, forms a vector space over F.

Example 8.1.2.

Let V be a vector space over a field F. Then the map f : V × V → F  defined by
f(u, v) = 0, called a zero map, is a bilinear form on V.

Let V be a vector space over the field of real numbers R. Then from the definition
of inner product on V the map f : V × V → R defined by f(u, v) = ⟨u, v⟩ is a

bilinear form.
In particular, f : Rn × R

n → R defined by

where x = (x1,x2, … ,xn), y = (y1, y2, … , yn) ∈ R
n  is a bilinear form on Rn

.
Thus, an inner product on a real vector space is a bilinear form.
If V is a complex vector space, then the map f : V × V → F  defined by
f(u, v) = ⟨u, v⟩ is not a bilinear form.

This is because

f(u, av + bw) = ⟨u, av + bw⟩ = a⟨u, v⟩+ b⟨u,w⟩ = af(u, v) + bf(u,w) ≠ af

fw(au + bv) = f(au + bv,w) = af(u,w) + bf(v,w) = afw(u) + bfw(v).

f(x, y) = ⟨x, y⟩ = x1y1 + x2y2 + ⋯ + xnyn,

¯̄̄̄



.

Example 8.1.3.

Let V be a vector space over a field F and let f1  and f2  be linear functionals on V. Then the map
f : V × V → F  defined by f(u, v) = f1(u)f2(v) is a bilinear form on V.

Let u, v,w ∈ V  and let a, b ∈ F . Then

Similarly,
f(u, (av + bw) = f1(u)f2(av + bw)) = f1(u)(af2(v) + bf2(w)) = af1(u)f2(v) + bf1(u)f2(w
.

Example 8.1.4.

Let A be an n-square matrix with entries in a field F. Then the map f : F n × F n → F  defined by

f(X,Y ) = X tAY , where X and Y are column vectors in F n , is a bilinear form on F n .

Let X,Y ,Z ∈ F n  and a, b ∈ F . Then

Similarly,

In particular, if

Then the bilinear form f : R2 × R2 → R is f(X,Y ) = X tAY .

If

then

f(au + bv,w)= f1(au + bv)f2(w) = (af1(u) + bf1(v))f2(w) = af1(u)f2(w) + bf1(v)f2(w)

= af(u,w) + bf(v,w).

f(aX + bY ,Z)= (aX + bY )tAZ

= (aX t + bY t)AZ

= aX tAZ + bY tAZ

= af(X,Z) + bf(Y ,Z).

f(X, aY + bZ)= X tA(aY + bZ)

= X tAaY + X tAbZ

= aX tAY + bX tAZ

= af(X,Y ) + bf(X,Z).

A = [ ] and F = R.
−1 0

1 2

X = [ ] and Y = [ ],
x1

x2

y1

y2



In the next example, we explore all possible bilinear forms on a two-dimensional vector space.

Example 8.1.5.

Let V be a 2-dimensional vector space over the field F and let B = {v1, v2} be an ordered basis of

V.
Suppose f : V × V → F  is a bilinear form.
Then for u,w ∈ V , u = k1v1 + k2v2  and w = l1v1 + l2v2  and so

where

are coordinate vectors of u and w in column form denoted by [u]B  and [w]B , respectively.

If [f]B,B  denotes the matrix

then f(u,w) = [u]tB[f]B,B[w]B .

Thus, f is completely determined by the matrix [f]B,B  whose ij-th elements are f(vi, vj).

Building on the previous discussion, we define the matrix associated with a bilinear form and
extend the result to an n-dimensional vector space.

Definition 8.1.6.

Let f be a bilinear form on an n-dimensional vector space V over a field F and let
B = {v1, v2, … , vn} be an ordered basis of V. Then the matrix of f with respect to the basis B is

defined as

f(X,Y ) = X tAY= [ ][ ][ ]

= [ ][ ]

= −x1y1 + x2y1 + 2x2y2.

x1 x2
−1 0

1 2

y1

y2

−x1 + x2 2x2
y1

y2

f(u,w)= f(k1v1 + k2v2,w)

= k1f(v1,w) + k2f(v2,w)

= k1f(v1, l1v1 + l2v2) + k2f(v2, l1v1 + l2v2)

= k1(l1f(v1, v1) + l2f(v1, v2)) + k2(l1f(v2, v1) + l2f(v2, v2))

= k1l1f(v1, v1) + k1l2f(v1, v2) + k2l1f(v2, v1) + k2l2f(v2, v2)

= [k1 k2][ ][ ],
f(v1, v1) f(v1, v2)

f(v2, v1) f(v2, v2)

l1

l2

[ ] and [ ]
k1

k2

l1

l2

[ ],
f(v1, v1) f(v1, v2)

f(v2, v1) f(v2, v2)



1.

2.

1.

Similar to matrices associated with linear transformations, we can describe the relationship
between the matrices of bilinear forms and coordinate vectors.
Theorem 8.1.7.
Let V be an n-dimensional vector space over a field F and let B = {v1, v2, … , vn} be an ordered

basis of V. Then:

Every bilinear form f on V is completely determined by its matrix [f]B,B .

For every n-square matrix A with entries in F, there exists a bilinear form f on V such

that [f]B,B = A.

Proof.

Let x = ∑n
i=1 xivi  and y = ∑n

i=1 yivi  be any two vectors in V, where xi, yi ∈ F

for all i. Then

where

[f]B,B = .
⎡⎢⎣f(v1, v1) f(v1, v2) … f(v1, vn)

⋮ ⋮ ⋱ ⋮
f(vn, v1) f(vn, v2) … f(vn, vn)

⎤⎥⎦f(x, y)= f(
n

∑
i=1

xivi, y)

=
n

∑
i=1

xif(vi, y)

=
n

∑
i=1

xif(vi,
n

∑
j=1

yjvj)

=
n

∑
i=1

xi

n

∑
j=1

yjf(vi, vj)

=
n

∑
i=1

n

∑
j=1

xiyjf(vi, vj)

= [ ]

= [x]tB[f]B,B[y]B,

x1 x2 ⋯ xn

⎡⎢⎣f(v1, v1) f(v1, v2) … f(v1, vn)

⋮ ⋮ ⋱ ⋮

f(vn, v1) f(vn, v2) … f(vn, vn)

⎤⎥⎦⎡⎢⎣y1

y2

⋮

yn

⎤⎥⎦



2.

are the coordinate vectors of x and y in column form. Thus, f is completely
determined by the matrix [f]B,B .

Given A ∈ Mn,n(F), define the map f : V × V → F  by

Since [x]B, [y]B ∈ F n , from Example →8.1.4 it is clear that f is a bilinear form. For

basis vectors vi  and vj , have

and

Then

and so

[x]B = and [y]B =

⎡⎢⎣x1

x2

⋮

xn

⎤⎥⎦ ⎡⎢⎣y1

y2

⋮

yn

⎤⎥⎦f(x, y) = [x]tBA[y]B.

vi = 0v1 + 0v2 + ⋯ + 0vi−1 + 1vi + 0vi+1 + ⋯ + 0vn

vj = 0v1 + 0v2 + ⋯ + 0vj−1 + 1vj + 0vj+1 + ⋯ + 0vn.

[vi]B = and [vj]B = ,

⎡⎢⎣0

⋮

0
1

0

⋮
0

⎤⎥⎦ ⎡⎢⎣0

⋮

0
1

0

⋮
0

⎤⎥⎦f(vi, vj)= [vi]
t
BA[vj]B

= [ ]

= aij.

0 ⋯ 0 1 0 ⋯ 0

⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮
an1 an2 ⋯ ann

⎤⎥⎦⎡⎢⎣0

⋮
0

1

0

⋮

0

⎤⎥⎦



Thus, the ij-th element of the matrix A is equal to f(vi, vj), which is the ij-th

element of the matrix [f]B,B . Therefore, A = [f]B,B .  □

Corollary 8.1.8.

Let B = {v1, v2, … , vn} be an ordered basis of an n-dimensional vector space V over the field F.

Then the map T : Bl(V ) → Mn,n(F), defined by T (f) = [f]B,B , is a vector space isomorphism.

Proof.

Let f1, f2 ∈ Bl(V ) and a1, a2 ∈ F . The map T is a linear transformation if and only if

or

Now,

shows that the ij-th entry of the matrix [a1f1 + a2f2]B,B  is equal to a1  times the ij-th entry of

the matrix [f1]B,B + a2  times the ij-th entry of the matrix [f2]B,B . Thus,

Hence, T (a1f1 + a2f2) = a1T (f1) + a2T (f2). From the above theorem, it is clear that T is

bijective. Therefore, T is an isomorphism.  □

The following theorem describes the effect of a change of basis on the matrix representation
of a bilinear form.
Theorem 8.1.9.
Let f be a bilinear form on a finite-dimensional vector space V over the field F and let

B = {v1, v2, … , vn}, B′ = {v′
1, v′

2, … , v′
n} be two ordered bases of V. Then

[f]B′,B′ = [I]tB′,B[f]B,B[I]B′,B , where [I]B′B  is the matrix of identity linear transformation on V.

Proof.

Let [I]B′,B = [qij]. Then v′
j = ∑n

i=1 qijvi  for all j = 1, 2, … ,n.

Suppose [f]B,B = [aij] and [f]B′,B′ = [a′
ij], then aij = f(vi, vj) and a′

ij = f(v′
i, v

′
j).

Hence,

T (a1f1 + a2f2) = a1T (f1) + a2T (f2),

[a1f1 + a2f2]B,B = a1[f1]B,B + a2[f2]B,B.

(a1f1 + a2f2)(vi, vj) = a1f1(vi, vj) + a2f2(vi, vj) ∀i, j

[a1f1 + a2f2]B,B = a1[f1]B,B + a2[f2]B,B.



From the property of matrix multiplication, this shows that a′
ij  is the ij-th entry of the matrix

[I]tB′,B[f]B,B[I]B′B . Hence, [f]B′,B′ = [I]tB′,B[f]B,B[I]B′B .  □

(Compare this with the similar result in the case of linear transformation.)

Example 8.1.10.

Let

Then A gives rise to the bilinear form f(X,Y ) = X tAY on R
3 .

Let

Then

is the bilinear form on R3 .

Note that, if

a′
ij= f(v′

i, v
′
j) = f(

n

∑
k=1

qkivk,
n

∑
l=1

qljvl)

=
n

∑
k=1

n

∑
l=1

qkiqljf(vk, vl)

=
n

∑
k=1

n

∑
l=1

qkiqljakl

=
n

∑
k=1

qki(
n

∑
l=1

aklqlj).

A = .
⎡⎢⎣ 1 2 3

−1 0 2
4 5 −2

⎤⎥⎦X = and Y = .
⎡⎢⎣x1

x2

x3

⎤⎥⎦ ⎡⎢⎣y1

y2

y3

⎤⎥⎦f(X,Y )= [ ]

= x1y1 + 2x1y2 + 3x1y3 − x2y1 + 2x2y3 + 4x3y1 + 5x3y2 − 2x3y3,

x1 x2 x3

⎡⎢⎣ 1 2 3

−1 0 2

4 5 −2

⎤⎥⎦⎡⎢⎣y1

y2

y3

⎤⎥⎦A =

⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮
an1 an2 ⋯ ann

⎤⎥⎦



is any matrix in Mn,n(F), then the associated bilinear form f(X,Y ) = X tAY  on F n  is defined

as

where X t = [x1 x2 ⋯ xn] and Y t = [y1 y2 ⋯ yn].
Thus, for a given matrix A = [aij] ∈ Mn,n(F), the bilinear form f on F n  associated with A can be

directly expressed using the entries aij  as coefficients of xiyj . Specifically,

f(X,Y ) = ∑i∑j aijxiyj .

Example 8.1.11.

Let f(x, y) = x1y1 + 3x1y3 − x2y1 + 2x2y2 + 5x3y1 + 4x3y2  be a bilinear form on R3 .

Let B1 = {e1 = (1, 0, 0), e2 = (0, 1, 0), e3(0, 0, 1)} be the standard ordered basis of R3 .

Then from Definition →8.1.6,

and we have

Thus, the matrix of a bilinear form f on Rn  related to the standard ordered basis of Rn  is
A = [aij], where aij = coefficient of term xiyj  of f(x, y).

Let B2 = {v1 = (1, 0, 0), v2 = (1, −1, 0), v3 = (1, 1, −1)} be another ordered basis of R3 .

Then we find the matrix [f]B2,B2
 as follows:

f(X,Y ) =a11x1y1 + a12x1y2 + ⋯ + a1nx1yn

+a21x2y1 + a22x2y2 + ⋯ a2nx2yn

+

⋮

+an1xny1 + an2xny2 + ⋯ + annxnyn,

a11= f(e1, e1) = 1 = coefficient of x1y1,

a12= f(e1, e2) = 0 = coefficient of x1y2,

⋮

a33= f(e3, e3) = 0 = coefficient of x3y3,

[f]B1,B1
= .
⎡⎢⎣ 1 0 3

−1 2 0
5 4 0

⎤⎥⎦



hence

Now the transition matrix [I]B2,B1
 is given as

Also, the transpose matrix is

Then

This shows that [I]tB2,B1
[f]B1,B1

[I]B2,B1
= [f]B2,B2

.

a11= f(v1, v1) = f((1, 0, 0), (1, 0, 0)) = 1,

a12= f(v1, v2) = f((1, 0, 0), (1, −1, 0)) = 1,

a13= f(v1, v3) = f((1, 0, 0), (1, 1, −1)) = −2,

a21= f(v2, v1) = f((1, −1, 0), (1, 0, 0)) = 2,

a22= f(v2, v2) = f((1, −1, 0), (1, −1, 0)) = 4,

a23= f(v2, v3) = f((1, −1, 0), (1, 1, −1)) = −3,

a31= f(v3, v1) = f((1, 1, −1), (1, 0, 0)) = −5,

a32= f(v3, v2) = f((1, 1, −1), (1, −1, 0)) = −3,

a33= f(v3, v3) = f((1, 1, −1), (1, 1, −1)) = −10,

[f]B2B2
= .
⎡⎢⎣ 1 1 −2

2 4 −3
−5 −3 −10

⎤⎥⎦I(1, 0, 0)= (1, 0, 0) = 1(1, 0, 0) + 0(0, 1, 0) + 0(0, 0, 1),
I(1, −1, 0)= (1, −1, 0) = 1(1, 0, 0) + (−1)(0, 1, 0) + 0(0, 0, 1),

I(1, 1, −1)= (1, 1, −1) = 1(1, 0, 0) + 1(0, 1, 0) + (−1)(0, 0, 1),

[I]B2,B1
= .
⎡⎢⎣1 1 1

0 −1 1

0 0 −1

⎤⎥⎦[I]tB2,B1
= .
⎡⎢⎣1 0 0

1 −1 0

1 1 −1

⎤⎥⎦= .

⎡⎢⎣1 0 0

1 −1 0
1 1 −1

⎤⎥⎦⎡⎢⎣ 1 0 3

−1 2 0
5 4 0

⎤⎥⎦⎡⎢⎣1 1 1

0 −1 1
0 0 −1

⎤⎥⎦⎡⎢⎣ 1 1 −2

2 4 −3
−5 −3 −10

⎤⎥⎦



(i)

(ii)

(iii)

Definition 8.1.12.

Let A and B be n-square matrices. Then B is said to be congruent to A if there is a nonsingular
matrix P such that B = P tAP .
From Theorem →8.1.9, it is clear that the matrices of a bilinear form related to a different choice
of bases are congruent. The relation of being congruent is an equivalence relation on Mn,n(F).

The following example shows that any matrix congruent to a symmetric matrix is also
symmetric.

Example 8.1.13.

Let B be a matrix congruent to a symmetric matrix A. Then for some nonsingular matrix P,

B = P tAP .

Now, Bt = (P tAP)t = P tAt(P t)t = P tAP = B.

This shows that B is a symmetric matrix.

We have that, if A and B are matrices of a bilinear form f related to a different choice of bases,
then A and B are congruent to each other and so there is a nonsingular matrix P, such that
B = P tAB. Since P is nonsingular, rank(B) = rank(A). Hence, the rank of a bilinear form is
defined as follows.

Definition 8.1.14.

Let f be a bilinear form on a finite-dimensional vector space V. The rank of f is defined as the rank
of the matrix of f with respect to any basis of V.
If rank(f) <dim (V ), then f is considered degenerate. Conversely, f is considered

nondegenerate if rank(f) =dim (V ).

Based on specific properties of bilinear forms, the following types of bilinear forms are
defined.

Definition 8.1.15.

Let f be a bilinear form on a vector space V over F. Then f is called:

symmetric if f(v,w) = f(w, v) ∀v,w ∈ V ;

skew-symmetric if f(v,w) = −f(w, v) ∀v,w ∈ v; and

alternating if f(v, v) = 0 ∀v ∈ V .

Theorem 8.1.16.
Let f be a bilinear form on a vector space V over a field F of characteristic ≠2. Then f is skew-symmetric if

and only if f is alternating.

Proof.

Suppose f is skew-symmetric. Then

Taking u = v, f(v, v) = −f(v, v), ∀v ∈ V . This implies

f(u, v) = −f(v,u) ∀u, v ∈ V .



(8.1.1)

(i)

(ii)

(iii)

(iv)

(v)

(8.1.2)

(8.1.3)

(8.1.4)

(8.1.5)

(8.1.6)

(8.1.7)

Since characteristic of F is ≠2, 1+1≠0, and hence f(v, v) = 0 ∀v ∈ V .

This proves that f is an alternating bilinear form.
Conversely, suppose that f is an alternating bilinear form.
Then f(v, v) = 0 ∀v ∈ V .

Since

From f(u,u) = f(v, v) = 0 ∀u, v ∈ V , the above equation implies f(u, v) + f(v,u) = 0.

Hence, f(u, v) = −f(v,u), ∀u, v ∈ V .

Thus, f is an skew-symmetric bilinear form.  □

Exercises

Let x = (x1,x2) and y = (y1, y2). Then determine which of the following

are bilinear forms on R2 :
f1(x, y) = x1y1 + 2x2y2 ,

f2(x, y) = 2x1 + y2 ,

f3(x, y) = x1x2 + 2y1y2 ,

f4(x, y) = 4x1y1 − x1y2 − x2y1 + 2x2y2 ,

f5(x, y) = 1.

Show that the function F defined as F(f, g) = ∫ b
a f(x)g(x)dx,

f, g ∈ C(R[a,b]) is a bilinear form on the real vector space C(R[a,b]) of all

continuous real valued functions on the closed interval [a, b].
Show that the function f defined as f(A,B) = tr(BtA) is a bilinear form

on the vector space Mm,n(R) of all m × n matrices over R, where

A,B ∈ Mm,n(R).

Let f(x, y) = x1y1 − 2x1y2 − 3x2y1 + 4x2y2 + 5x3y1 + 2x3y3  be a

bilinear form on R3 . Then find the matrix A such that f(x, y) = xtAy,

where xt = [x1 x2 x3] and yt = [y1 y2 y3].
Show that the function f defined as f(p(x), q(x)) = ∫ 1

0 p(x)q(x)dx is a

bilinear form on the polynomial space P2(x) over R. Also, find the matrix

[f]B,B  of f, where B = {1,x,x2} is the basis of P2(x).

Let
f(x, y) = 2x1y1 − x1y2 + 2x1y3 − 3x2y1 + 2x2y2 + 3x3y1 + 2x3y2  be

a bilinear form on R3 , where x = (x1,x2,x3) and y = (y1, y2, y3). Then

find the matrices [f]B1,B1
 and [f]B2,B2

 of f with respect to the bases

Also, show that both the matrices are congruent, i. e.,

[f]B2,B2
= [I]tB2,B1

[f]B1,B1
[I]B2,B1

.

f(v, v) + f(v, v) = 0 ⇒ f(v, v)(1 + 1) = 0.

u + v ∈ V ∀u, v ∈ V , f(u + v,u + v) = 0

⇒ f(u,u) + f(u, v) + f(v,u) + f(v, v) = 0.

B1= {e1 = (1, 0, 0), e2 = (0, 1, 0), e3(0, 0, 1)} and

B2= {v1 = (1, 0, 0), v2 = (1, −1, 0), v3 = (1, 1, −1)}.



Let f(x, y) = x1y1 − 2x1y3 − x2y1 + 2x2y2 + 3x3y1 + 3x3y3  be a

bilinear form on R3 , where x = (x1,x2,x3) and y = (y1, y2, y3). Then

find the matrices [f]B1,B1
 and [f]B2,B2

 of f with respect to the bases

B1 = {(1, 0, 0), (1, −1, 0), (1, 1, −1)} and

B2 = {(1, 0, −2), (−1, 0, 3), (0, 1, −3)}. Also, show that both the

matrices are congruent,i. e.,

8.2  Symmetric bilinear forms and quadratic forms

In this section, we discuss the key concepts of symmetric bilinear forms and quadratic forms,
along with their representation through symmetric matrices. Recall Definition →8.1.15 of a
symmetric bilinear form f, which states: “A bilinear form on a vector space V over a field F is
symmetric if f(v,w) = f(w, v) ∀v,w ∈ V .” We will now prove some significant results and

examine quadratic forms, which are closely related to symmetric bilinear forms.
Theorem 8.2.1.
A bilinear form f is symmetric if and only if its matrix representation [f]B,B  associated to any basis B is

symmetric.

Proof.

Let f be a symmetric bilinear form of a vector space V over a field F and let B = {v1, v2, … , vn}
be a basis of V.
Then ij-th entry of the matrix [f]B,B = f(vi, vj).

Since f is symmetric, f(vi, vj) = f(vj, vi) = ji-th entry of [f]B,B .

Hence, matrix [f]B,B  is symmetric.

Conversely, suppose that [f]B,B  is a symmetric matrix.

Then from Theorem →8.1.7, f(u, v) = [u]tB[f]B,B[v]B , where u, v ∈ V  and [u]B , [v]B  are

coordinate vectors in column form.

Since [u]tB[f]B,B[v]B ∈ F ,

Hence, f is a symmetric bilinear form.
Note that if the matrix [f]B,B  of bilinear form f associated to a basis B is diagonal, then it is a

symmetric matrix, and hence from the above theorem f is a symmetric bilinear form.  □

In the following theorem, we shall show that the converse of this result is also true in case of
field F with characteristic ≠2.
Theorem 8.2.2.
Let f be a symmetric bilinear form on a finite-dimensional vector space V over a field F with the

characteristic not equal to 2. Then there exists an ordered basis B of V such that the matrix [f]B,B  of f

is diagonal.

[f]B2,B2
= [I]tB2,B1

[f]B1,B1
[I]B2,B1

.

[u]tB[f]B,B[v]B = ([u]tB[f]B,B[v]B)
t

= [v]tB[f]tB,B[u]B = [v]tB[f]B,B[u]B = f(v,u).



Proof.

We prove the theorem by induction on n =dim (V ).

If n = 0 or 1, then the matrix of f is of order 1×1, and hence diagonal.
Assume the result is true for all symmetric bilinear forms on vector spaces of dimension less than
n.
Let f be a symmetric bilinear form on a vector space V of dimension n.
If f is the zero bilinear form, then the matrix of f is the zero matrix for any basis of V, and hence
diagonal.
Now, suppose f is not identically zero. Then we claim that there exists a nonzero vector v ∈ V
such that f(v, v) ≠ 0.

Assume, to the contrary, that f(v, v) = 0 for all v ∈ V .

Then f(u + v,u + v) = 0 for all u, v ∈ V .

That is, f(u,u) + f(u, v) + f(v,u) + f(v, v) = 0.

Since f is symmetric, f(u, v) = f(v,u).

Thus, f(u,u) + f(v, v) + f(u, v)(1 + 1) = 0. Since f(u,u) = f(v, v) = 0, we have

(1 + 1)f(u, v) = 0.

Given that the characteristic of F is not 2, 1+1≠0, hence f(u, v) = 0 for all u, v ∈ V .

This implies that f is identically zero, which is a contradiction.
Therefore, f(v, v) ≠ 0 for some nonzero v ∈ V .

Let 0 ≠ v1 ∈ V  such that f(v1, v1) ≠ 0. Then W1 = {kv1 : k ∈ F} is the subspace of V

generated by v1 . Hence, dim (W1) = 1. Let W2 = {x ∈ V : f(v1,x) = 0}. It is straightforward

to show that W2  is a subspace of V.
Now, we claim that V = W1 ⊕ W2 .
Suppose kv1 ∈ W2 . Then f(v1, kv1) = 0 ⇒ kf(v1, v1) = 0. Since f(v1, v1) ≠ 0, it follows that

k = 0. Hence, kv1 = 0, and so W1 ∩ W2 = {0}.

Next, let v ∈ V . If we take y = v − f(v1,v)
f(v1,v1) v1 , then

This shows that y ∈ W2  and v = f(v1,v)
f(v1,v1) v1 + y ∈ W1 + W2  for all v. Thus, V = W1 ⊕ W2 .

Since the restriction of f to W2  is also a symmetric bilinear form on W2  and dim (W2) = n − 1,

it follows that there is an ordered basis {v2, v3, … , vn} with respect to which f restricted to W2
has a diagonal representation. Thus, f(vi, vj) = 0 for all i ≠ j, i ≥ 2 and j ≥ 2. Also, since

vj ∈ W2 , f(v1, vj) = 0 for all j ≥ 2. Thus, f has a diagonal representation with respect to the

ordered basis {v1, v2, … , vn}. Hence, by mathematical induction, the result is proved.  □

Corollary 8.2.3.

Let A be a symmetric matrix with entries in a field F of characteristic not equal to 2. Then there exists a

nonsingular matrix P such that P tAP  is a diagonal matrix.

Proof.

Since A is a symmetric matrix, there exists a symmetric bilinear form f on a vector space V over F
and a basis of V such that [f]B,B = A.

f(v1, y) = f(v1, v −
f(v1, v)

f(v1, v1)
v1) = f(v1, v) −

f(v1, v)

f(v1, v1)
f(v1, v1) = f(v1, v) − f(v1, v) = 0



From the previous theorem, there exists a basis B′  of V such that the matrix [f]B′,B′  is diagonal.

This means A is congruent to a diagonal matrix. Hence, there exists a nonsingular matrix P such
that P tAP  is diagonal.  □

We can apply the following algorithm to find an invertible matrix P such that P tAP = D,
where A is a given symmetric matrix and D is a diagonal matrix.

Let A be an n-square symmetric matrix with entries in a field F of characteristic not equal to 2.
Write A = InAIn .
It is known that performing an elementary row operation on a matrix A is the same as

multiplying A from the left by the corresponding elementary matrix E. Similarly, applying a column
operation on A is equivalent to multiplying A from the right by the corresponding elementary
matrix E ′ .

Note that if E is the elementary matrix corresponding to the elementary row operation

Ri → Ri + kRj , then E t  is the elementary matrix corresponding to the column operation

Ci → Ci + kCj .

Multiplying the elementary row matrix E1  in the equation A = InAIn  from the left and E t
1  from

the right, we get

Repeating the above process with elementary row matrices E2,E3, … ,Er  so that the left-hand
side becomes a diagonal matrix, we get

Let E t
1E

t
2 ⋯E t

r = P . Then P t = (E t
1E

t
2 ⋯E t

r)
t = ErEr−1 ⋯E2E1 , and hence D = P tAP .

Also, P, being the product of elementary matrices, is nonsingular.
Let us illustrate the above algorithm with a couple of examples.

Example 8.2.4.

Consider the symmetric matrix

Then A = I2AI2 ,

Now, we apply a sequence of elementary row and column operations on the above equation such
that the left-hand side converts into diagonal form. First, we apply the elementary row operation
R2 → R2 − 2R1  on the equation. Since an elementary row operation is equivalent to the
premultiplication of an elementary matrix, the operation will be applied on A on the left-hand side
of the equation and on the left-side identity matrix only on the right-hand side of the equation.
Similarly, an elementary column operation will be applied on A and on the right-hand side of the
equation on the right-side identity matrix only.
Then we get

E1AE
t
1 = E1AE

t
1.

D = Er …E2E1AE
t
1E

t
2 ⋯E t

r.

A = [ ].
1 2
2 0

[ ] = [ ]A[ ].
1 2

2 0

1 0

0 1

1 0

0 1



Now, we apply the corresponding column operation C2 → C2 − 2C1 . Then we get

Hence,

Observing that the matrix P is obtained by elementary column operations on the right-side
identity matrix I2  of A in the equation A = I2AI2 , we write the block matrix

Now, we apply the elementary row operation on A only and then the corresponding elementary
column operation on A and I2  both.
Applying R2 → R2 − 2R1 , we get

Now we apply the elementary column operation C2 → C2 − 2C1  on both matrices of the above
block matrix, then we have

Then

Example 8.2.5.

Let

be the symmetric matrix.
Consider the block matrix

[ ] = [ ]A[ ].
1 2

0 −4

1 0

−2 1

1 0

0 1

[ ] = [ ]A[ ].
1 0

0 −4

1 0

−2 1

1 −2

0 1

P tAP = [ ], where P = [ ].
1 0

0 −4

1 −2

0 1

[ ] = [ ].A : I2
1 2 : 1 0
2 0 : 0 1

[ ].
1 2 : 1 0
0 −4 : 0 1

[ ].
1 0 : 1 −2
0 −4 : 0 1

P = [ ] and D = [ ].
1 −2

0 1

1 0

0 −4

A =
⎡⎢⎣0 1 2

1 3 4

2 4 5

⎤⎥⎦



Applying the row operation R1 ↔ R2  (note that the row operation will be applied on A only)

Applying the corresponding column operation C1 ↔ C2  (note that the column operation will be
applied on both the part of above matrix),

Applying R2 → R2 − 1
3 R1  and R3 → R3 − 4

3 R1 ,

Applying corresponding column operations C2 → C2 − 1
3 C1  and C3 → C3 − 4

3 C1 ,

Applying R3 → R3 + 2R2 ,

Applying corresponding column operation C3 → C3 + 2C2 ,

Then

[ ] = .A : I3

⎡⎢⎣0 1 2 : 1 0 0

1 3 4 : 0 1 0

2 4 5 : 0 0 1

⎤⎥⎦.
⎡⎢⎣1 3 4 : 1 0 0

0 1 2 : 0 1 0
2 4 5 : 0 0 1

⎤⎥⎦.
⎡⎢⎣3 1 4 : 0 1 0

1 0 2 : 1 0 0

4 2 5 : 0 0 1

⎤⎥⎦ .
⎡⎢⎣3 1 4 : 0 1 0

0 − 1
3

2
3 : 1 0 0

0 2
3 − 1

3 : 0 0 1

⎤⎥⎦ .
⎡⎢⎣3 0 0 : 0 1 0

0 − 1
3

2
3 : 1 − 1

3 − 4
3

0 2
3 − 1

3 : 0 0 1

⎤⎥⎦.⎡⎢⎣3 0 0 : 0 1 0

0 − 1
3

2
3 : 1 − 1

3 − 4
3

0 0 1 : 0 0 1

⎤⎥⎦.⎡⎢⎣3 0 0 : 0 1 2

0 − 1
3 0 : 1 − 1

3 −2

0 0 1 : 0 0 1

⎤⎥⎦



such that P tAP = D.

Theorem 8.2.6.
Let f be a bilinear form on a vector space V over a field F of characteristic not equal to two. Then f can

be expressed uniquely as f = fs + fss , where fs  and fss  are symmetric and skew-symmetric bilinear

forms on V, respectively.

Proof.

Define

Since 1+1≠0, 1
2  is well-defined. Also, it can be easily proved that fs  and fss  are bilinear forms on

V.
Further, fs(x, y) = fs(y,x) implies that fs  is a symmetric bilinear form and from

fss(x,x) = 1
2 (f(x,x) − f(x,x)) = 0 we have that fss  is a skew- symmetric bilinear form.

Hence, fs(x, y) + fss(x, y) = f(x, y) ∀x, y ∈ V .

Thus, f = fs + fss .
That is, f is expressed as a sum of a symmetric and a skew-symmetric bilinear forms.
To prove that the representation of f is unique, let us suppose that f = f ′

s + f ′
ss , where f ′

s  is

symmetric and f ′
ss  is skew-symmetric.

Then

and hence f ′
s(x, y) = 1

2 (f(x, y) + f(y,x)) = fs(x, y). Thus, f ′
s = fs .

Also, from fs + fss = f ′
s + f ′

ss , we have that fss = f ′
ss .

Hence, both the representations of f are the same.  □

Theorem 8.2.7.
Let f be a symmetric bilinear form on a finite-dimensional vector space V. There exists an ordered basis

B of V such that the matrix representation of f is a diagonal matrix of the form

P = and D =
⎡⎢⎣0 1 2

1 − 1
3 −2

0 0 1

⎤⎥⎦ ⎡⎢⎣3 0 0

0 − 1
3 0

0 0 1

⎤⎥⎦fs(x, y)=
1
2
(f(x, y) + f(y,x)) and

fss(x, y)=
1
2
(f(x, y) − f(y,x)).

f(x, y) + f(y,x)= f ′
s(x, y) + f ′

ss(x, y) + f ′
s(y,x) + f ′

ss(y,x)

= (f ′
s(x, y) + f ′

s(y,x)) + (f ′
ss(x, y) + f ′

ss(y,x))

= (f ′
s(x, y) + f ′

s(x, y)) + (f ′
ss(x, y) − f ′

ss(x, y))

= 2f ′
s(x, y),

[f]B,B = .
⎡⎢⎣Ir −Is

0

⎤⎥⎦



Furthermore, the integers r and s are invariant regardless of the chosen basis.

Proof.

By Theorem →8.2.2, there is a basis {u1,u2, … ,un} for V such that the matrix representation of

f is diagonal. Suppose there are r positive and s negative entries on the diagonal of this matrix. By
rearranging the basis, we can assume f(ui,ui) > 0 for 1 ≤ i ≤ r and f(uj,uj) ≤ 0 for

r + 1 ≤ j ≤ r + s.
Let vi = ui

√|f(ui,ui)|
 for 1 ≤ i ≤ r + s. Then

Let B = {v1, v2, … , vn}. Then the matrix of f with respect to B is

Suppose B′ = {v′
1, v′

2, … , v′
n} is another basis of V such that the matrix of f is

We need to show that r = r′  and s = s′ . Since [f]B,B  and [f]B′,B′  are congruent matrices, it

follows that

Let W be the span of {v1, v2, … , vr} and W ′  be the span of {v′
r′+1, v′

r′+2, … , v′
n}.

If x = ∑r
i=1 aivi  is a nonzero vector in W, then

Since ai ≠ 0 for all i and f(vi, vi) = 1, we have f(x,x) > 0. Similarly, f(x,x) ≤ 0 for any

nonzero x ∈ W ′ .
Therefore, W ∩ W ′ = {0}. Since dim (W) = r and dim (W ′) = n − r′ ,

Because W + W ′ ⊆ V , we have dim (W + W ′) ≤dim (V ) = n. Thus,

By switching the roles of W and W ′ , we obtain r′ ≤ r. Hence, r = r′ .
Given r + s = r′ + s′ , it follows that s = s′ .  □

f(vi, vi) = f(
ui

√|f(ui,ui)|
,

ui

√|f(ui,ui)|
) =

f(ui,ui)

|f(ui,ui)|
= {

1, if 1 ≤ i ≤ r,

−1, if r + 1 ≤ i ≤ r + s.

[f]B,B = .
⎡⎢⎣Ir −Is

0

⎤⎥⎦[f]B′,B′ = .
⎡⎢⎣Ir′

−Is′

0

⎤⎥⎦rank([f]B,B) = rank([f]B′,B′) ⟹ r + s = r′ + s′.

f(x,x) = f(
r

∑
i=1

aivi,
r

∑
j=1

ajvj) =
r

∑
i=1

r

∑
j=1

aiajf(vi, vj) =
r

∑
i=1

a2
i f(vi, vi).

dim (W + W ′) =dim (W)+ dim (W ′)− dim (W ∩ W ′) = r + (n − r′) − 0.

r + (n − r′) ≤ n ⟹ r ≤ r′.



Corollary 8.2.8.

Let A be an n-square real symmetric matrix. Then A is congruent to a unique diagonal matrix of the

form diag(Ir, −Is, 0).

Definition 8.2.9.

Let V be a vector space over the field F. A map q : V → F  is called a quadratic form if there exists
a bilinear form f on V such that q(x) = f(x,x) ∀x ∈ V . The quadratic form q is called real if

F = R and complex if F = C.

Theorem 8.2.10.
Let V be a vector space over a field F with characteristic different from 2. Every quadratic form q on V

determines a unique symmetric bilinear form fs  on V, obtainable from q by the identity

fs(x, y) = 1
2 (q(x + y) − q(x) − q(y)), and called the polar form of fs .

Proof.

Let f be the bilinear form on V such that q(x) = f(x,x) for all x ∈ V . By Theorem →8.2.2, f can

be uniquely expressed as f = fs + fss , where fs(x, y) = 1
2 (f(x, y) + f(y,x)) is a symmetric

bilinear form and fss(x, y) = 1
2 (f(x, y) − f(y,x)) is a skew-symmetric bilinear form. Then

Since fss(x,x) = 0, we have q(x) = fs(x,x). Thus, q determines the unique symmetric bilinear

form fs .
Now,

Hence,

Thus, the quadratic form q(x) on a vector space V over a field F of characteristic different from 2 is

defined as q(x) = f(x,x) for all x ∈ V , where f is a symmetric bilinear form.  □

Theorem 8.2.11.
Let V be an n-dimensional vector space over a field F with characteristic not equal to 2. Let

B = {v1, v2, … , vn} be an ordered basis of V. If q is a quadratic form with its associated symmetric

bilinear form f, then q(x) = [x]tB[f]B,B[x]B , where [x]B  is the coordinate vector of x.

Proof.

Given the basis B = {v1, v2, … , vn} of V, any x ∈ V  can be expressed as x = ∑n
i=1 xivi . Then

q(x) = f(x,x) = fs(x,x) + fss(x,x).

q(x + y) = fs(x + y,x + y) = fs(x,x) + fs(x, y) + fs(y,x) + fs(y, y) = q(x) + 2fs(x, y) +

fs(x, y) =
1
2
(q(x + y) − q(x) − q(y)).

q(x) = f(x,x) = f(
n

∑
i=1

xivi,
n

∑
j=1

xjvj) =
n

∑
i=1

n

∑
j=1

xixjf(vi, vj).



Let [f]B,B = [aij]. Then f(vi, vj) = aij  for all 1 ≤ i, j ≤ n. Therefore,

Thus, q(x) = [x]tB[f]B,B[x]B .

The symmetric matrix [f]B,B  of f relative to the ordered basis B is called the matrix of the

quadratic form q.  □

Remark.

From the above theorem, we have

Given this formal expression, a quadratic form q can be defined as a polynomial in the variables
x1,x2, … ,xn , where the degree of every term is 2. Specifically, if

q(x) = ∑n
i
aix

2
i + ∑i<j bijxixj  is a quadratic form on the vector space V over a field F with the

characteristic not equal to 2, then the associated symmetric matrix of the quadratic form q is

A = [aij], where aii = ai  (the coefficient of x2
i ) and aij = aji = 1

2 bij  (half of the coefficient of

xixj  for i ≠ j).

From Theorem →8.2.2, we know that every matrix representing a quadratic form can be brought
to a normal form if 1+1≠0. Therefore, if the matrix representation A = [aij] of q is diagonal, then

q has a diagonal representation given by q(x) = ∑n
i aiix

2
i .

Based on Theorem →8.2.7, we have the following corresponding result for quadratic forms.

Corollary 8.2.12.

Let q be a quadratic form on an n-dimensional real vector space V. Then q can be uniquely expressed as

where r + s is the rank of q.

Proof.

Let f be the unique symmetric bilinear form associated with the quadratic form q on V. According
to Theorem →8.2.7, there exists an ordered basis B of V such that the matrix representation of f is
diagonal and has the form

q(x) =
n

∑
i=1

n

∑
j=1

xixjaij = [ ] .x1 x2 ⋯ xn

⎡⎢⎣a11 a12 ⋯ a1n

a21 a22 ⋯ a2n

⋮ ⋮ ⋱ ⋮

an1 an2 ⋯ ann

⎤⎥⎦⎡⎢⎣x1

x2

⋮
xn

⎤⎥⎦q(x) =
n

∑
i=1

n

∑
j=1

f(vi, vj)xixj = ∑
i

f(vi, vi)x
2
i +∑

i<j

2f(vi, vj)xixj.

q(x1,x2, … ,xr+s) = x2
1 + x2

2 + ⋯ + x2
r − x2

r+1 − ⋯ − x2
r+s,

[f]B,B = .
⎡⎢⎣Ir −Is

0

⎤⎥⎦



(a)

From Theorem →8.2.11, q(x) can be expressed as q(x) = [x]tB[f]B,B[x]B , where

is the coordinate vector of x. Hence,

Since every diagonal matrix representation of a symmetric bilinear form f (or quadratic form q)
with respect to different ordered bases has the same number r of positive entries and the same
number s of negative entries, r + s and r − s are called the rank and signature of f (or q),
respectively.  □

Example 8.2.13.

Let q(x1,x2,x3) = 2x1x2 + 3x2
2 + 4x1x3 + 8x2x3 + 5x2

3  be a quadratic form on the vector

space R3  over R.
In this example, we determine the following: (a) the symmetric matrix A of q relative to the

standard basis of R3 , (b) the normal or diagonal form of q, (c) rank and the signature of q.

To find the matrix A = [aij], we use the method described in the remark. Hence,

Thus,

is the matrix of quadratic form q.

[x]B =

⎡⎢⎣x1

x2

⋮

xn

⎤⎥⎦q(x) = [ ] = x2
1 + x2

2 + ⋯ + x2
r − x2

r+1 − ⋯ − x2
r+s.x1 x2 ⋯ xn

⎡⎢⎣Ir −Is

0

⎤⎥⎦⎡⎢⎣x1

x2

⋮

xn

⎤⎥⎦a11= the coefficient of x2
1 = 0,

a12= a21 =
1
2

× the coefficient of x1x2 = 1,

a13= a31 =
1
2

× the coefficient of x1x3 = 2,

a22= the coefficient of x2
2 = 3,

a23= a32 =
1
2

× the coefficient of x2x3 = 4,

a33= the coefficient of x2
2 = 5.

A =
⎡⎢⎣0 1 2

1 3 4
2 4 5

⎤⎥⎦



(b)

(c)

(8.2.1)

(i)

(ii)

(iii)

(iv)

(8.2.2)

Now, to find the diagonal matrix D congruent to matrix A, we consider the block
matrix

Since the matrix A is same as given in Example →8.2.5, the diagonal matrix

The normal form of q is

Since the number of positive entries r in the diagonal matrix D is 2 and the
number of negative entries s in the diagonal matrix D is 1, the rank of the
quadratic form q = 2 + 1 = 3 and the signature of q = r − s = 2 − 1 = 1.

Exercises

Find the symmetric matrix A associated to each of the following quadratic

forms q on R3  relative to the standard basis:

q(x1,x2,x3) = x2
1 − 4x1x2 + 2x2

2 − 8x1x3 + 10x2x3 − 3x2
3

,

q(x1,x2,x3) = 3x1x2 − x2
2 − 10x1x3 + 5x2

3 ,

q(x1,x2,x3) = x2
1 − 6x1x3 + 7x2

2 ,

q(x1,x2,x3) = x2
1 − 2x2

3 − 2x1x2 + 10x2x3 .

For the following symmetric matrices A1 , A2 , A3 , A4  find nonsingular
matrices P1 , P2 , P3 , P4  such that the matrices P t

1A1P1 , P t
2A2P2 ,

P t
3A3P3 , P t

4A4P4  are diagonal.

[ ] = .A : I3

⎡⎢⎣0 1 2 : 1 0 0

1 3 4 : 0 1 0

2 4 5 : 0 0 1

⎤⎥⎦D = .
⎡⎢⎣3 0 0

0 − 1
3 0

0 0 1

⎤⎥⎦q(x1,x2,x3)= [ ]D

= [ ]

= 3x2
1 −

1
3
x2

2 + x2
3.

x1 x2 x3

⎡⎢⎣x1

x2

x3

⎤⎥⎦x1 x2 x3

⎡⎢⎣3 0 0

0 − 1
3 0

0 0 1

⎤⎥⎦⎡⎢⎣x1

x2

x3

⎤⎥⎦



(8.2.3)

(i)

(ii)

(iii)

(iv)

Find the normal (or diagonal) form of the following quadratic forms over

R
3 . Also, find their rank and signature:

q(x1,x2,x3) = x2
1 + x2

2 + x2
3 + 2x1x2 − 4x2x3 + 3x1x3

,

q(x1,x2,x3) = 2x2
1 − 6x1x2 + x2

2 − 12x1x3 + 14x2x3 + 3x
,

q(x1,x2,x3) = x2
1 − 4x1x2 + 6x2

2 ,

q(x1,x2,x3) = x1x2 − 2x1x3 − 4x2x3 .

A1= [ ], A2 = ,

A3= , A4 = .

2 3
3 −1

⎡⎢⎣ 1 −3 2

−3 2 4

2 4 0

⎤⎥⎦⎡⎢⎣ 2 −2 1
−2 4 0

1 0 3

⎤⎥⎦ ⎡⎢⎣1 2 0 3

2 −2 4 0

0 4 −1 1
3 0 1 3

⎤⎥⎦
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