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Preface

Arguably the most potent mathematical tool ever created, linear
algebra is a fundamental branch of mathematics. This book
represents a balanced combination of step-by-step explained
theory content, solved examples and exercises. The abundant
examples and detailed explanations of all topics, such as vector
spaces, linear independence, basis, linear transformations,
matrices, determinants, inner products, eigenvectors, bilinear
forms and canonical forms are what make the text so valuable.

The early introduction of concepts such as fields, rings, group
homomorphism and binary operations gives students a proper
foundation on which they can understand the remaining part of
the text.



The book includes numerous examples at varying levels of
difficulty, each carefully selected. The fundamentals are
presented in a clear, methodical and straightforward manner,
with many worked-out examples illustrating the concepts and
problem-solving techniques. This book can serve as a textbook
for undergraduate and graduate linear algebra courses in
mathematics and engineering at any university. It also includes
some of the latest and most challenging questions suitable for
competitive exams in higher education mathematics. The text is
structured to support students in their degree programs and to
assist them in preparing for future higher education competitive
exams in linear algebra.

I acknowledge the influence of numerous authors whose works
have guided my writing. The results in this book belong to the
collective heritage of mathematics, and crediting all contributors
would be a difficult task. No theorem presented here should be
assumed to be my original contribution. However, I have
endeavored to present linear algebra and prove its theorems in
the most effective way, without strictly adhering to traditional
methods and proofs found in most textbooks.

I express my deep appreciation and thanks to VIT University,
Chennai, for providing the infrastructural facilities to write this
book. My gratitude extends to my younger brother, Birendra
Kumar Maurya, for his assistance in typing, and to my wife,
Mahasweta, for her encouragement and support. I am also
grateful to my parents for their blessings and hard work, which
have brought me to this level.

Finally, I thank De Gruyter for offering the platform to publish
this book. Special thanks to Ranis N. Ibragimov for his excellent



work as an editor and Nadja Schedensack for her skillful
copyediting.

Despite careful efforts, some errors and misprints may have
escaped my notice. I welcome any feedback and suggestions for
improving the book.

Saurabh Chandra Maury

Symbols used

N the set of natural numbers

7 the set of integers

Q the set of rational numbers

C the set of complex numbers

M n(F) the set of all m X m matrices with entries in F

P,(z) the set of all polynomials of degree at most n

P(x) the set of all polynomials

R[0,1] the set of real-valued functions defined on [0,1]

C(R[O,l]) Ehe ]set of continuous real valued functions on
0,1

D(R:1) the set of differentiable real valued functions on
[0,1] and

Z(RO1) the set of Riemann integrable functions on [0,1]

(S) the subspace generated by S

UT(Mn,n(F)) the set of all upper triangular matrices of order

nXxXn

LT (M, ,(F)) the setof all lower triangular matrices of order
nXn

S(M,n(F)) the setof all n-square symmetric matrices

T B..B, the matrix of the linear transformation T related

to the ordered bases Bj and B



Ly: F" — F™ the left multiplication linear transformation



1 Preliminaries

In this chapter, we briefly discuss some necessary topics and related results that are needed for
the rest of the book.

1.1 Binary operations

Definition 1.1.1.

Let A, B be sets. A binary operation is a function * : A X B — B. Usually, we use the notation

a * b in place of the image of (a, b) under the function *. If A = B, the binary operation is called
internal or closed on A. If A # B, it is called external. The pair (A4, ) is used to denote an
internal binary operation * on the set A.

Example 1.1.2.

Ordinary addition + is an internal binary operation on N, whereas ordinary subtraction - is not a
binary operation on N. In the form of more examples, the pairs (N, +), (N, ), (Z,+), (Z, —),
(Z,). (Q,+4), (Q,—), (Q,-), (C,+), (C,—), (C,-) are representing internal binary operations.

Example 1.1.3.

Let M), ,(Z) denote the set of all n X m matrices with entries in Z. Then the matrix addition and
the matrix multiplication both are binary operations on M), ,(Z).

Definition 1.1.4.

Let * be a binary operation on a set A. Then:

(i) The operation * is called associative if (a * b) xc = a * (b* ¢) forall a,b,c € A.
(ii) The operation * is called commutative if a xb = b * a forall a,b € A.

(iii) An element e € A is called the identity of Aifforalla € A,axe = exa = a.
(iv) For a given identity e € A and a € A, if there exists an element b € A such that

a*b=bxa = e, wesaythat bis an inverse of a and write b = a~!.

Example 1.1.5.

The internal binary operation '+ on Z, Q, R and C is both associative and commutative. The
element zero serves as the identity for all these sets with respect to the operation ‘+'. Additionally,
foreacha € Z (ora € Qora € R or a € C) there exists inverse —a € Z (or —a € Q or

—a € Ror —a € C)suchthata + (—a) = (—a) +a = 0.



1.2 Congruence and residue classes

Definition 1.2.1.

Let @, b, m € Z with m > 0. We say that a is congruent to b modulo m, denoted by
a = b (mod m), if m divides a — b. This means there exists an integer r € Z such that
a — b = mr. Therefore, a = b (mod m) is equivalent to a = b + mr for some integer r.

The following result shows that the congruence defined as above is an equivalence relation on
Z.
Theorem 1.2.2.
Let m be a positive integer. Then for all a, b, c € Z.:

(i) a = a (mod m) (reflexive);

(ii) ifa=0b (mod m), then b= a (mod m) (symmetric);

(iii) ifa="b (mod m)and b= c (mod m), then a = ¢ (mod m) (transitive).
Proof.

(i) Since a — a = 0 is divisible by m, it follows that a = a (mod m).

(ii) Ifa =b (mod m), then there exists an integer ¢ € Z such that a — b = mgq.

Now, b — a = —(a — b) = —mq = m(—q), which implies that b = a (mod m)

(iii) Given a = b (mod m) and b = ¢ (mod m), there exist integers g and r such
thata — b = mq and b — ¢ = mr. Adding these two equations give
a—c=m(q+r)=mk wherek=q+r € Z.

Hence, a = ¢ (mod m). O

Thus, the relation R = {(a,b) € Z X Z : a = b (mod m)} is an equivalence relation on Z.

Foranya € Z,theseta ={b€Z :a=b (mod m)} = {b € Z : m divides a — b} is
called an equivalence class or residue class of a modulo m.

Let Z,, denote the quotient set Z/R.Then Z,, = {a : a € Z}.

In view of the properties of equivalence classes, we have the following result.
Theorem 1.2.3.

Let Z,, denotes the set of residue classes modulo m. Then for a,b € Z,, we have the following:

(i) a€aVacl

(ii) a=bifandonlyif a = b (mod m).
(iii) a # bifandonlyifaNb = ¢.

(iv) Udez, a = Z.

Theorem 1.2.4.

For any positive integer m, Z,, = {0,1,...,m — 1}.
Proof.

Let a € Z. Then by the division algorithm, there exist g, € Z such that a = mq + 7, with
0 < r < m. Or equivalently, a — r = mgq is divisible by m. This shows that a = r (mod m), and



hence from the above theorem, we have a = r. Thus, each residue class a is identical with one of

the residue classes 0,1,...,m — 1. Also,if 0 < r < s < m — 1, then r — s is not divisible by m.
This shows that r # s. That is, all the elements of Z,,, are distinct. O

Theorem 1.2.5.
Let Z,, be the set of residue classes modulo m. Then the operations & : Z,, X Z,, — Z,, and

% Ly X Ly — Ly, defined by a & b= a + b and a x b = ab, respectively, are binary operations.
Proof.

To prove that the operation, @ is a binary operation, we need to show that @ is a function.

Let (a,b) = (¢,d) € Z,, X Z,,,. Then we need to show that the images of (a, b) and (¢, d) under
operation @ are equal,i.e, a®b=cd d.

Since (a,b) = (¢,d), we have a = cand b = d. Hence, a = ¢ (mod m) and b = d (mod m)
ora—c=mrandb—d= msforsomer,s € Z.

Adding the above equations, we get

(a+b)—(c+d)=m(r+s)=(a+b) =(c+d) (modm)=a+b=c+d=adb=cc¢

Similarly, for the operation * we need to show that a x b = ¢ x d.
From

ab—cd=ab—cd+0=ab—cd+ (bc —bc) =ab—bc+bc—cd=(a—c)b+ (b—d)c

= mrb+ msc = m(rb + sc),

we see that m divides ab — cd. Hence, ab = cd (mod m) and so ab = cd. This proves that
axb=cxd. O

Note 1.

The binary operation ® on Z,, is associative and commutative. The element 0 is the identity of
(Zm, ®) and (—a) = m — ais the inverse of a € Z,,,.

Note 2.

The binary operation * on Z,, is also associative and commutative. The element 1 is the identity
of (Zm, *).

Example 1.2.6.
Form =3, Z3 = {0,1, 2}, where

0={...,-9,-6,-3,0,3,6,9,...} = {3k : k € Z},
1={...,-8,-5,-2,1,4,7,10,..} = {3k + 1 : k € Z},
2={...,-7,-4,-1,2,5,8,11,...} = {3k + 2 : k € Z}.



Itisclearthat 0 U 1 U 2 = Z. Also, we have 0, 1 and 2 are pairwise disjoint. That is,
0N1=1N2=2N0=¢.

Example 1.2.7.

In Z5 = {0, 1,2, 3,4}, the binary operations ® and % are defined as follows:
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Remark.
InZ,,0={...,—3m,—2m,—m,0,m,2m,3m,...} andin
Zn,0={...,—3n,—2n,—n,0,n,2n,3n,...}. This shows that both the zeros are distinct if

m # n. That is, the identity element 0 in (Z,,,, @) is not equal to the identity element 0 in
(Zn,®) ifm # n.



1.3 Group

Definition 1.3.1.

A pair (G, %), where G is a set and * is a binary operation on G, is called a group if (i) the binary
operation * is associative, (ii) there exists an identity element in G with respect to operation *
and (iii) for every element of G has an inverse with respect to the identity. That is, the pair (G, )
is a group if it satisfies the following properties:

(i) (a*b)*xc=ax*(bxc)Va,b,ccG.
(i) There exists an element e € G suchthatexa =a*xe =a Va € G.
(iii) For each element a € G, there exists an element b € G suchthataxb =1 * a.

If the binary operation * is commutative, i.e., a * b = b x a Va, b € G, then the group (G, *) is
called a commutative group or an Abelian group.

Example 1.3.2.

From Example - 1.1.5, it is clear that the pairs (Z, +), (Q, +), (R, +) and (C, +) are infinite
Abelian groups.

Example 1.3.3.

In (Z,-), for any a € Z other than 1, there is no inverse. That is, for a # +1, thereisno b € Z
such that a - b = 1, where 1 is the multiplicative identity. In (Q, -), (R, -) and (C, -), the element
0 has no inverse. Therefore, the sets (Z, ), (Q,-), (R, -) and (C, -) are not groups under the
usual multiplication.

After removing the element 0 from the sets QQ, R and C, the resulting sets become Abelian
groups under usual multiplication. In other words, (Q — {0}, -), (R — {0}, -) and (C — {0}, -)
are Abelian groups.

Example 1.3.4.

The pair (Z,,, ®) is an Abelian group.
We will demonstrate that (Z,,, ®) satisfies all the properties of a group.
Associativity: Let a, b, c € Z,,. Then

(a®b)®c=(a+b)dc=(a+b)+c=a+(b+c)=ad(b+c)=ad (bdc).

Here, we have used the associativity of (Z, +).
Identity: Let a € Z,,. Then

0da=(0+a)=a and a®0=(a+0)=a.
Inverse: Leta € Zp,. Then 0 < a < m — 1. Now,
adbm—-—-a=a+m—-a=a—a+m=0+m=m=0

and similarly,



m—a®Pa=0

shows that for any a € Z,,, there exists an inverse m — a = —a.
Commutative: For all a,b € Z,,,

adb=a+b=b+a=>bDa.
Example 1.3.5.

The set Z,,, does not form a group under the binary operation x defined as a * b = ab, where
a,b € Z,,, because 0 has no inverse in Z,,. However, one can consider the structure
(Zm — {0}, x). For example, let Zg — {0} = {1, 2, 3,4,5}. Then, from the calculations,

2x1=2-1=2, 2x2=4, 2x3=0, 2x4=2, 2x5=4,

it is clear that 2 has no inverse in (Zg — {0}, *) with respect to the identity 1.

This proves that (Zs — {0}, *) is not a group with respect to the binary operation *, and hence
(Zm — {0}, x) may not be a group.

Let p be a positive prime in Z. Then it can be proven that (Zp — {0}, %) is an Abelian group. For
example, consider Z5 — {0} = {1, 2, 3,4}. Then

2x3=3x2=6=1,
i.e., 2 and 3 are inverses of each other, and
4x4=16=1
shows that 4 is its own inverse. Hence, (Z5 — {0}, ) is an Abelian group.
Example 1.3.6.

Let (G, *1), (G2, *2), ..., (Gp, *,,) be a family of groups. Then their Cartesian product

G1 X Gy X --- X (G, is a group under the binary operation * defined by

(91,927 s 79”) * (.élv.é?a con 7.én) = (gl *1 g1792 *2 g2a -++389n *n .én)' where (91,927 oo 79”)
and (91,92, - - -, 9n) are members of G; X G X -+ X G,,.

The identity element of the group G; X Go X - -+ X Gy, is (e, €9, ...,€,) where e; € G,

1 < ¢ < nisthe identity of G; and the inverse of any element (g1, g2, - - -, g») Of

Gl X Gg X oo X Gn is (gl_l,g;l,...,ggl).

For example, the Cartesian product R =R X R X --- X R is a group under the operation
coordinatewise addition.

Below, we mention some important properties of groups without proof.

Theorem 1.3.7.
Let (G, %) be a group. Then

(a) identity element in (G, %) is unique;
(b) inverse element a ' of an element a in (G, *) is unique;



(c) (a * b)_1 =blxal foralla,be G;
(d) both (left and right) the cancellation laws hold in (G, %), i.e, axb=a*xc=b=c
andbxa=cxa=b=c.

Definition 1.3.8.

Let (G, *) be a group. The number of elements in G is called the order of the group. The order of
the group (G, %) is denoted by |G| or O(G).

The groups (Z,+), (Q,+), (R, +) and (C, +) have infinite order, while (Z,,, ®) is a group
of finite order m.

Definition 1.3.9.

Let (G, *) be a group. The order of an element g € G is the smallest positive integer n such that
g" = g#*gx*---*g(ntimes) = e. The order of an element g € G is denoted by |g| or O(g).

The order of the identity element e in a group is 1. The order of 1 in (Z,,,®) is m, and in

3
Zg=1{0,1,2,3,4,5},theorderof 2is3(2 =2@® 2@ 2 = 6 = 0). Every nonzero element in
(Z,+) has infinite order.

Definition 1.3.10.

Let (G, *) be a group. A subset H of G is called a subgroup of (G, ) if H is itself a group under
the operation “*’ of G.

We use the notation H < G to indicate that H is a subgroup of G. Let (G, *) be a group with
identity e. Then {e} and G are subgroups of G, called the trivial subgroups. (Z, +) is a subgroup
of (R,+),andif m € NU {0}, then mZ = {mk : k € Z} is a subgroup of (Z,+). The
following results are useful for testing whether a subset of a group is a subgroup.

Test 1. Let (G, *) be a group. A nonempty subset H of G is a subgroup of G if and only if (i)
ec H,(i)axbe Hand(ii)a € H=a'¢c Hforalla,bc H.

Test 2. Let (G, ) be a group. A nonempty subset H of G is a subgroup of G if and only if
axb '€ Hforalla,bec H.

Test 3. Let (G, *) be a group. A nonempty finite subset H of G is a subgroup of G if and only if
axbe Hforalla,be H.

Definition 1.3.11.

Theset Z(G) ={g € G: gz = x * gVz € G} is called the center of the group (G, *).
The center Z(G) of G is a subgroup of (G, *).

Definition 1.3.12.

Let (G, *) be a group and H be its subgroup. Then for any g € G, the set
g* H={gxh:h¢€ H}is called the left coset of Hin G. Similarly, H xg={h*g: h € H}is
called the right coset of Hin G.



Here, we list some properties of left cosets in the form of the following theorem, which
similarly apply to right cosets.
Theorem 1.3.13.
Let (G, %) be a group and H be its subgroup. Then we have the following properties:

(i) gegxH;

(ii) gxH = Hifandonlyif g € H;

(iii) g1* H =gy* Hifandonlyif g;'g» € H;

(iv) g1*xH # gox Hifandonlyif g1 x HN gy * H = ¢;
(V) Ugegg*Hz G.

Definition 1.3.14.

Let (G, *) be a group. Then a subgroup H of G is called a normal subgroup of Gif g« H = H % g
Vg € G.The normal subgroup H of G is denoted by H <1 G.

It is clear that every subgroup of an Abelian group is a normal subgroup. The center Z(G) is a
normal subgroup of G.

Definition 1.3.15.

Let (G, *) be a group and H be its normal subgroup. Then the quotient set

G/H = {g* H : g € G} is a group under the operation (g * H)(g2 * H) = (g1 * g2) * H is
called the quotient group or the factor group of G modulo H. The identity of the quotient group
G/H isH.

1.4 Homomorphism

Definition 1.4.1.

A homomorphism f from a group (G1, *1) to a group (G, *2) is a mapping f : G; — G5 that
satisfies f(x *1 y) = f(z) *2 f(y) forall z,y € G1. Ahomomorphism fis called an isomorphism
if fis bijective (one-one onto), and in this case G is said to be isomorphic to G5 (denoted

G1 = Gy). If G; = G4, the homomorphism fis called an endomorphism. A bijective
endomorphism is known as an automorphism.

Below, we list some properties of homomorphism without proof.
Theorem 1.4.2.
Let (G1,*1) and (Go, *2) be groups with identities e1 and es, respectively, and let f : G1 — G2 be
a homomorphism. Then

(a) fle1) = ey

(b) f(9:") = (f(g1)) " forall g1 € Gy,

(c) fg?) = (f(91))" forall g1 € Gy and n € Z;

(d) for a homomorphism g : G2 — G, the composition go f: G1 — G3 isa
homomorphism;

(e) inverse of an isomorphism is an isomorphism, i.e., if f : G1 — Ga is an

isomorphism, then f 1 : Go — G4 is an isomorphism;

(f)



if Hy is a subgroup of (G1, *1)
subgroup Hy of (Ga,%2), f!

, then f(H4) is a subgroup of (G2, *2) and for the
(H3) is a subgroup of (G1, *1).

Example 1.4.3.

(a) Let (G1, *1) and (G2, *2) be groups. Then the map f : G1 — G2, defined by
f(g1) = ea forall g1 € G1 ( ez is the identity of (G2, *2)) is called zero
homomorphism or trivial homomorphism.

(b) Defineamap f:Z — Zp, by f(n) = nr, where (Z,,,®) and (Z, +) are groups
andr € Z,,. Then
f(n1 4+ n2) = (ng +no)r = nyr + nar = nyr @ nor = f(ny) @ f(ny) shows
that fis a homomorphism.

Definition 1.4.4.

Let f be a homomorphism from a group (G1, *1) to a group (G2, *2). Then the set
Ker(f) = {g € G1: f(g) = es} is called the kernel of f.

It is easy to prove that Ker(f) = f 1(es) is a subgroup of (G1, *1).
Theorem 1.4.5.
Let (G1,+*1) and (Gz, *2) be groups. Then the homomorphism f : G1 — G, is injective (one-one) if
and only if Ker(f) = {e1}, where ey is the identity of (G1, *1).

Proof.

Suppose f is injective.
Let g € Ker(f). Then f(g) = es = f(e1).
Since fis injective, g = ej. Hence, Ker(f) = {e1}.
Conversely, suppose that Ker(f) = {e1}.
Let f(g) = f(h), where g,h € G1.Then
1

es=1(9)(f(9) " = f9)(f(R) " = f(9)f(R7Y) = f(gh™Y)
= gh™! € Ker(f) = {e1}
=gh =€ =g=h

Hence, fis injective. O

Here are three fundamental theorems of isomorphism.

Theorem 1.4.6 (First isomorphism theorem).

Let (G1,*1) and (G2, *2) be groups and let f : G1 — G2 be a surjective homomorphism. Then the
quotient group G1/ Ker(f) is isomorphic to Go.

Theorem 1.4.7 (Second isomorphism theorem).

Let (G, ) be a group, H be a subgroup of G and K be a normal subgroup of G. Then H/H N K is
isomorphicto HK /K.

Theorem 1.4.8 (Third isomorphism theorem).

Let H and K be normal subgroups of a group (G, *) and H < K. Then (G/H)/(K/H) is
isomorphic to G/ K.



Example 1.4.9.

(a) Let (Z,+) and (Zm, @) be groups. Then the map f : Z — Zy, defined by
f(n) = n is a homomorphism. This follows from the calculation:

f(n1+n2) =n1 +ny =n1 ®ny = f(n1) & f(ns).

Moreover, for any k € Z,,, we have k € Z such that f(k) = k, i.e., fis surjective.
Now,

ker f={ne€Z|f(n)=0}={n€Z|n=0}={mk:kcZ}=mZ.

Thus, by the first isomorphism theorem, we have Z/ Ker f & Z,,, i.e.,
Z/mZ = L.

(b) It is easy to prove that mZ, m € 7Z is a subgroup of the group (Z, +). Suppose n
is an integer such that m divides n. Then nZ is a normal subgroup of mZ.
Defineamap f: Z — mZ/nZ by f(k) = mk + nZ. Now,

f(kil + kig): m(k:l + kz) +nZ, = (mk:l + mkz) +nZ, = (mk:l + ’I’LZ) + (mk:2
= f(k1) + f(ka2),
showing that f is a homomorphism.
For all mk 4+ nZ € mZ/nZ, there exists k € 7Z such that f(k) = mk + nZ.
Hence, fis a surjective homomorphism.
Also, Ker f = {k € Z : f(k) = nZ}, where nZ is the identity of the quotient
group mZ/nZ. Thus,
Ker f={k € Z : mk +nZ = nZ}
={ke€Z:mkecnZ}
={k € Z : mk = nt for some t € Z}

- {kez\kzﬁt,tez}
m

:{Et:tez}
m

=21z
m

Hence, by the first isomorphism theorem,
7)Ker f = mZ/nZ or mL/nL =T/ 7~ Ta.
m m

(c) Let m,n € Z such that m divides n. Then mZ and nZ are normal subgroups of
(Z,+), and nZ is also a normal subgroup of mZ. By the third isomorphism
theorem, we have

Z/nZ

2P g imZ T
mZ/nZ /m



(d) Let m,n € Z.Then mZ and nZ are normal subgroups of (Z, +). By the second
isomorphism theorem, we have
mZ+nZ _,  mi m# +nl _ uys

= and = .
nz, mZ N nZ m mZ N nZ

In particular, consider 8Z and 47. Clearly,
82 ={...,—24,-16,-8,0,8,16,24, ...},
is @a normal subgroup of
47, =4{...,-16,—12,-8,—-4,0,4,8,12,16,20, 24, .. .}.

Take m = 4 and n = 8. Then

A2+8 AL L, g
87 8 ! ’
and
4z 4z,
47.n8Z — 87 ~ ¥
are isomorphic.
Also,
47, A 47,
% o - {identity element},
and
% = :—é = {identity element},

are isomorphic.

1.5 Rings and fields

Definition 1.5.1.

A set R with two internal binary operations + (addition) and - (multiplication) is called a ring if:

(a) (R, +) is an Abelian group;
(b) binary operation - on R is associative, i.e., (a-b)-c =a- (b- ¢) Va,b,c € R;
(c) the binary operation - is distributive over + from both (left and right) sides, i. e., for

alla,b,ce R,a-(b+¢c)=a-b+a-cand(a+b)-c=a-c+b-c

Aring Ris called commutativeif a - b = b - a Va,b € R. An identity element with respect to
multiplication - in R is called the identity of the ring. That is, if 1 € R is the identity of R, then
l-a=a-1=a,Va € R.Inaring, the binary operation - need not be commutative and also a
ring need not have an identity element.



Note.
We use the notation (R, +, -) for a ring with respect to binary operations + and -.

Example 1.5.2.

With the help of Examples - 1.3.2, ~1.3.3, - 1.3.4 and - 1.3.5 it is easy to prove that (Z, +, -),
(Q,+,-), (R,+,-), (C,+,-) and (Z,,, D, *) are commutative rings with identity.

Example 1.5.3.

Let (Ry,+1,°1), (R2,+2,°2); -+, (Rn, +n, -n) be rings. Then the product
Ry X RyX,...,xXR,,is also a ring with respect to the operations ® and * defined as follows:

(wlaw%---axn)@(ylay27"'ayn) = (wl +1 Y1,T2 +2y27"'7wn+nyn)
and
(xl,af:g, cee a-'L'n) * (y13y27 cee 7yn) = (371 ‘1Y1,L22Y25---53Ln n yn)-

Theorem 1.5.4 (Elementary properties of rings).
Let (R, +, ) be aring. Then for a,b,c € R:

(i) a-0=0-a =0, where 0 is the additive identity,

(ii) a-(=b)=—(a- )=(—a)'b,

(iii) (—a)- (- b)

(iv) a-(b—c)= b —a-c

Proof.

(i) a-0=a-(0+0)=a-04+a-0ora-0+0=a-0+a-0.Bythe
cancellation law in the group (R, +), we have 0 = a - 0. Similarly, we can show
that0 = 0-a.

(ii) We have to prove that a - (—b) = —(a - b), i. e., we have to prove that the
additive inverse of a - bin( +), denoted by —(a - b), is a - (—b). Then
a-b+a-(=b)=a-(b+(-b)) =a-0=0,which gives that
—(a-b) =a-(=b).Similarly, —(a b) = (—a) - b.

(iii) (—a)- (=) = —(a- (-D)) = b by (ii).

(iv) a-b—c)=a-(b+(-¢))=a-b+a-(—c)=a-b—a-c. O

Definition 1.5.5.

Aring (R, +, ) is called an integral domain if it satisfies the conditiona -b =0 =-a =0 or
b=0foralla,b € R.

Example 1.5.6.

Rings (Z,+,-), (Q,+,-), (R, +,-) and (C, +, -) are integral domains but the ring (Zy, ®, *) is
not an integral domain because 2 x 2 = 0.



Definition 1.5.7.

Aring (R, +, ) is called a field if the set R — {0} forms a commutative group under
multiplication. In other words, the triple (R, +, -), where + and - are binary operations, is called a
field if the following conditions hold:

(a) (R, +) is an Abelian group;
(b) (R — {0}, -) is an Abelian group;
(c) a-(b+c)=a-b+a-cand(a+b)-c=a-c+b-cforalla,b,c€ R.

Example 1.5.8.
The rings (Q, +,-), (R, +, ) and (C, +, -) are fields.
Example 1.5.9.

From Example - 1.3.5, the ring (Zs, @, *) is a field. In general, (Z,,, @, *) is a field if and only if
mis a prime.

Definition 1.5.10.

Let R, +, - be a ring. Then the small positive integer n is called the characteristic of R if nz = 0 for
all z € R.If no such integer exist, we say that R is of characteristic zero. The characteristic of R is
denoted by Char R.

It is easy to prove that the characteristic of an integral domain is zero or a prime and order of
a finite integral domain or field is p™ for some prime p and n > 0.

Exercises

(1.1) Show that ordinary substraction ‘-’ is not a binary operation on the set of
natural numbers N.

(1.2) Let M3 3(7Z) denote the set of all 3x3 matrices with entries in Z. Then show
that the matrix addition and matrix multiplication both are binary
operations on M3 3(Z).

(1.3) Do all four conditions of Definition - 1.1.4 hold for the pairs (N, +), (N, -),
(Z,-), (Q,-), (R,-) and (C, -)? If not, provide the appropriate reasons.

(1.4) Construct binary operation tables for the following pairs:
(Z7’ 69)' (Z77 *)' (287 69)' (Z87 *)

(1.5) Find the inverses of 5 in the groups (Z12, ®), (Z12, *).

(1.6) Find the order of 6 in the group (Z10, ®) and order of 4 in the group
(Z7, *)

(1.7) Prove that (Z, — {0}, %) is a group, where p is a prime.

(1.8) Prove that the set {0, 3, 6,9} is a subgroup of the group (Z12, ®).

(1.9) Prove that for any divisor d of an integer m, the set
{0,d,2d,3d,...,(r — 1)d}, is a subgroup of (Z,,, ®), where r = .

(1.10) Let Hy and Hs be subgroups of a group (G, *). Then prove that H; N Hy

is also, a subgroups of (G, *).



(1.11)

(1.12)
(1.13)

(1.14)

(1.15)
(1.16)

The set S = {e® : t € R} is a group under the multiplication of complex
numbers called the unit circle group. Using the isomorphism theorem,
prove that the quotient group R /Z is isomorphic to St

Prove that the ring (Zm, @, ), is a field if and only if m is a prime.

Let p be a prime and n > 0. Then prove that the order of a finite integral
domain, and hence a finite field is p”.

Let C(]R[O’l]) be the set of all continuous real valued functions on [0,1].
Then show that C(R[%!]) is a commutative ring with identity under the
operations pointwise addition and pointwise multiplication. Also, prove that
it is not an integral domain.

Is the ring (Z12, @, *) an integral domain?

Is the ring (Z31, @, *) a field?



2 Vector spaces

2.1 Definition and examples

Before delving into the formal definition of a vector space, it is important to grasp the underlying
concept. When we refer to a vector space, we are essentially referring to a collection of vectors.
This notion becomes clear when considering R™, where the elements are referred to as vectors,
making R" itself a vector space. Upon observing the properties of R", we notice several key
characteristics:

(i) The structure (R™, 4) forms an Abelian group, where the operation +, defined as

(w17w2)"'amn) + (ylay27"'7yn) = (wl +y1aw2+y2a'“axn+yn)
represents vector addition.

(ii) For the real field (R, +, -), an external binary operation - : R x R" — R" is
defined as a - (z1, Zo, ..., %,) = (ax1, s, ..., ax,), representing scalar
multiplication.

(i) The zero vector (0,0,...,0) € R™ serves as the additive identity, while 0 € R
acts as the identity element for (R, +).

(iv) Scalar multiplication by 0 yields the zero vector
0-(z1,29,...,2,) = (0,0,...,0) € R™ and multiplication by 1 results in the
original vector, 1 - (z1, 9, ..., Z,) = (z1,Z2,...,Z,) € R™, among other

favorable properties.

Similarly, when considering other sets such as M,, ,(R) (the collection of all n X n matrices with
real entries) and P, (z) (the set of all polynomials of degree at most n with real coefficients), it
can be verified that they satisfy the same properties as R™ over the field (R, +, -). Instead of
individually analyzing these types of spaces, it is more convenient to provide a general definition
containing most of the common properties.

Definition 2.1.1.

A nonempty set Vis called a vector space over a field Fif it possesses an internal binary operation
+, referred to as vector addition and an external binary operation - : F' X V — V defined as

(o, ) — a - x, known as scalar multiplication. These operations must satisfy the following
properties:

(i) (V,+) forms an Abelian group;

(ii) a-(z+y)=a-z+a-y

(iii) a+B)-z=a-z+ 8- x;

(iv) (af) - z=a-(B-x);

(v) 1-x = x, where 1 represents the multiplicative identity of F, for all o, 8 € F' and
zeV.

The elements within a vector space V are denoted as vectors, while the elements of F are called
scalars. Throughout this text, ax is used to denote « - x.



Remark.

It may be asked, “Why is the above vector space not called left vector space due to left scalar
multiplication?” The answer is that (af8)z = (Ba)z, and the vector space V remains the same if
we define za = a.

Theorem 2.1.2.
Let V represent a vector space over the field F. The following properties hold:

(a) 0x =0, forallz €V,

(b) a0 =0, foralla € F,

(c) (—a)x = —(az) = a(—=x), foralla € Fand x €V,

(d) Ifax =0, fora € Fand x € V, then eithera =0 orx = 0, where 0 € V
represents the zero vector.

Proof.

(a) We have 0z = (0 + 0)x = Oz + Oz, or equivalently, 0z + 0 = Oz + 0z. By the
cancellation law in an Abelian group, we conclude 0 = Oz.

(b) Similarly, a0 = a(0 + 0) = a0 + a0. Applying cancellation law, we get 0 = a0.

(c) To prove (—a)z = —(ax), itis sufficient to show that (—a)z serves as the

inverse of az in the group (V, +). Therefore,
(—a)z + az = (—a + a)r = 0z = 0, satisfying the requirement. Similarly,
—(az) = a(—=x).

(d) Suppose ax = 0 and a # 0. Then a ! exists in F. Consequently,
atax=a"'0=12=0=2=0.
Now, assume z # 0, and we aim to prove a = 0.If a # 0, then x = 0,
contradicting the assumption  # 0. Thus, a mustbe 0. O

Hereafter, the notation 0 will be used to denote both the zero vector and the zero element of
the field.

Example 2.1.3.

Let R” = {(z1, 2, ..., %) : i € R}, the set of all ordered n-tuples of elements of R. Then R™
is a vector space over the field R, under the operations addition and scalar multiplication defined
as follows:

(mla"v% . "wn) + (y17y27 s 7yn): ("L'l + Y1, T2 + Y2,.--3Tn + yn)7 and
a(z1,x2,...,2n)= (az1,ax2,...,az,), wherea € R.

Similarly, the set C™ = {(z1, 22, ..., 2n) : 2zi € C} constitutes a vector space over the field of
complex numbers C, and Zg serves as a vector space over Z,. In general, for any field F, the set
F™ forms a vector space over F, under the operations defined as above. Moreover, if n = 1, then
F! represents a vector space over F. Consequently, every field can be considered a vector space
over itself.



Example 2.1.4.

Let F be a subfield of the field L. Consequently, (L, +) forms an Abelian group. When scalar
multiplication is defined as ax for a € F' and x € L, L emerges as a vector space over the field F.
Thus, every field serves as a vector space over its subfield, and particularly, every field is a vector
space over itself. In particular, C over R, R over Q and C over QQ are vector spaces. However, the
converse of this result does not hold true. For instance, considering the subfield Q of the field R,
(Q, +) forms an Abelian group, but for an irrational number i € R and z € Q, the product

ix ¢ Q. Hence, Q is not a vector space over R. Similarly, R is not a vector space over C.

Example 2.1.5.

Let P,(z) denote the set of all polynomials of degree at most n € N with coefficients in a field F.
Then P, (z) is a vector space over F under the operations given below:

Let f(z) = ap + a1z + a2x® + - -+ + anz", g(z) = bo + b1z + baz® + -+ + bpx™ € Py(z),
and c € F'.Then

f(x) + g(z)= (ag + by) + (a1 + b1z + (ay + by)x> + - + (an + by)z", and
cf(z)= cag + carx + cazz® + - - + ca,z".
Particularly, P, () is a vector space over each of the following fields: Q, R, C and Zy.

Example 2.1.6.

Let F be a field. Then the set M,, ,,(F') of all m X m matrices with entries in F, constitutes a vector
space under matrix addition and scalar multiplication of matrices. In particular, we can replace F
by any one of the following fields Q, R, C, Z,.

The example given below plays an important role to obtain various examples of vector spaces.

Example 2.1.7.

Consider V as a vector space over the field F, and let S be a nonempty set. Then

VS ={f:f:8 — V bea function} forms a vector space over F with the operations f 4 g
defined by (f + g)(z) = f(z) + g(z) and af defined by (af)(z) = af(z) for f,g € V¥ and
a € F'.It can be shown that (VS, +) constitutes an Abelian group, and the external binary
operation - : F' x V5 — V¥ defined by a - f = af represents scalar multiplication.

Remark.

Since every field is a vector space over itself, V can be replaced by Fin Example -2.1.7.
Consequently, FS serves as a vector space over the field F. This observation, along with the
Cartesian product, leads to the generation of numerous examples of vector spaces.

Definition 2.1.8.

Consider a family of nonempty sets:

{X.:a €I, Iisanindex set}.



The Cartesian product of sets X, denoted by [[acsr X4, is defined as the collection of all
functions {x : I — Jaer X such that z(a) € X, }, for each o € I. We denote z(a) by z,,
and represent x by (z4) - Therefore, [[acr Xo = {2 : @ : I = User Xo} = {(%a) 4er }- The
function x is referred to as an I-tuple of the collection {X, : a € I}.

Example 2.1.9.

(a)

(b)

(c)

(d)
(e)

()

Remark.

Let S = [0, 1] be the unit closed internal and F' = R be the field of real numbers.
Then R[O’”, the set of real-valued functions defined on [0,1], forms a vector space
over R. Utilizing the preserving property of continuity, differentiability and
Riemann integrability under addition, we can define the following vector spaces
over R:
C(RI[%1]), the set of continuous real valued functions on [0,1];
D(R[O’”), the set of differentiable real valued functions on [0,1] and
Z(RI%1), the set of Riemann integrable functions on [0,1].
Here, [0,1] can be replaced by any closed interval [a, b] C R.
Let the index set I = {1,2,...,n}. Then the Cartesian product

R'={z:2z:]—-RURU---UR(n times)}
={z:z: I >R} ={(z1,22,...,25) sz € R,1 < i <n},

represents all functions from {1,2,...,n} to the field of real numbers R. Hence,
R™ is a vector space over R.

If the index set I = N, then RN = {z:2:N— R} ={(z,): z, € R}
represents the set of real sequences.

Thus, RY is a vector space over R. If Con(R!Y) denotes the set of all convergent
real sequences, then Con(RY) also forms a vector space over R due to the
property that the sum of convergent sequences is convergent.

Define F(RY) as the set of all sequences with finite nonzero elements only. Then
F(RY) c R is a vector space over R.

Let P(x) denote the set of all polynomials with real coefficients. It is equivalent to
F(RY) under the mapping

(ag,a1,a9,...,an,...) = ag + a1z + ayx® + -+ + a,xz™ +--- , where only a
finite number of a,,’s are nonzero. Thus, P(z) is a vector space over R.

Similarly, P,(z) is equivalent to R™™ under the mapping

(ag,a1,a9,...,a,) — ag + a1 + asx?® + - -+ + a,z".
The vector space R™*" is equivalent to M, ,(R) under the mapping
(aij)an — (a117a127--~7a1naa’21a <oy Q2py -5 Qmly .- - 7a'mn)-

These examples provide an alternative approach to prove many well-known vector spaces. In
these examples, R can be replaced by any field F.



Exercises

(2.1.1) Let V be a vector space over the field F. If axz = bz, where z(# 0) € V and
a,b € F,then show that a = b.
(2.1.2) Show that R? is not a vector space over the field R under the operations;

(21,91, 21) + (%2, Y2, 22) = (T1 + T2, Y1 + Y2, 21 + 22) and
a(z,y, z) = (a®z,a’y,a’z), where a € R.

(2.1.3) Let n be a positive integer. Then prove that P, (), the set of polynomials of
degree less than or equal to n with coefficients in Z5 is a vector space over
the field Zs.

(2.1.4) If Vi C Vo C V3 C--- isachain of subspaces of a vector space V, then
prove that their union is a subspace of V.

(2.1.5) Using the definition of a vector space show that:

(i) R[O’l], the collection of real valued functions on [0,1],

(ii) RY, the set of real sequences and

(iii) P(z), the set of all polynomials with real coefficients are
vector spaces over the field of real numbers.

2.2 Vector subspaces

A subspace of a vector space V refers to a subset W of V that also functions as a vector space
under the same operations. More precisely, we have the following definition.

Definition 2.2.1.

Given a vector space V over a field F, a nonempty subset W of Vis called a subspace of Vif W
constitutes a subgroup of (V, +) and is closed under scalar multiplication, implying that axz € W
foralla e Fandxz € W.

For a given set W if we are asked to show that W is a vector space, then we have to show that
W satisfies all the axioms of a vector space. But if W is a subset of a vector space V, then some of
the axioms automatically hold in W. Hence, to show that a subset W of a vector space V over a field
Fis a vector space it is sufficient to employ certain straightforward criteria. With consideration to
Definition - 2.2.1 and the diverse approaches for testing a subgroup, several subspace tests listed
below can be effectively utilized interchangeably.

Let W be a nonempty subset of a vector space V over a field F. Then W is considered a
subspace of Vif it satisfies any of the following criteria:

Test 1.

(i) 0 belongs to W, and the sum of any two elements in Wis alsoin W,i.e.,,0 € W
andz+ye W, Ve,ye W.

(ii) Scalar multiplication holds, i. e., for any scalar a in F and any vector x in W,
ax € W.

The condition for including —z is omitted here as ( —z = (—1) - z) it is covered in (ii).
Test 2.

(i) x—ye Wforallz,yc W.



(i) Scalar multiplication holds, i.e., ax € W Va € Fandx € W.
Test 3 (If Wis a finite subset).

(i) r+ye WvVz,yc W.
(i) Scalar multiplication holds, i.e., ax € W Va € FFandx € W.

The following theorem demonstrates that these conditions can be unified into a single
condition.
Theorem 2.2.2.
Let V be a vector space over a field F and let W be a nonempty subset of V. Then W is a subspace of V if
and only if ax + by € W forall a,b € F and z,y € W.

Proof.

Suppose W is a subspace of V. Then, for any a, b in Fand x, y in W, both ax and by are in W,
leading to ax + by being in W as well.

Conversely, if Wis a nonempty subset of Vwhere az + by € W forall g, bin Fand x, y in W, it can
be observed that 1z + (—1)y = & — y is in W. Therefore, (W, +) forms a subgroup of (V, +).
Furthermore, for any ain Fand b = 0, axz + Oy = ax € W, establishing that W is a subspace of
V. O

Theorem 2.2.3.
Let {W, : a € I, 1 is an index set} be a family of subspaces of a vector space V over a field F. Then
their intersection (\acr Wa is a subspace of V.

Proof.

Since each W, is a subspace of the vector space V,0 € W, VYa € I, and hence 0 € (Nacr Wa. If
Nact Wo = {0}. Then it is a subspace of V.

Suppose x and y belong to [)acr Wa, and let a and b be elements of F. Since x and y are in

(Nacr Wa, itimplies that x and y are in W, for all a € I. As each W, is a subspace of V, it follows
that az + by is in W, for all & € I, and consequently, az + by belongs to [Jacr Wa. Thus,
according to Theorem -2.2.2, ﬂag W, is a subspace of the vector space V. O

Theorem 2.2.4.
Suppose W1 and Wy are two subspaces of a vector space V over a field F. Then W1 U Wy forms a
subspace of Vif and only if either W1 C Wa or Wa C Wj.

Proof.

Let us first assume W7 C Ws. In this case, W1 U Wy = W5, which is indeed a subspace of V.
Similarly, if Wy C W1, then W1 U Wy = W forms a subspace of V.

Now, let us consider the converse. Suppose W7 U Wy is a subspace of V. Our goal is to show that
either W1 C Wy or Wy C W. Suppose W7 is not a subset of Ws. Then there exists x € W,
such that z ¢ Wo.

We aim to prove Wy C Wj. Let y be an arbitrary element of Wj. Since W1 U Wy is a subspace,
x + y must belong to W7 U Wy, which impliesx +y € Wiorz +y e Wy. Ifx +y € Wy,
then (z + y) — y = & € W, contradicting our assumption. Therefore, z + y € W1, and
subsequently (z + y) — z = y € Wy, proving Wy C Wj.



Similarly, by symmetry, if Wy is not a subset of W7y, then W7 must be contained in Ws. O

Example 2.2.5.

In a vector space V, the set containing only the zero vector, denoted as {0} C V, forms a
subspace of V.

Example 2.2.6.

Let V.=R".Then W = {(0,z2,...,2y) : Z2,...,2, € R} is a subspace of V.
Leta,b € R and (0, z2,z3,...,2),(0,y2,Y3,-..,Yn) € R™ Then

a(0,z2,z3,...,2n) + b(0,y2,Y3, -, Yn)

= (0, axy, a3, ...,ax,) + (0,bys, bys, ..., by,)
= (Oa axsy + by2a ars + by3a ce ., ATy + byn)

Since a, b, z;,y; € R, for 2 < i < n, it follows that ax; + by; = z; € R and, therefore,
(0,23, ...,2,) € W.This demonstrates that W is a subspace of V.
Similarly,

Wi= {($1, TyeooyLp—1, 0) X1, L2y...,Lp—1 € R},

Wo= {( 1
Ws= {(z1,22,...,2n-2,0,0) : 21,%2,...,Tn—2 € R},
Wy= {(961, 0,0,...,0):z; € ]R}, are subspaces of R".

T1,22,0,Tyy ..., Ty) I T1, Ty, Ty ER},

All the above results are also true for any vector space F'™.

Example 2.2.7.

(a) D(R[O’”) is a subspace of C’(R[O’”), which is a subspace of R0,
(b) C(ROY) is a subspace of R(R[!), which is a subspace of R,
(c) Con(RY) is a subspace of RN and F(RY) is a subspace of RV,

Example 2.2.8.

Let V = R"™. Then:

(i) The set Wy = {(z1,z2,...,2,) € R": 2, > 0} is not a subspace of V because
forany (z1,zs,...,2,) € Wy, —2(x1, s, ..., z,) does not belong to W7.
(ii) The set Wy = {(z1,22,...,2,) ER": 22 + 22 +--- + 22 <2} isnota

subspace of V. This is because (1,0, ...,0) € R", and
124+ 02 4 .- 4+ 0% = 1 < 2, which means (1,0,...,0) is in W but 2(1,0,...,0)=
(2,0....,0) does not belong to Wy since 22 + 02 + --- 402 =4 > 2.

Example 2.2.9.

Let Pyo(x) denote the vector space consisting of all polynomials with degrees at most 20 and real
coefficients over the real field. Now, consider the subset



W = {p(z) € Py(z) : p(1) = 0,p(1/2) = 0,p(5) = 0,p(7) = 0}. This subset W is a subspace
of Pgo(x).

For any polynomials p(z), g(z) € W and scalars a,b € R, let h(z) = ap(z) + bg(z).

It can be observed that:

Thus, h(x) = ap(x) + bg(xz) € W. This proves that W is a subspace of Pyy(x).

The following definition outlines a method for constructing a subspace from a given subset of
a vector space.

Definition 2.2.10.

Let V be a vector space over a field Fand let S be a nonempty subset of V. Then the subspace
generated by S, denoted as (.5), is defined as the intersection of all subspaces of V that contain S.
Formally, if W; : 4 € I is a family of subspaces of V containing S, then (S) = (Nier W;.

This definition relies on the fact that the intersection of subspaces of a vector space remains a
subspace, and the assurance that Vitself is a subspace containing S.

Definition 2.2.11.

A linear combination of vectors 1, xs, ..., X, in a vector space V over a field Fis an expression of
the form a1z + asxy + - - - + a,x,, where ay,as,...,a, € F.

More generally, for a subset S of V, not necessarily finite, an element € V is called a linear
combination of elements of S if there exist finitely many z, zs, ..., x, € S such that

r =airy + asxs + ---+ a,x,, where ay,as,...,a, € F.

Theorem 2.2.12.
In a vector space V over a field F, if S is a nonempty subset of V, then (S), the subspace generated by S,
consists precisely of all linear combinations of elements of S.

Proof.

Let us denote the set of all linear combinations of S by W. For any o, 8 € F and
a1y + as®a + - + anZp, b1y +baya + - + bym € W,

a(arzy + axxy + -0 + apxyn) + B(bryr + bayz + - + brym)
= aa1x + aasxy + - - - + aa,z, + Bbryr + Bbays + -+ + BbynYm

is a linear combination of elements of S, and hence belongs to W. This proves that W is a subspace
of V.

Now, let U be a subspace of V containing S. It follows that all linear combinations of elements of S
are contained in U. Therefore, W C U, indicating that W is the smallest subspace containing S.
Thus, W =(S). O



Note that if S is a finite subset of V such that V' = (S), then Vs said to be finitely generated.

Example 2.2.13.

Let V be a vector space over a field F. Then
for S={z} C V,(S) ={ax:a € F} and
for S= {s,y} C V,(S) ={az+ By : a,B € F}.

In particular, let V = R3 and z = (1,0, 0). Then

{z}) = {(1,0,0)}) = {a(1,0,0) : @ € R} = {(«,0,0) : @ € R} is a subspace of R>.
2
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fV = Zg, a vector space over Zs, then for (2 3) cZ

{@3)})-{02,3),12.9),22,3),32,3),12.3)}
={(0,0),(2,3),(4,1),(1,4),(3,2)}
Example 2.2.14.
Let P(z) be the vector space of polynomials over a field F, and let S = {1, z, z2, x3 ..} bean

infinite subset of P(z).
Then (S) = {ao + a1z + ayx® + - +anz" : ag,aq,...,a, € F} = P(z). Thus, the infinite

set {1, z, z2,. ..}, generates or spans the vector space of polynom|als

Exercises

(2.2.1) Prove that the subsets Wy, W5, W3 and W, given in Example - 2.2.6 are
subspaces of the vector space V.

(2.2.2) Let P(x) be the vector space of polynomials with coefficients in the field F.
Then show that the following subsets of P(x):
(a) W1 ={f(z) € P(z) : f(z) is an even function},
(b) Wa = {f(z) € P(z) : (0) = f(1)},
are subspaces of P(z).

(2.2.3) Show that W = {(z,y, z) € R3: 2z + 3y — 62 = 2} is not a subspace of
R3,

(2.2.4) Show that P5(z), the set of all polynomials of degree less than or equal to

5 with real coefficients is a vector space over the field R. If
W ={f(x) € Ps(z) : f(1) € Q}, then show that W is not a subspace of
P5(113)

(2.2.5) Let M3’3(R) be the vector space of all 3x3 real matrices over R. Then prove
that Wy = {A € M33(R) :det (A) # 0} and
Wy = {A € M;3(R) :det (A) = 0} are not subspaces of M3(R).

(2.2.6) Let V = RI%!, Then show that
W={f(z) e V: f(z) = f(1 — z),for z € [0,1]} is a subspace of V.
(2.2.7) Let Pi5(x) be the vector space of polynomials of degree less than or equal

to 15 over the field R. Then show that

W ={f(z) € Pis(z) : f(1/2) = f(3) = f(4) = f(7) = O} isa

subspace of Pi5(z).



(2.2.8) Let Z52 be the vector space over the field Z5. Then find the subspace
generated by the set {(1,2), (3,4)}.

(2.2.9) Show that the set W = {f :lim, ,5 f(x) = 0} is a subspace of the vector
space RE,
(2.2.10) Let M, »(IR) denote the vector space of all n-square real matrices. Then

show that the following sets are subspaces of My, »(R): (i)
W1 ={A € M, ,(R) : trace(4) = 0} and (ii)
Wy ={BA: Aec M,,(R)}, where Bis a fixed matrix in M, ,(R).

2.3 Linear dependence and linear independence

The concepts of linear dependence and linear independence play an important role in the theory
of linear algebra.

Definition 2.3.1.

Let V be a vector space over a field F. Then the set {z1, Z2, ..., Z,} of vectors in Vis said to be
linearly dependent if there exist scalars a1, as,...,a, € F, not all zero, such that

a1x1 + ax2 + -+ apxy, = 0.

Conversely, the set {x1, 2, ..., Z,} is considered linearly independent if it is not linearly
dependent. In other words, if a1z + asxa + -+ - + apxn, = 0,theneacha; =0forl <7 < n.
More generally, a subset S of V, not necessarily finite is said to be linearly dependent (linearly
independent) if every finite subset of S is linearly dependent (linearly independent).

Example 2.3.2.

Let V be a vector space over a field F. Then we have the following illustrations:

(a) A set of vectors containing zero vector of Vis linearly dependent.
Let S = {0,z1,z2,...,2n} C V.Then k0 + 0z; + Oxy + - - - + 0z, = 0, for
all k € F.This implies that there exists a nonzero scalar k such that
k0+0$1+0$2+"'+0$n =0.

(b) It is evident from the definition that: (i) every subset of a linearly independent set
remains linearly independent, and (ii) a set containing a linearly dependent subset
is itself linearly dependent.

(c) Let S = {1, xa,..., T, } be asubset of Vsuch that x; is the linear combination
of remaining vectors. Then S is linearly dependent.
Since x1 = asxy + - - - + a,x,, We have £1 — asxy — azx3 — -+ — a,T, = 0.

This gives that at least one coefficient which is 1, the coefficient of x; is nonzero.
Example 2.3.3.

Let R3 be a vector space over R. Then the set {e; = (1,0,0),es = (0,1,0),e3 = (0,0,1)} in
R3 is linearly independent.
Suppose aie; + azez + azez = (0,0,0) where a1, a2, a3 € R. This implies



a1(1,0,0) 4+ a5(0,1,0) 4+ a3(0,0,1) = (0,0,0)
= (a17 az, a3) - (07 07 O)
= a1, =ay =az3=0.
More generally, in the vector space F'™ over a field F the set {e1, e2, ..., ey} is linearly

independent, where e; = (0,0,...0,1,0,...,0) € F™, with each entry 0 except ith entry which
is1.

Example 2.3.4.

Let V be a vector space over a field Fand let {z1, z2, ..., Z,} be a linearly independent set in V.
Thentheset 1 + 9,22 + T3,...,Typ_1 + Ty, T, is also linearly independent.
Suppose we have scalars a1, as, ..., a, € F such that

ai(®y + x2) + az(®s +x3) + - + an 1(Tp1 + 2n) + anz, = 0.
This simplifies to

aiz1 + (a1 + as)zs + (az + a3)zz + -+ + (a, — 1 + a,)z, = 0.

Since z1,9,...,T, are linearly independent, we conclude that

ar=0, a;+ay,=0, ay+a3=0, ..., ap,1+a,=0.
Solving these equations yields a; = a3 = -+ = a,, = 0. Thus, the set
1+ Ty, o+ x3,...,Tn_1 + Tn, Ty is linearly independent.

In Example -2.3.3, it is shown that the vectors e; = (1,0,0), e = (0,1,0) and e3 = (0,0,1) in
R3 are linearly independent. Consequently, the set
{e1+ eq,e3 +e3,e3} ={(1,1,0),(0,1,1),(0,0,1)} is also linearly independent.

Example 2.3.5.

The set of vectors {(2,1,1),(1,-1,1),(3,0,2)} in R3 is linearly dependent.
For ai,a2,a3 € R, letai(2,1,1) + a2(1,—1,1) + a3(3,0,2) = (0,0,0). Then
(2a1 + as + 3as3,a; — as,a;1 + as + 2a3) = (0,0,0)
= 2a1 + a2 + 3a3 =0,a1 —az = 0and a1 + az + 2a3 = 0.

Solving these equations, we get infinitely many nonzero solutions. As the solution a; = a2 =1
and a3 = —1 is one of them. Hence, the given set is linearly dependent.

Remark.

The task of determining linearly dependent and linearly independent sets can be efficiently
addressed using the matrix representation of systems of linear equations. We will explore this
approach later on.

Theorem 2.3.6.
Let V be a vector space over a field F. Then the set {x,y} C V is a linearly dependent if and only if one
vector is a scalar multiple of the other.



Proof.

Suppose the set {z,y} C V is alinearly dependent.Then there exist a and b in F, not both zero,
such that az + by = 0.1f @ # 0, then = a ! (—by) = —a 'by = ky, where k = —a"'b € F.
Conversely, suppose x is scalar multiple of y, meaning there exists k € F' such that x = ky. Then
x — ky = 0. Hence, the set x, y is linearly dependent. O

In particular, the set {(1,-1,3),(1/3,-1/3,1)} in R3 is linearly dependent because
(1,-1,3)=3(1/3,-1/3.1).

Example 2.3.7.

Let Z:f be the vector space over the field Z3. Then the number of distinct linearly dependent sets
of the form {z,y}, where z,y € Z2 — {(0,0)} and z # y is 4.

Z2= 73 x Z3, where Z3 = {0,1,2}.
Z3=1{(0,0),(0,1),(0,2),(1,0), (1,1),(L,2), (2,0),(2,1), (2,2)}

both elements are distinct and nonzero.
Similarly, {(1,0), (2,0)}, {(1,1),(2,2)} and {(1,2), (2,1)} are linearly dependent sets.

Exercises

(2.3.1) Let V be a vector space over a field Fand let the set of vectors
{z1,22,...,2,} in Varelinearly independent. Then show that the set
{z1+ ®2, 22 + 3,23 + T4, .., Tn-1 + Tn, Ty + x1} is (i) linearly
independent if n is odd and (ii) linearly dependent if n is even.

(2.3.2) Let C(R®) be the vector space of all continuous functions over the field R.
Then show that the set { fo, f1, f2,-- -, fn, - - -} is linearly independent in
C(RR®), where f,(z) = z" forn =0,1,2,....

(2.3.3) Let V be a vector space over a field F. Then prove that the set
S = {x1,x2,...,x,} in Vis linearly dependent if and only if one vector of
Sis a linear combination of remaining vectors of S.

(2.3.4) In the vector space C(RI%]) over R, show that the set {z, e, e *} is
linearly independent.

(2.3.5) Show that the set {1 + 2z + 22,1+ z + 222,2 + = + 2} in polynomial
space P3(z) over real field is linearly independent.

(2.3.6) Show that the following set of vectors in R3 are linearly independent:
(i) {(1,2,-2),(-1,3,0),(0,-2, 1)}
(i) {(1,6,4),(0,2,3),(0, 1, 2)}.

(2.3.7) Show that the following set of vectors in R3 are linearly dependent:
(i) {(2,2,-3),(3,1,-4),(0, -4, 1)};

(i) {(1,6,4),(0,-2,1),(1/2,9,-1)}.



2.4 Basis and dimension of a vector space

In this section, we introduce the fundamental concepts of basis and dimension within a vector
space, both of which are pivotal in the realm of linear algebra. Initially, we present the following
definition of a basis for a vector space, and subsequently, we will elucidate additional equivalent
definitions.

Definition 2.4.1.

Let V be a vector space over a field F. Then a subset B of Vis called a basis of V if it satisfies the
following conditions:

(a) Bis linearly independent.
(b) B spans V, meaning that (B) = V.

Example 2.4.2.

Consider the set {el, e, e3} within the vector space R? over R. This set serves as a basis for the
vector space R3,

In Example -2.3.3, it is shown that the set {e; = (1,0,0),es = (0,1,0),e3 = (0,0,1)} is
linearly independent in R3.

Now, let (z,y, z) be an arbitrary element in R3. Then it can be expressed as

(z,9,2) = 2(1,0,0) +y(0,1,0) + 2(0,0, 1),

or equivalently, (z,y, z) = ze1 + yes + zes.

Thus, R? is generated by the set {e1, €3, e3}.

In general, if F'™ denotes a vector space over a field F, then the set {e1, ea, ..., e,} forms a basis
for ™, where e; = (1,0,0,...,0), es = (0,1,0,...,0),

es = (0,0,1,0,...,0),...,e, = (0,0,...,1) are elements of F'". This basis {e1, es,...,€e,}
is commonly referred to as the standard basis of F'".

Example 2.4.3.

The collection B = {1, z,z2,z3,...,z"} forms a basis for the vector space P,(z), and

similarly, the infinite set {1, z, mz, m?’, ...,x™, ...} serves as a basis for the vector space of
polynomials P(z).

Example 2.4.4.

Theset B = {(2,1,1),(1,—1,1),(3,0,2)} does not constitute a basis for R3. This conclusion
follows from the fact shown in Example 2.3.5 that the set B is linearly dependent.

Definition 2.4.5.

A subset B of a vector space Vs called a maximal linearly independent set if it is linearly
independent and if for any element z € V not already in B, adding x to B results in a linearly
dependent set.

Theorem 2.4.6.



Every maximal linearly independent set in a vector space is a basis, and conversely, every basis is a
maximal linearly independent set.

Proof.

Let V be a vector space over a field f, and let B be a maximal linearly independent set in V. Since B
is linearly independent, it suffices to prove that V = (B).

Consider a nonzero element « € V. If x € B, then there is nothing further to demonstrate.
Assume x € B. By the definition of a maximal linearly independent set, B U {z} is linearly
dependent. Thus, there exist ag,a,as9,...,a,, notall zeroin Fand 1,2, ..., Z, in Bsuch that

a0$—|—a11‘1 +a2x2 + .- +an:cn = 0

Since ag # 0, otherwise, some a; # 0 for 1 < ¢ < n, implying that
ai1ri1 + ax2 + - - - + apxy, = 0 and so Bis linearly dependent, a contradiction. Hence,

apgr— —aix1 — a2x2,..., —Aanlp,

1

- -1 -1
T= —a5 a1T1 — Gy A2TL2—, ..., —Ay ApTp.

Thus, x is a linear combination of elements of B, and so V' = (B).

Conversely, suppose B is a basis of V. Then B is linearly independent, and (B) = V. If Bis not
maximal, there exists an element 0 # x € V' \ B such that the set BU {z} is linearly
independent. However, z € (B) = V implies that x is a linear combination of finitely many
elements of B. Therefore, B U {x} must be linearly dependent. Thus, B is a maximal linearly
independentset. O

Definition 2.4.7.

An element x in a vector space Vis called uniquely represented as a linear combination of
elements of a subset B of V, when expressed as

r=a1z1+ a2+ -+ amTm = b1yr + bay2 + - - - + bpyn, where a; # 0, b; # 0 and
zi:1<1<m,y;:1<7<naresets of distinct elements in B, the following conditions hold:

(i) m = n and x; = y; for all j;
(ii) after some rearrangement, a; = b; for all /.

Theorem 2.4.8.
Let V be a vector space over a field F. Then a subset B of V is a basis of V if and only if every element of V
is uniquely represented by a linear combination of elements of B.

Proof.
Let B be a basis of V. Then (B) = V/, and Biis a linearly independent set in V. Suppose for € V,
T =0a121 + 2%y + -+ + Ay = b1y1r +boys + - - £ bpyn,

where a; # 0,b; # 0and {z; : 1 <i <m}, {y;: 1 < j < n} are sets of distinct elements in B.
Then

a1+ a2Ty + - + ATy — b1y1 — bays — -+ — bpy, = 0.



Ifthesets {z; : 1 <3 <m} and {y; : 1 < j < n} aredisjoint, then all ;'s and y,’s in B are
distinct. Since all a;'s and b;’s are nonzero in the above equation, it is a contradiction that the set

{z1,22,...,Tm,Y1,Y2,---,Yn} in Bislinearly independent or B is linearly independent. Hence,
there must be some overlap between the two sets.
Letzy = y1,Z2 = Ya,...,Z, = Y,, fOor somer. Then

{120, o} N {y1, 92, et = {21, 20, ... 20}
Now we prove that m = n = r. Suppose on contrary, 7 < m or r < m. Then from the above
equation we have

a1x1 + a2T2 + - + arTr + Arp1Tr1 + o+ ATy, — b1x1 — b2y — - - -
_brwr - br+1yr+1 — bnyn = 07
(a1 —bi)z1+ -+ (ar — bp)zr + Gr1Zri1 + - + Gm@m — bpi1Yry1 — -+ — bpyn = 0.

This is again a contradiction that B is a linearly independent set. Hence, m = n = 7. This gives
that ¢; = y; for eachiand

(a1 —bi)z1 + (a2 — b2)z2 + -+ - + (@m — by)xm = 0.
Since Bis linearly independent,
al—bl :0,a2—b2:O,...,(am—bm):0:>ai :bl V1.

Conversely, suppose that every element of Vis uniquely represented by a linear combination of
elements of B. Then to prove that B is a basis of V, it suffices to show that B is linearly
independent. We prove it by contradiction. Suppose {x1, Za, ..., Z,} is linearly dependent in B.
Then there exist aq, as, . .., a, notall zero in Fsuch that a;x1 + asxs + - - - + a,x, = 0.

Also, 0 = 0z + Oz + - - - 4+ Oz,,. By unique representation property, we have

a; = ag = --- = a, = 0, which is a contradiction that {ml, To,... ,mn} are linearly dependent.
Hence, B is linearly independent. O

Theorem 2.4.9.
Let V be a vector space over a field F. Then a subset B of V is a basis of V if and only if B is a minimal set
of generators.

Proof.

Let B be a basis of the vector space V. Then (B) = V and B is linearly independent. Now, we
prove that B is a minimal set of generators of V.

Suppose there exists a proper subset B’ of B such that (B’) = V. Then for x € B\ B’, there
exist ¢1,,...,2, in B and a1, as,...,a, in Fsuchthat z = a1x1 + asxs + - + a,,.
This implies that the set {z, z1, 2, ..., Z,} in Bis linearly dependent. However, this contradicts
the fact that B is a basis. Therefore, there is no proper subset of B generating V. This proves that B
is a minimal set of generators of V.

Conversely, suppose that B is a minimal set of generators of V. Then (B) = V. We still need to
prove that B is linearly independent. If B is not linearly independent, then there exist distinct

elements z1, s, ..., T, in Bandscalars a1, as, ..., a,, notall zeroin F, such that
a1xy + asxs + - -+ + ay,x, = 0. Let us assume aq # 0. Then

~1 -1 ~1
r1=a; (—aexy— -+ —apTy) = —aj ATy — -+ — Q] Apy.

This implies that z; belongs to (B — {z1}).Hence, B C (B — {x1}). Since (B) =V, we have
(B — {x1}) = V. This contradicts the fact that B is a minimal set of generators. Therefore, B



must be linearly independent. O

Considering the implications of the above three theorems, we can regard the following
statements as a definition of a basis for a vector space.

Definition 2.4.10.

In a vector space V over a field F, a subset B is considered a basis of V if it satisfies any of the
following conditions:

Bis a maximal linearly independent set in V

OR

every element of V can be uniquely expressed as a linear combination of elements from B
OR

B is a minimal set of generators for V.

Lemma 2.4.11.

Suppose V is a vector space over a field F, and let S = {x1,x2,...,xm} be alinearly dependent set of
nonzero vectors in V. Then there exists a vector x; in S, where 1 < 1 < m that can be expressed as a
linear combination of preceding vectors.

Proof.

We construct the chain S1 C S2 C S3 C -+ C Sy, = S, where S; = {z1,z2,...,x;} for

1 <i<m.Sincexz; # 0, S1 = {z1} is alinearly independent set. As Sy, = S is linearly
dependent, there must exist a smallest index i, where 2 < ¢ < m, such that S; is linearly
dependent. Therefore, there exist scalars a1, as, ..., a; in F, not all zero, such that

a1xry +asxe + -+ a;x; = 0.

Now, a; # 0, otherwise some a; # 0,1 < j <4 andthen a;x; + asxy + -+ a;—1T;—1 =0
imply S;_1 linearly dependent, which contradicts our assumption that .S; is the first linearly

dependent set in the chain. Hence, a;; = —a11 — asxy — -+ - — a;_1x;_1,and so
_ -1 -1 ~1
Tr; = —(li ajxry — ai aglg — *++* — ai A;_1L;_1.
Therefore, x; can be expressed as a linear combination of preceding vectors 1, x2,...,Z;_1.
O

Theorem 2.4.12.

Let A= {z1,x2,...,Tm} be asetof generators of a vector space V over a field F. If
B ={y1,y2,-..,Yn} is alinearly independent set in V, then n < m.
Proof.

Without loss of generality, we assume that z; € A, where 1 < ¢ < m is nonzero. Since V = (4),
Y1 € B C V can be expressed as a linear combination of elements of A. Thus, the set
{y1,x1,22,...,Zy} islinearly dependent and spans V.

By Lemma -2.4.11, there exists z; in the above set such that z; can be expressed as a linear
combination of preceding vectors. Since y; belongs to a linearly independent set, x; # y;. After



removing x; from the above set, let A; = {y1,z1,Z2,...,%; 1,Zi11,-..,Tm}. Here, Ay
remains a generating set. By repeating this process on A; and B, we obtain

A2 = {yl,yz,wl, ey Li—1,Lj41,y. - .,:l:j_l,:):j+1, N ,:Em}.

In this manner, at each step, we add one member of B and delete one member of A.
If n < m, then we eventually obtain a generating set:

An =4Y1,Y2, -y Yns Ty Tpyy - - -y T}, where {z,, Tp,,..., 2, } C A,

and this completes the proof.

Now, we claim that n > m is not possible. If n > m, then after m steps we obtain

A =A{y1,Y2,- - -, Ym}, Which is a spanning set. This implies that y,,,,1 can be expressed as a
linear combination of vectors y1, ya, . . . , Y. However, this contradicts the assumption that the
set Bis linearly independent. O

Theorem 2.4.13.
Every finitely generated vector space contains a basis.

Proof.

Consider a vector space V over a field Fand let S denote the set of generators of V. If S = {0} or
S = 0, then V = {0}, and ¢ serves as a basis for V.

Let S = {1, 2, ...,Zm} be aset of nonzero vectors in Vsuch that (S) = V.If Sis linearly
dependent, then according to Lemma - 2.4.11, there exists x; € S such that x; can be expressed
as a linear combination of preceding vectors. If we remove z; from S, the set S — {mz} still
remains a generating set, i.e., (S — {z;}) = V.

If S — {x;} is linearly independent, then it constitutes a basis for V. If S — {x;} is linearly
dependent, we can remove another element, z;, from S — {x;}, yielding S — {z;, z;}.If

S —{z;, :vj} is linearly independent, then it forms a basis for V.

IfS —{z, :I:j} is linearly dependent, we continue this process iteratively. After a finite number of
attempts, we will eventually obtain a basis for V. Since S is finite, the number of elements in the
basis is less than or equal to the number of elements in the generating set. O

Theorem 2.4.14.
In a finitely generated vector space V, any two bases of V have the same number of elements.

Proof.

Let By = {z1,Z2,...,Zn} and By = {y1,ys, ..., Yy, } be two bases of a vector space V. Since
(B1) =V and By is a linearly independent, it follows that n < m. Similarly, (By) = V and B;
is a linearly independent imply m < mn. Consequently, we conclude thatm =n. O

As we have proved that the number of elements in each basis of a finitely generated vector
space Vis invariant, we have the following definition.

Definition 2.4.15.

The number of elements in a basis of a finitely generated vector space is called the dimension of
the vector space. A vector space that is not finitely generated is called infinite-dimensional. We
represent the dimension of a vector space V over Fas dim (V).



Theorem 2.4.16 (Extension theorem).
Let S = {x1,x2,...,x,} bealinearly independent set in a finite-dimensional vector space V over a
field F. Then either S is a basis or can be extended to be a basis of V.

Proof.

Given Sis a linearly independent set in V, if (S) = V/, then S already constitutes a basis.

Let the dimension of Vbe n, and let B = {y1, Y2, . .., Y, } beits basis. Consequently, (B) =V,
implying (S U B) = V. According to Lemma - 2.4.11, we can eliminate each vector from
SUB={x1,Z2,.--,Zm,Y1,Y2,- - -, Yn }, Which is a linear combination of preceding vectors, to
obtain a maximal linearly independent set M in V. Since S is linearly independent, none of its
elements will be discarded during this process. Therefore, M contains every vector from S,
signifying that S is extended to form a basis Mof V. O

Theorem 2.4.17.
If the dimension of a vector space is n, the following assertions hold:

(a) If a set A contains more than n vectors in V, then it is linearly dependent.

(b) A subset B of V containing n vectors serves as a basis of V if and only if B is linearly
independent.

Proof.

(a) Given that Vis a vector space with dimension n, a maximal linearly independent

set within V contains exactly n elements. Thus, any set A containing more than n
vectors must be linearly dependent.

(b) If B constitutes a basis, then it is a linearly independent set. Conversely, if Bis a
linearly independent set with n elements, then being a maximal linearly
independent set, B serves as a basis for V. O

Example 2.4.18.

In the vector space F'" over the field F, the set S = {ej, €3, ..., €,} is the standard basis of F'".
Consequently, F'™ is an n-dimensional vector space. In particular, Q", R", C", Z are n-
dimensional vector spaces.

The vector spaces Q", R™ and C™ are finite-dimensional, despite having an infinite number of
vectors, where as in the vector space ZI’} the number of elements are p”.

Example 2.4.19.

Let Vis an n-dimensional vector space over a finite field F containing p elements. Then there exists
a basis {z1, zs,...,z,} of Vand so every element € V can be uniquely expressed as

T = a1y + asxy + - -+ + apT,, Where ay,aq, ..., a, are member of F. Thus, for every n-tuple
(a1,as,...,a,) € F™, there corresponds a unique z € V and vice versa. Consequently, the
number of elements in V equals the number of elements in Z, which is p”.

Therefore, the number of elements in a finite-dimensional vector space over a finite field amounts
to p”, where p represents a prime and n denotes the dimension of the vector space.

In particular, there does not exist a vector space with 51 elements since p™ = 51 is not possible
for any prime p.



Example 2.4.20.

(a) Every field Fis a vector space over itself. The singleton set {1}, where 1 is the
identity of the field is the basis of the vector space F. Hence, dim (F) = 1.
(b) The set {1, ¢} is a basis of the vector space of complex numbers over the field R.

Since x + iy € C, can be written as z.1 + y. 7, where x,y € R. Hence, the
dimension of complex vector space over R is 2.

(c) Vector space R over the field Q is infinite-dimensional. Since QQ is countable and
the vector space generated by a finite subset of R over () must be countable but
R is uncountable.

(d) dim (P,(z)) = n + 1 and dim (P(z)) is infinite.

Example 2.4.21.
Let W = {(z1,z3,®3) € R®: 21 + x5 + 23 = 0} be a subset of the vector space R? over R.

Then W = {(z1, 3, —x1 — x3) : T1,z2 € R}.
Now, observe that

:Bl(l, 0, 0) + xz(o, 1, 0) + (—:1,'1 — :ch)(O, 0, 1)
2131(1, 0, 0) + :(32(0, 1, 0) + :131(0, 0, —1) + xz(o, 0, —1)
21(1,0, —1) + 25(0,1, —1).

(-’L'l) 2, —T1 — $2)

This demonstrates that W is generated by (1,0,-1) and (0,1,-1).
For ai,as € R, consider

a1(1,0,—1) + a5(0,1,—1) = (0,0,0),
(al,(), —al) + (0,(12, —a2) = (0, 0, 0),
(a17a27 —a; — a’2) = (0’07 O)a

a; =0, ay=0.
Thus, the set {(1,0,-1),(0,1,-1)} is linearly independent. Hence,
dim (W) = 2.
More generally, the dimension of the subspace,
W = {(5(31,$2,...,(13n) ER":w1+w2+---+xn=0} isn—1,
where the set {(1,0,0,...,0,-1),(0,1,0,...,0,-1)....,(0,0,...,1,-1)} forms a basis of W.
Example 2.4.22.

Let W = {(x1, 2,23, T4, T5) : 31 — T3 + 3 = 0} be a subspace of R®. Then, given
x3 = —3x1 + 2, we can express W as

W = {(z1, 22, —3z1 + T2, T4, T5) : T1, T2, T3, T4 € R}.

Now, observe



(z1, 22, —3x1 + o, 24, x5)= 21(1,0,0,0,0) + 25(0,1,0,0,0) + (—3z; + x2)(0,0,1,0,0)
+24(0,0,0,1,0) + 5(0,0,0,0,1)
= 21(1,0,0,0,0) — 32,(0,0,1,0,0) + z5(0, 1,0,0,0)
+25(0,0,1,0,0) + 4(0,0,0,1,0) + z5(0,0,0,0,1)
= 21(1,0,—3,0,0) + 22(0,1,1,0,0) + 4(0, 0,0, 1,0)
+x5(0,0,0,0,1).
This shows that the set B = {(1, 0, -3, 0,0), (0, 1,1,0,0), (0,0,0,1,0),(0,0,0,0,1)} is a

generating set of W.
Let a, b, c,d € R, such that

a(1,0,-3,0,0) + b(0,1,1,0,0) + ¢(0,0,0,1,0) + d(0,0,0,0,1) = (0,0,0,0,0).
Then we have
(a,b,—3a +b,c,d) = (0,0,0,0,0) = a=0,b=0,c=0,d=0.

Thus, Bis a linearly independent set, and hence B constitutes a basis of W. Consequently,
dim (W) = 4.

Theorem 2.4.23.
Let W be a subspace of an n-dimensional vector space V over a field F. Then:

(a) dim (W) <dim (V).
(b) If B={x1,x2,...,%n} is a basis of V, then every subset {x1,x2,...,Tm},
m < n, of B generates a subspace of dimension m.
Proof.
(a) Let B = {x1,x2,...,Z,,} be abasis of W. As Bis linearly independent in W, it is

also linearly independent in V. According to the extension theorem, B is either a
basis of V or can be extended to form a basis of V. Thus, dim (W) <dim (V).

(b) Consider By = {x1,Zs,...,Z,} C B.Then (By) is a vector space with a
maximal linearly independent set B;. Consequently, By acts as a basis for (Bj),
and dim ((By)) = m.

|

Theorem 2.4.24.

Let Fy be a subfield of a field F5, and let V be a vector space over Fs. Suppose the dimension of the
vector space F5 over F is mq, and the dimension of the vector space V over Fy is mo. Then the
dimension of the vector space V over F is myms.

Proof.

Let {x1,Z2,...,ZTm, } be a basis of the vector space Fy over Fy, and let {y1,¥ya,...,Ym,} bea
basis of the vector space V over F5. We claim that the set
B ={z,ys : 1 <r <my,1 < s < ma} forms a basis of the vector space V over Fi.



Let x € V. Then x can be expressed as a linear combination of the basis elements
{y17 Ya,... ’ym2}, such that

T = blyl + 52?/2 +---+ bmzymz’ where b13b27 .. '7bm2 € F2-

Further, as {x1, Z2, ..., T, } forms a basis of the vector space F over Fy, each by,
1 < s < my, can be expressed as by = Z;n:ll bsrx., for some by, € F1.
Hence,

my mq my
= (Z blrwr) Y1+ (Z b2rw1"> Y2+t (Z mer:vr) Ym,
r=1 r=1 r=1
my Mo
= Z Z brsmrys-

r=1 s=1

This shows that B spans vector space V over F7.
To demonstrate linear independence, suppose

mip ma2

$5S 500 -0
r=1 s=1
Since {y1, Y2, - - -y Ym, } is linearly independent, we have
mo my my
Z (Z brsacr) ys = 0= Z brsz, = 0.
s=1 \\r=1 r=1
Additionally, from the linear independence of {x1,Z2,...,Zm,}.

my
Zbrsmr =0=0b,=0 Vr,s.
r=1

Hence, B is linearly independent. O

Example 2.4.25.

C™ is a vector space over C, and C is a 2-dimensional vector space over R. By the previous
theorem, the dimension of the vector space C™ over R is equal to the product of the dimension
of C™ over C and the dimension of C over R. Thus, dim (C") over R =dim (C™) over Cx
dimension of C over R = n x 2 = 2n.

The basis of C" over C is {e1, e2,...,en}, where e; = (1,0,0,...,0),

e2 =(0,1,0,...,0),...,e, = (0,0,...,1) and the basis of C over R is {1,4}.

Hence, the basis of C™ over R is {e1, ez, ..., en,ie1,1€2,...,ie,}, where ie; = (3,0,0,...,0),
ies = (0,1,0,...,0),...,ie, = (0,0,...,1).

In the following example, we obtain the number of bases and the number of subspaces of a
finite-dimensional vector space over a finite field Z,,.



Example 2.4.26.

Let V = Zf’, be a 3-dimensional vector space over the field Z,. Then the number of elements in V
is p3.

First, we determine the number of bases in V. To count the number of linearly independent sets of
the form {z1, 2, 23} C V, we employ the fundamental principle of counting. However, this
principle yields the number of ordered 3-tuples (z1, 2, x3) in V.

Hence, the number of bases {ml, T2, mg} is calculated as

the number of ordered 3-tuples(z1, z2, z3)
3! '

To select the ordered 3-tuples (z1, z2, 3), we need to make a series of choices. The first choice,
z1 # 0, can be made in p? — 1 ways. The second choice, x5, can be made in p® — p ways. Since
the set {1, z2} should not be linearly dependent. It means x2 should not be of the form

To = Qx1, O € Zp or xa & <a:1> Next, the third choice 3 can be made in p3 — p2 ways. Since
the number of elements in 2-dimensional subspace ({z1, z3}) is p? and z3 should not be written
as linear combination of 1 and zs, i.e., z3 € ({z1, z2}). Hence, the sequence (z1, zs, x3) of
choices can be made in (p* — 1)(p® — p)(p® — p?) ways. Therefore, the number of bases of Vis
(p3*1)(p3;p)(p37p2) _

Now, we determine all the subspaces of V:

(i) 0-dimensional subspace of Vis {0}.

(i) 1-dimensional subspaces of V:
Let 21 # 0 € V. Then (z1) is a subspace of V of dimension one. Thus, each of the
p® — 1 nonzero vectors of V, generates a 1-dimensional subspace of V. However,
each subspace (z1) = {az; : @ € Z,} contains p — 1 nonzero elements of V.

3_
Hence, the number of 1-dimensional subspaces of Vis 1

p—1
(iii) 2-dimensional subspaces of V:
The number of linearly independent sets in V containing two elements is
*-1)(p*—p)

2!

@P*-1)(@*-p) . - - .
3 linearly independent sets. Hence, the number of 2-dimensional

(*-1)(P*—p)
(p*-1)(p*-p)
(iv) 3-dimensional subspace of Vis Vitself.

. Each 2-dimensional subspace ({z1,z2}) of Vis generated by
subspaces of Vis

4-1 (»*-1)(p*—p)
= T )

Thus, the total number of subspaces of Vis 1 + £ + 1.

p

From above observations, we have the following remarks.

Remark.

If Vis an n-dimensional vector space over a finite field containing p elements, then:

(M the number of bases of V = (1’"—1)(1’"—1;)'- )

(2) the number dj, of (k > 1)-dimensional s.ubspace of Vis




_ @ =1 —p)-- (" ")
(p* —1)(p* —p)--- (" —p* 1)’

and the total number of subspace of Vis

14+dy+dy+---+d,, whered, =1.
Example 2.4.27.
Consider the vector space Z53 over Zs. Then from the above formula, the number of bases of Vis
(BDE9ES) _ 248000.

3!
The total number of subspaces of Z53 is 1+ dy + ds + ds3, where

"1 —p)---@"—p"1")

WD ) )
p’—1) 5 -1 124
h= ((p—l)) “%5-1 1 b
4 PV —p) (P15 124x120
(p?2 —1)(p2 —p) (B2 —1)(52—5) 24 x20 ’
g P oD@ P —pY)
(p® = 1)(p* — p)(P® — p?)

Thus, the total number of subspaces of the vector space Zg over Zy is 1+31+31+1=64.

Exercises

(2.4.1) Prove that it is always possible to choose a maximal linearly independent
set from a generating set of a vector space.

(2.4.2) Let V be an n-dimensional vector space. Then prove that a subset of V
containing n + 1 elements is always linearly dependent.

(2.4.3) Let V be a finitely generated vector space and let S be a subset of V such
that (S) = V. Then prove that {} U S is linearly dependent and
(S) =V, foranyz € V.

(2.4.4) Let V be an n-dimensional vector space and let S be a set of generators of V.
Then show that S contains at least n elements.

(2.4.5) Find the dimension of the subspace W = {[a;;] : a;; = 0,if j is even} of
the vector space of all 10x10 real matrices.

(2.4.6) Show that Wy = {(z1,0,3,0) : 1,23 € R} and
Wy = {(0, 5,0, 24) : T2,z4 € R} are subspaces of the vector space R*
and find their bases and dimensions.

(2.4.7) Find the bases and dimensions of the subspaces:
(i) Wi = {(z1, ®2, 23, 24, T5) : 1 + 222 — x3 = 0} and
(i) Wy = {(z1, 2, ©3, T4, x5) : 222 + 323 + 424 = 0} of

the vector space R® over R.
(2.4.8) Prove that the set

{Li+zl+z+z®,1+z+2?+23,...,1+z+22+---+2"}is



a basis of the polynomial space P, (x) over the field F.
(2.4.9) Find the number of bases and the number of subspaces of the following
vector spaces:

(i) Z3 over Z3 (ii) Z2 over Z5 (iil) ZZ? over Z7 (iv) Zy over Zo.

(2.4.10) Show that the following sets of vectors are bases of R3 over R:
(i) B; ={(3,2,0),(-3,-3,-1),(4,4,1)},
(i) B, ={(1,0,-2),(-1,0,3),(0,1,-3)},
(iii) B; ={(1,2,1),(-1,0,2),(2,1,-3)},
(iv) B, =1{(1,1,2),(1,2,2),(2,2,3)}.
(2.4.11) Let V be an n-dimensional vector space over a field F. Then show that there
exists a k-dimensional subspace of Vforall 0 < k < n.
(2.4.12) Find the dimension of the following subspaces of the polynomial space:
P,(z):
(i) Vi ={f(z) € Pu(z) : f(1) = 0},
(ii) Va ={f(z) € Pu(2) : f(1) = f(2) = 0}.
(2.4.13) Show that the set {1, (1 — z), (1 — z)*, (1 —z)®,(1 —2)*, (1 — z)°} is a

basis of the polynomial space Ps(x) over the field F.

(2.4.14) Let Q[v2] = {a +bV2: a,b € Q}. Then Q[v'2] is a field and Q is its
subfield. Find a basis and dimension of the vector space (Q[v/2])" over Q.
(2.4.15) Let W = {(z1,22,...,2,) € C": Y a;z; = 0,a; € C} be avector
space over C. Then find the dimension of the vector space W over R.
(2.4.16) Show that the set:

(i) {(1,—1),(1,4)} is a basis of C2,

(ii) {(1,0,0),(0,4%,0),(1,1,7)} is a basis of C3,

i) {(1=4,1+14,4), (—3 + 3i,2 + 2, 2), (0,3,1 — )} is a
basis of C3.

2.5 Sum and direct sum of subspaces

Definition 2.5.1.

Let U and W be subspaces of a vector space V over a field F. Then the sum
U+W={u+w:ucU,we W}isasubspace of V, called the sum of subspaces U and W.

Theorem 2.5.2.
Let U and W be finite-dimensional subspaces of a vector space V over a field F. Then U + W is also
finite-dimensional and its dimension is given by

dim (U + W) =dim (U)+ dim (W)— dim (U N W).
Proof.

Since U N W is a finite-dimensional subspace of U and W both, we can write bases of U and W as
an extended form of basis of U N W. Let {z1, z2, ...,z } be a basis of U N W, and
{z1,z2,...,2r,u1,u2,...,Un_r}tand {z1,22,...,Zr,w1,...,Wn_r} be the bases of U and
W, respectively, where m =dim (U) and n =dim (W). Then we claim that the set



S={x1,xa,...,Tr, U1, U,y ..., Uy, W1, Wa,..., W, ,}isabasisof U+ W.

Since S contains bases of both U and W, every element of U + W can be represented as a linear
combination of elements from S, implying that U + W is generated by S. We now demonstrate
that Siis linearly independent.

Suppose

a1x1 + Ty + -+ QpZy + blul + b2u2 +oeee bmfrumfr T+ Cc1wy + CoWa + ++* + CppWhp—

where a;,bj,ci, € F.
Then

a1Ty + axy + -+ apxy +biug + -+ by p Uy = —CrWy — CoWy — ¢+ — Cp Wy

Since the left side belongs to U and the right side belongs to W, we have

a1x1 + axy + -+ apx, + blul +-+ bm—rum—r = —ClW] — CQW32 — "+ — Cp—yWp—y € U
As{zi,x3,...,x,} forms a basis of U N W, there exist dy,ds, . .., d, in Fsuch that

—ClW] — CoW3**+ — CpyWy_ = d1T1 + daTy + - -+ + d, ;.

This leads to

dix1 +dsxo +---+dyx, + crwy + -+ Ccp_pwy_ = 0.

Since the set {z1, zs, ..., %, W1,..., W, .} forms a basis of W and is linearly independent, we

haved1 :dgz---zdrzcl :"‘:Cn,r:().

Similarly, a1x1 + asxs + - -+ + a, + x, + byuy + - - - + by_ru, = 0 implies

bl :b2:---:bm_r:a1:agz---:aT:O.

Thus, Sis a linearly independent set, and hence a basis of U + W.

Finally,

dm (U+W)=r+(m—r)+(n—r)=m+n—r=dim (U)+ dim (W)— dim (UN W)
O

Definition 2.5.3.

A vector space Vis said to be the direct sum of its subspaces U and Wif V = U 4+ W and every
x € V can be uniquely expressed as x = x1 + x2, where 1 € U and x2 € W.If Vis the direct
sum of U and W, thenwewrite V =U & W.

Theorem 2.5.4.
Let U and W be subspaces of a vector space V.Then V. =U @& W ifand only if V. = U + W and
Unw = {0}.

Proof.

Let us first assume V' = U @ W. This implies that every vector & € V can be uniquely expressed
asx = x1 + x9,Wherexy € Uand z9 € W.Thus, V =U + W.Now, let x € U N W.Then
zeUandz € W.AIso,0 =2+ (—z) =0+ 0, where x € U and —z € W. From the
definition of a direct sum of subspaces, we know that both expressions of 0 must be unique,
implying = 0. This leads to U N W = {0}.



Conversely, assume V =U + W and U N W = {0}. Every vector € V can be expressed as
T = x1 + T9, Wwhere 1 € U and x5 € W. To show uniqueness, let us assume z = y; + Yo,
where y; € Wandyy, € W.Then 1 + 9 = y1 + Y2 = 1 — y1 = Yo — T2. Since

z1—y1 €Uandyy —x3 € W, 21 —y; =ys — a2 € UNW = {0}. Hence,

1 —YyYy1=0=>21 =y, andys — x93 = 0 = yy = x5. Thus, x1 + 3 = Y1 + Y2 = . This
demonstrates that £ = x1 + 2 isunique. O

Remark.

More generally, we say that Vis direct sum of its subspaces Wy, Wy, ..., Wy, if
V=W, +Ws+---+Wpandforall z € V the expression £ = w; + wy + - - - + wy, is
unique, where w; € W;, 1 <i<kandwewrite V=W & Wy & ---W,.

Theorem 2.5.5.
Let W1 and W be subspaces of a finite-dimensional vector space V. Then V.= W1 & W if and only
if dim (V) =dim (W7)+ dim (W5).

Proof.

Assume V = W1 @ Ws. From the previous theorem, we know that V' = W; + W3 and
WinNnWy = {0} Also, dim (V) =dim (W1)+ dim (Wg)— dim (Wl N WQ). Since

W1 N Wy = {0}, we have dim (V) =dim (W1)+ dim (W?).

Conversely, suppose dim (V) =dim (W1)+ dim (W3). This implies dim (W1 N W3) = 0, and
hence W1 N W3 = {0}. Moreover, dim (W1 + W3) =dim (W1)+ dim (W3) =dim (V),
indicating W1 4+ W is a subspace of V with the same dimension as V. Hence, V = W1 + Ws.

0

Example 2.5.6.

Let V7 and V5 be two distinct subspaces of dimension m — 1 of a vector space V of dimension m.
Then we shall show that the dimension of their intersection, V73 N Vs, is m — 2.

Considering Vi = Vi + {0} and V5 = {0} + V3, it follows that V; C V; + V; and

V2 - V1 -+ Vg. Consequently, dim (Vl) =dim (V2) = (m — 1) §d1m (Vl + Vg)

Moreover, since V7 and V5 are distinct subspaces, there exists a nonzero vector v € Vo — V7.
Thus, (v) forms a subspace of V with dimension 1, and (v) N V; = {0}.

This implies that

dim ((v) + V1) =dim ((v))+ dim (Vi) =1+ m —1=m.

Since ((v) + V1) C (V1 + V3) C V, we have
m =dim ((v) + V1) <dim (V1 + V3) <dim (V) = m, thus yielding dim (V; + V3) = m.
Utilizing the result dim (V; 4+ V3) =dim (V7)+ dim (V3)— dim (V; N V3), we derive

m=(m—1)+ (m—1)— dim (V1 N V),
which simplifies to

dim (V1 ﬂVg) =m — 2.



Example 2.5.7.

let U = {(z,0,2) : z,z€ R}, W = {(0,9,0) : y € R} and § = {(0,y,2) : y,z € R} be
subspaces of the vector space R? over R.

ThenU + W = {(z,y,2) : 2,9,z € R} = R*and U N W = {(0,0,0)}. This gives that
R3 = U @ W, the direct sum of subspaces U and W.

Next, U + S = {(z,9,2) : z,9,2 € R} = R®but UN S = {(0,0, 2) € R3} # {(0,0,0)}.
Hence, R3, is not the direct sum of subspaces U and S.

Example 2.5.8.

Let U = {p(z) € Py(z) : p(x) = ag + asz? + agz* + agz® + agz®} and
W = {p(z) € Py(z) : p(z) = a1z + a3z>® + a5z’ + arz” + a9z} be subspaces of the
polynomial space Py(z). Then Py(x) =U & W.

Example 2.5.9.

Consider two subspaces of R2, denoted by W; and W5, where

Wi ={(z,y) €R?:2 —y=0}and Wy = {(z,y) € R? : £ + y = 0}. Simplifying the
conditions, we find that W7 represents the set of points where y = z, resulting in

W1 = {(z, z) : € R}. Similarly, W5 can be expressed as Wy = {(z, —z) : * € R}.

It is evident that {(1,1)} forms the basis of W71, and {(1,-1)} serves as the basis of Ws.

Considering the intersection, (w, y) € W1 N Wa,we obtain z +y = 0 and  — y = 0. Solving
these equations yield x = 0 and y = 0, implying W; N W> = {(0,0)}.

Therefore, applying the formula dim (W7 + Ws) =dim (W;)+ dim (W2)— dim (W7 N W»),
we find dim (W; + W5) = 2, which equals dim (IR?). Hence, we conclude that R* = W; @ W,

Example 2.5.10.

Let W1 = {(x1, Z2,23) : 1 + x5 + 3 = 0} and Wy = {(z1, 22, 23) : 1 — z2 + x3 = 0} be
subspaces of the vector space R3. Then W, and W, can be written as

Wi = {(:131, —T1 — x3,$3) 1 T1,x3 € R} and Wy = {(ml,ml + :I?3,.’83) 1 T1,x3 € R}.

If we consider the standard basis {e1, e2, e3} of R3, any vector (z1, —x1 — 3, 23) in Wi can be
represented as a linear combination:

(1, —x1 — x3,23)= x1€1 + (—T1 — T3)ex + x3e3 = x1(e1 — e2) + z3(es — ez)
= ml(l, —1, O) + mg(O, -1, 1).

This implies that the set B; = {(1,—1,0), (0, —1,1)} generates W;.It can be easily shown that
B4 is linearly independent, hence forming a basis of W7, leading to dim (W7) = 2. Similarly,
using a similar approach, we can demonstrate that the set By = {(1,1,0), (0,1,1)} is a basis of
Wy, also resulting in dim (Ws) = 2.

Further, (z1,z2,23) € WiNWy = 21 + 29+ 23 =0and 1 — x5 + 3 = 0,

= ($1,$2,£L'3) = ($1,0, —$1)-

Thus, W1 N Wy = {(x1,0, —z1) : ; € R}. Consequently, the set B3 = {(1,0,—1)} is a basis
of W1 N Wy, resulting in dim (W, [ Ws) = 1.



Therefore, dim (W + W3) = 2+ 2 — 1 = 3 =dim (R?®), indicating that R? = W; + W5, but
R3 # W, & W,.

Example 2.5.11.

Consider two subspaces of the vector space P3(z) over R, denoted by U and W, where

U= {p(z) € Ps(z) : p(0) = 0,p(1) = 0},
W= {p(z) € P3(x) : p(1) = 0,p(2) = 0}.
In this example, we determine the dimensions of U, Wand U N W.

For any polynomial p(z) = ag + a1z + asz? + azx® € U, we have p(0) = 0 = a and
p(1) =0 = ap + a1 + a2 + a3. Thisimplies a1 = —ay — a3, leading to the expression:

p(z) = (—az —a3)z + axz® + azz’® = ay (:Ez — :E) + as (:133 — ac)

Thus, the set By = {(z2 — z), (3 — )} forms a basis of U as it spans U and is linearly
independent. Hence, dim (U) = 2.

Similarly, for p(z) = ag + a1z + asz? + a3m3 € W,wefindag +ay +as +ag=0and
ag + 2a1 + 4as + 8ag = 0. Solving these equations, we obtain ayg = 2a3 + 6ag and

a; — —30,2 - 7a3. Thus,

p(z) = 2a3 + 6a3 + (—3a2 — Taz)x + asz? + asz® = (932 — 3z + 2)(12 + (w?’ — Tz + 6)a3.

This yields By = {(z? — 3z + 2), (z® — Tz + 6)} as a basis of W. Hence, dim (W) = 2.
Next, UNW = {p(z) € P3(z) : p(0) = 0,p(1) = 0 and p(2) = 0}.
Let p(z) = ag + a1x + asx? + azz® € UN W.Then:

p(()): 0 = ao,

p(1)=0=aog +a1 +az + a3,

p(2): 0= ag + 201 + 4a2 + 8a3.
Solving these equations, we get ag = 0, a; = 2a3 and ay = —3as. Hence,
p(z) = 2a3z — 3a3z? + azz® = a3(2z — 3z + x3). This gives that B3 = {2z — 3z + 3} is
a basis of U N W, and hence dim (UN W) = 1.
Consequently, dim (U + W) =dim (U)+ dim (W)— dim (UNW) =2+4+2—-1=3.
Example 2.5.12.

Consider the subset W = {p(z) € P3(z) : p’(0) = 0 = p" (1)} of the vector space P3(x).
Let f(x),g(x) € W and a,b € R. Then

(af(z) +bg(z))'(0) = (af'(z) + bg'(2))(0) = af'(0) + bg'(0) = O,
and

(af(@) + bg(@)" (1) = af"(1) + bg'"(1) = 0.
This implies af(z) + bg(z) € W, and hence Wis a subspace of P3(x).



Forany p(z) = ag + a1z + asx? + azz® € W, we find p'(z) = a1 + 2ayz + 3asz? and
p"(z) = 2a3 + 6asz. From p'(0) = 0 = a; and p”(1) = 0 = 2a5 + 6a3, we deduce that

a; = 0 and a2 = —3as. Hence, p(z) = ag + (—3a3)z? + a3z = ag + a3(z® — 32?%). Thus,
the set B = {1, xd — 33:2} spans W and is linearly independent, serving as a basis of W.
Therefore, dim (W) = 2.

Example 2.5.13.

Let V be a vector space of dimension 120. If U and W are subspaces of V of dimensions 50 and 85,
respectively, then we find minimum and maximum possible dimensions of U N W.

Since U N W is a subspace of both U and W, dim (U N W) < 50.

So, the maximum possible dimension of U N W is 50.

Now,

dim (U + W)=dim (U)+ dim (W)— dim (U N W)
=dim (UN W) =dim (U)+ dim (W)— dim (U + W)
=50 + 85— dim (U + W).

Thus, dim (U N W) is minimum if dim (U + W) is maximum. Since max
dim (U + W) =dim (V) = 120, min dim (U N W) = 50 + 85 — 120 = 15.

Exercises

(2.5.1) If W1 and W3 are subspaces of a vector space V, then show that W1 + W
is a subspace of V.

(2.5.2) Let W7 = {($1,$2,$3, 1174) e R*: L1+ Xy + T3+ Ty = O} and
Wa = {(z1,2,23,24) € R*: 21 — 23 + z3 — x4 = 0} be two
subspaces of R%. Then find the dimension of W; + W, and show that
R4 £ W, @ Ws.

(2.5.3) Forevenn € N, let
Wi ={(z1,z2,...,2,) ER": 21 + 22+ -+ 2, =0} and
Wy ={(z1,22,...,2,) ER" 121 — 22+ 23 —24--- — 2, = 0} be
two subspaces of R™. Then show that R™ £ W; & Ws.

(2.5.4) Forodd n € N, let

Wy ={(z1,2z9,...,2,) ER": 2y + 29+ ---+ 2, =0} and
Wy ={(z1,22,...,2,) ER" 12y — s+ 23— 24---+x, =0} be
two subspaces of R™. Then show that R™ £ W & W.

(2.5.5) Let U = {p(x) € Ps(z) : p(1) = p(—1) = 0} and
W = {p(z) € Ps(z) : p(0) = p(1) = 0} be subspaces of the polynomial
space P5(z) over R. Then find dimensions of U N W and U + W.

(2.5.6) Let U = {p(z) € P4(x) : p'(1) = p"(—1) = 0}, where p/(z) = &

and p”(z) = % be a subset of Py(x). Then show that U is a subspace
of the polynomial space Py(x) over the field R.

(2.5.7) Let U = {p(x) € Ps(x) : p(1) + p(—1) = 0 and p(2) + p(—2) = 0}.
Then show that U is a subspace of Ps(z) over R and find a basis and
dimension of U.

(2.5.8)



If Vis a vector space of dimension 150 and U and W are subspaces of V
having dimensions 75 and 100, respectively, then find maximum and
minimum possible dimensions of U N W.

(2.5.9) Let V be a vector space of dimension 10. If U is a subspace of V of dimension
9 and W is a subspace of dimension 6, which is not contained in U, then find
the dimension of U N W

(2.5.10) Show that the intersection of two distinct planes passing through origin is a
line passing through origin.

2.6 Quotient space

Definition 2.6.1.

Let W be a subspace of a vector space V over a field F. Then the set (W, +) forms an Abelian
subgroup of (V, +), and consequently, it is a normal subgroup of (V', +). The quotient group %

is regarded as a vector space over the field F, called the quotient space under the following vector
addition and scalar multiplication defined as

(+W)+(@y+W)=(x+y)+W, and
a.(z+W)=azx+ W,

wherez + W,y+ W € %andaeF.

Theorem 2.6.2.

Let V be a finite-dimensional vector space over a field F, and let W be its subspace. Then the dimension

of the quotient space % is given by dim (%) =dim (V)— dim (W).

Proof.

Let {:1:1, T2,..., m,«} be a basis of W. Since W is a subspace of V, the basis of W can be extended to
form a basis {z1,x2,...,Zr,Y1,Y2,- . -, Ys} of V. Specifically, this implies dim (W) = r and
dim (V) = r 4 s. To establish the result, we demonstrate that dim % =r+s—r=s.

We claimthat B=1y; + W,y + W, ...,y + W serves as a basis of %

Letx + W € % Given & € V, we can represent x as a linear combination of the basis elements
of .

x =ai1z1 +ax2+ -+ arxy + bry1 + boya + - - - + bsys,

where a;,b; € Fforl <i<rand1l <j<s.
Since a1x1 + - -+ + arx, € W,we have a1x1 + asxy + - - - + arx, + W = W. Consequently,
z+ W= (a121 + agzs + - -+ + a,z,) + (bry1 + boys + -+ + bsys) + W
= (b1y1 +bay2 + -+ + bsys) + W
= (biyr + W) + (bay2 + W) + -+ + (byys + W)
=bi1(y1 + W) +ba(y2 + W) + - + bs(ys + W).



Thus, every element of % can be expressed as a linear combination of elements in B, establishing

7 = (B).

Next, we demonstrate that B is linearly independent.
Assume that a1 (y1 + W) + aa(yz + W) + - - - + a,(y, + W) = W (the zero vector of ) for
some ai,as,...,a; € F.Thisimplies

(a1y1 + W) + (a2ys + W) + - + (asy, + W) =W

or (a1y1 + asys + -+ - +asy,) + W=W.
Since {z1, Za, . .., .} forms a basis of W, we can write

a1y1 + asys + - - - + agy, = bixy + boxs + - - - + b.x, for some by, by,...,b, € F.

Thus, a1y + asys + - + asys — byjxy — byxs — - — bz, = 0.
Given that {1, Z2,...,Zr, Y1, Y2, - - - , Ys} forms a linearly independent basis of V, we conclude
thata; = as =--- =as =b; = by = --- = b, = 0. Consequently, Bis linearly independent.

Therefore, dim (%) =s=r+s—r=dim (V)—- dim (W). O
Example 2.6.3.

Let V be a vector space over a field F. Then

v
W:{,gz;—i—{O}:ar:GV}:{ac:mGV}zV and

%: {x4+V:2xecV}={V}={0}, thenullspace.

Example 2.6.4.

Let V =R?and W = {(0,z) : € R}. Then

% ={(r,s) + W:(r,s) e R°}.

For any (r, s) € R?,

(r,s) + W= {(r,s)-l—(O,a:):a:ER} = {(r,s—i—w):wER}
= {(r,az') sz GR}, where ' = s + .

In other words, the coset (7, s) + W represents the line passing through (r, s) and parallel to
the y-axis.

Now, (7,s) + W = (',s8') + W < (r,s) — (r',s') e W = (r —r', s — s') € W.This means
r — 7' = 0. Hence, two elements (r, s) and (7', s) of Vyield the same elements in - if and only
if » = r'. Consequently, % can be identified with the set of vectors of the form (r,0), or
equivalently, with the x-axis.

Furthermore, dim () =dim (V)— dim (W) =2 —1=1.



Example 2.6.5.

Let W = {(0,, 2) € R3} be the yz-plane in R3. Then W is a subspace of the vector space
V = R3. The quotient space

1% 3
7 = {8, ) + W (r,5,t) € R},

Each coset
(r,8,t) + W= {(r,5,t) + (0,9,2) : y, 2 € R}
= {(r,y+s,z+t) ‘Y,z € R}
= {(r, y',z’) 1y, 2 € R},

represents a plane parallel to yz-plane passing through the point (r, s,t) € R3.

Exercises

(2.6.1) Let W be a subspace of a vector space V over a field F. Then show that the
quotient set % is a vector space under the operations
(x+W)+(y+ W)= (x+y)+Wanda.(x + W) = ax + W, where
acF.

(2.6.2) Let {(z1 + W), (z2 + W),..., (2, + W)} be a basis of the quotient
space % and let {y1,¥s,- - -, Yn} be a basis of W. Then prove that
{z1,29,. .., T, Y1,Y2,---,Yn} is a basis of V.

(2.6.3) Let V = R? and let W be any line in V passing through the origin. Then
describe cosets of % and find dim (%)

(2.6.4) Let V = Py(z) and W = {p(z) € V : p(1) = p(2) = 0}. Then find

dim ().



3 Matrices and spaces of matrices

This chapter is devoted to several vector spaces obtained form the collection of various types of
matrices under the matrix addition and scalar multiplication operations. Also, we discuss basis,
dimension and some interesting properties of such vector spaces.

3.1 Matrix definition and matrix operations

Definition 3.1.1.

A rectangular arrangement of mn elements of a field F'(R or C) in m rows and n columns is
called a matrix of order m X m. Thus, a matrix A of order m X n can be represented in the
following form:

ailz a2 -+ Qlp

Qg1 G2 -+ QAop
A=

am1 am2 ot Amn

In brief, the above matrix is denoted by A = [a;;], ..., Where a;; is the entry at the
intersection of i-th row and j-th column, called (i, j)-th element of A. Some special types of
matrices are defined as follows.

Row matrix: A matrix having only one row is called a row matrix or a row vector.

Column matrix: A matrix is called a column matrix if it has only one column or column vector.

Square matrix: A matrix in which the number of rows and columns are equal is called a square
matrix. A square matrix of order n X n, denoted by A, is called an n-square matrix.

Zero matrix: A matrix is said to be a zero matrix or a null matrix if all its elements are zeros. We
use the notation 0,,,, to denote the zero matrix of order m X n.

Definition 3.1.2.

Two matrices A = [ag],, ., are said to be equal ifand only if (i) m =7, n = s
and (II) ai; = sz for all I,j

In other words, two matrices are said to be equal if and only if they have the same order and their
corresponding entries are equal.

and B = [bij]

TXS$8

Definition 3.1.3.

Let A = [aij]an
Cij = aij -+ b”

and B = [b;;] _ .Thenthe sum A + Bis a matrix C = [c;;] where

mxn mxn'

Note that the sum of two matrices can only be calculated when both matrices have the same
orders. This operation is referred to as matrix addition.



Definition 3.1.4.

Let A = [aij]mxn.
referred to as scalar multiplication.

The product of the matrix A by a scalar k is defined as kA = [ka;] and is

mxn

For example, if A = [é _41 _22} and k£ = 3, then 34 = [3 I23 _66] )
Also, (—1)A = —A = [—aj;] is called the negative matrix of the matrix A.

Theorem 3.1.5.
Let A, B and C be matrices of order m X n. Then:

(i) A + B = B+ A (commutative);

(ii) (A+ B) + C = A+ (B + C) (associative);
(iii) k(A+ B) = kA + kB;

(iv) (k+1)A=FkA+I1A4

(v) k(lA) = (k) A,

where k and | are scalars.
Proof.

Let A = [a4j] B = [b],,., and C = [cij]

mxn' mxn’
Since a;j, b;j, ¢;j, kand | are elements of a field, a;; + b;; = b;; + a;; and

k(aij + bzg) = kaij + kbw

Hence,
(i) A+ B = [ij] i,  Biglsn = (5 4 Bigliney = [0i + @igl ey = Biglyen + 1
(ii) (A+B)+ 0 = ([ + Bigh ) + il = (@i + i) + [eii]
(iii) KA+ B) = ([ag] o, + Bl ) = k(@i + i)l = [k + b37)], =
(i) (e DA = (k+ Dlai] o, = [k + Dail, = haig +1ai], = Kol
(v) k(14) = k(llai),,..,) = ki), = (Klaij],., = Kllai],,, = KA. ©

Definition 3.1.6.

Let A = [a;;] be an m X n matrix and B = [b;;] be an n x p matrix. Then the product AB is a
matrix C' = [c;;] of order m x p, with entries
Cij = abij + Qigbaj + - -+ + @inbp; = D7 airby;.

The product AB is defined only when the number of columns of A is equal to the number of
rows of B.

For example, if

1 10 1 2 0
Azl } and B= (2 1 3|,
3 2 1
1 1 -1



then

1.1+(-1).24+01 1.2+(-1).14+01 1.0+ (-1).340.(-1)
31+22+4+1.1 32+21+1.1 3.0+23+1.(-1)

-1 1 -3
18 9 5]
In this example, order of matrix A is 2x3 and order of matrix B is 3x3, therefore the product
matrix AB is of order 2x3. However, since the number of columns of matrix B is not equal to the

number of rows of matrix A, the product BA is not defined.
The following example demonstrates that matrix multiplication is not commutative.

AB- |

Example 3.1.7.

Let A = [(1) g} and B = B ]1] be matrices of order 2x2. Then AB = [Z é] and BA = [g ?7’} are
not equal.

The matrix multiplication satisfies the following properties.
Theorem 3.1.8.
Let A, B and C be matrices. Then:

(i) (AB)C = A(BC) (associative);

(ii) A(B+ C) = AB+ AC and (B + C)A = BA + CA (distributive);

(iii) for any scalar k, k(AB) = (kA)B = A(kB).

Proof.

(i) Let A = [aij],, ., B = [bijl,,, and C = [c;j],, .- Then (4, j)-th element of the

product AB is denoted by [AB]J;;. To prove that the matrices (AB)C and

A(BCQC) are equal, we need to show that their corresponding entries are equal.
That is, we have to show that [(AB)C],;; = [A(BC)],;. Since order of AB is

m X p,



(AB)C] ;=

ij [AB] zkck]

(Z azlblk> Chj

n

- EM@ T

(aabi)ck;
1

il
L

l

s |

I
[~

ail(bikcry)
=1

il (Z blkckg)
1

a; [BC] lj
1

A(BO)] ;.
= [€ij1p- Then
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)

Fj:
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(ii) Let A =

a
Q

(@] s B = [bigl ., @0

3

[A(B+0)],;= ) aalB+Cly
=1

3 |

(]

a;(by; + cij)

o~

I

1

= zlbl]+ E a;Crj

4B, + 4C],
= [AB + AC],;.
Hence, A(B+ C) = AB+ AC.

Similarly, (B + C)A = BA + C'A, where matrices B and C are of order m x n
and matrix A is of order n X p.

(iii) Let A = [ay],,,,, and B = [b;],,, - Then
k[AB|,=k (Z ailb,])
=1

n

(ka)bi; (= [(kA)B} ij)

1

au(kby) (= [A(kB)] ).

l

I
s 1

o~
I

—



This proves that (%, j)-th element of matrices k(AB), (kA)B and A(kB) are
equal. Hence, k(AB) = (kA)B = A(kB). ©

Definition 3.1.9.

Let A = [a;j] be an m x n matrix with entries in a field F. Then the transpose of A denoted by A*
isan n X m matrix [bji], where bj; = a;;. That s, At is obtained by changing rows of A into
corresponding columns.

) L L0
For example, if A = [02 1], then At = [3 21].

Theorem 3.1.10.
When the relevant sums and products are defined, then for the matrices A, B and k € F' we have:

(i) (A + B) = A"+ B,
(ii) (At =
(
(

(iii) kA)t = kAt
(iv) AB)' = B'A'.
Proof.
(i) Let A = [ayj],,.,, and B = [b;] . .Then
t
(A + B)t ([alﬂ]mxn + [bij]mxn)
= [ai; + bz]]an
= [aji + bJZ]nXm
= [a’ﬂ]nxm + [bji]nxm
= [ai]n + il
= A"+ B
(ii) Let A = [a;j),,.,- Then Al = [aji],,.m: @nd hence
(4" = [aif] pp = A
(iii) Let A = [agj], ... Then kA = [ka;j], ., and hence
(kA)' = [kag) .. = kla;i] .~ =kA".
(iv) Let A = [ay),,,,, and B = [bij]nXp'

If [(AB)t]jZ. denotes the (j, )-th entry of the matrix (AB)’, then



[(AB)t} = [AB]ij = Z a;by; = Z bijai
=1 =1

=ﬁwmwh
= [BtAt]ji'

This shows that (,)-th entry of the matrix (AB)" is equal to (j,4)-th entry of
the matrix BY A for all i, j. Hence, (AB)" = BtAt. O

Definition 3.1.11.

Let A = [a;;] be an n-square matrix. Then the trace of A denoted by tr(A) is defined as
n
tr(4) = an +ax+ -+ apm = Zam’-
=1

Thus, the sum of the diagonal elements of a square matrix is called the trace of the matrix.

123
For example, if A = {—21 4 g] ,thentr(4) =1+4+5 = 10.

Theorem 3.1.12.
Let A and B be n-square matrices and let k € F'. Then:

(v) tr

(i) tr(A + B) = tr(A) + tr(B);
(ii) tr(kA) = k(tr(A));
(i) tr(A') = tr(A);
(iv) tr(AB) = tr(BA);
(

AAY) = tr(ATA) =>4 a%j, where a;; denotes the (i, j)-th entry of A.
Proof.

We prove parts (iv) and (v) of the theorem and remaining are left as an exercise.



(iv) n
tr(AB)= S [AB],,

=1

(5

= <Z bﬂ%)
=1

Zbﬁ%
=1

s I

I
M

j=1 i
=D [BA];
j=1
= tr(BA).
(v) Using the property aj; € A* = a;; € A, we have
tr(AA")=") " [44"],

i=1

—ZZ%%

=1 j=

- E a/ij.
1,

Hence, tr(AA") = Y i ja3;.
Similarly, tr(A*A) = 37, j aZ.
From (iv), we have tr(AAY) = tr(A*A). Hence,

tr(AA") = tr(A'A Z al;.

0
Exercises
(3.1.1) Let A and B be n-square matrices and let k € F'. Then prove that:
(i) tr(A + B) = tr(A) + tr(B);
(ii) tr(kA) = k(tr(A));
(iii) tr(AY) = tr(A).

(3.1.2) Let A = [a;;], where a;; =i + j and



1, if i+ jisodd,

B = [bij]a where b;; = {0 otherwise

be matrices of order 4x4. Then find:

(i) 2A + 5B;

(i) 3A - 5B;

(iii) AB and BA;

(iv) A?B and AB?;

(v) At and Bt. -
(3.1.3) Let A = [a;;], where a;; = (—1)"" and

1, if i+ jiseven,
B =lby], whereb;; = {O otherwise

be matrices of order 4x4. Then find:

(i) A—-B;
(ii) —A+5B;
(iii) AB and BA;
(iv) A%B and AB?;
(v) At and Bt.
(3.1.4) Let A = [ (1) g —31 —43] and B = F g —21 —13} be 3x4 matrices. Then show
—22-5 1 4-23 6
that
(i) (A+ B)' = A' + B';
(ii) (A = 4;
(iii) (74)" =74t
(3.1.5) For the matrices A = [ (1J g —31] and B = F g —21] , show that:
-22 -5 4-2 3
(i) (AB)! = B A?;
(ii) tr(A + B) = tr(A4) + tr(B);
(iii) tr(5A4) = 5(tr(A4));
(iv) tr(A?) = tr(A);
(v) tr(AB) = tr(BA);
(vi) tr(AAY) = tr(A'A) = Y, ; af;, where a;; denotes the

(4, J)-th entry of A.

3.2 Some special matrices and their properties

Definition 3.2.1 (Identity matrix).

An n-square matrix I,, is called an identity matrix or unit matrix if its all diagonal entries are one
and all off diagonal entries are zero.

100
For example, I3 = [0 1 0].
001

e IfAis an n-square matrix, then AI, = I,A = A.
e IfAisan m X n matrix, then Al,, = I,,A = A.



Definition 3.2.2 (Diagonal matrix).

An n-square matrix A = [a;j] is called a diagonal matrix if a;; = 0 for all ¢ # j. That is, a square
matrix in which all its off diagonal entries are zero is called a diagonal matrix. Diagonal matrix A is
denoted by diag(ai1, a2, - . -, ann)-
. 100
For example, diag(1, —1,2) = [8 o g] :
Identity matrix I, is a diagonal matrix.

o If A= diag(ai1,a9,...,a,,) is a diagonal matrix, Bis an n X m matrix and Cis an

m X n matrix, then
AB = the matrix obtained by multiplying by i-th row of B by a;; foralli =1,2,...,n,

and
C A = the matrix obtained by multiplying by i-th column of C by a;; for all
i=1,2,...,n.

For example, let

ai a2 ag

2 00 a; az az a4
by by b3
A= 0 3 0, B = b1 b2 b3 b4 and C =
0 0 5 c1T cy €3 ¢ ez
1 C2 C3 C4 di do ds
Then
2 3 5
20,1 20,2 2a3 20,4 221 3;2 523
AB= |3b; 3b, 3b; 3bs| and CA= |-+ 7%
5 5 5 5 201 362 563
c c c c
oo T o 2d; 3ds 5ds
o If A= diag(ai1,a9,...,ay)and B = diag(by1, b, ..., by,) be two diagonal matrices,
then AB = BA = diag(a11b11, a92b2s, - . -, Gppbpy) is also a diagonal matrix. Hence,
A™ = diag(aly, aby, ..., an,).

Definition 3.2.3 (Scalar matrix).

A diagonal matrix is called a scalar matrix if all its diagonal entries are equal. For any scalar k, the
scalar matrix is of the form kI,,.

500
For example, A = [0 5 0} = 513 is a scalar matrix. Since every scalar matrix is a diagonal
005
matrix, it satisfies all the properties of a diagonal matrix.

Definition 3.2.4 (Triangular matrix).

A square matrix A is called an upper (lower) triangular matrix if all the entries below (above) the
main diagonal are zero. Thus, an n-square matrix A = [aij] is upper triangular if all a;; = 0 for



¢ > 7 and lower triangular if all a;; = 0 for ¢ < j.

T O
DO O

123 1
For example, A = [8 é g} is an upper triangular matrix, and B = [g ] is a lower triangular

matrix.

e Transpose of an upper (lower) triangular matrix is a lower (upper) triangular matrix. In the
above example, A® = B and B! = A.
*  Product of upper (lower) triangular matrices is an upper (lower) triangular matrix.
For example, let A = [é g} and B = [_01 ﬂ be upper triangular matrices. Then
AB = [_01 g} is an upper triangular matrix.
Similarly, if C' = [; 3] and D = [_21 2} are lower triangular matrices, then C'D = [_11 2] isa

lower triangular matrix.

e If A=lay],,, and B = [by] . are upper (lower) triangular matrices, then diagonal
elements of upper (lower) triangular matrix AB are {a11b11, a20b22, - - . , Gnpbnn }-
For example, see the diagonals of AB and C'D matrices given as above.

Definition 3.2.5 (Invertible or nonsingular matrix).

An n-square matrix A is called invertible or nonsingular if there exists an n-square matrix B such
that AB= BA=1,.

The matrix B is called the inverse of A and we write A~! = B. Clearly, (A_l)f1 = A.

Theorem 3.2.6.
Inverse of an invertible matrix is unique.

Proof.

Let A be an invertible matrix of order n X n. Suppose B; and Bs are n-square matrices such that
AB1 = B1A =1, and ABs = By A = I,.Then

B: = Bi1I, = B1(AB3) = (B14)By = I,,B2 = Bs. Thus, both the inverses By and B3 of A
areequal. O

Theorem 3.2.7.
The product of invertible matrices is invertible.

Proof.

Let A and B be n-square invertible matrices. Then we shall show that (AB) ' = B141:
(AB)(B'A )= A(BB A ' =AILA7'=AA"" =1, and
(B'A(AB)=B'(A'A)B=B"'I,B=B'B=1I,

prove that B~ A1 is the inverse of the matrix AB.
Hence, AB is invertible and (AB) ' = B'A~!. 1o

Theorem 3.2.8.
Let A be an n-square invertible matrix. Then At is invertible and (A) ™" = (A~1)".



Proof.

From the properties of transpose of a matrix, we have
A(AY'= (414) = (1,) = 1,, and
(A1) 4= (447N = (1) = L.

This proves that (A~1)" is the inverse of the matrix A¢. Hence, (Af) ' = (A-1)". o

Example 3.2.9.

(a) Every identity matrix is invertible.

(b) Let D = diag(a11, a2, .. -,an,) be a diagonal matrix, where a;; # 0
V1 <i < n.Then D! = diag(a;, a5y, - -,a,}) is the inverse of D. Since
DD '=D'D= diag(allaﬁl, agza;;, ey anpant) =1,

Thus, a diagonal matrix is invertible if and only if all its diagonal entries are nonzero.
Definition 3.2.10 (Symmetric matrix).

Let A = [a;;] be an n-square matrix. Then A is called symmetric if A* = A.If A* = — A, then
matrix A is called skew-symmetric.

In a skew-symmetric matrix A = [a4j], aij = —aji, V1 < 4,j < n, and hence
ai; = —ai = 2a4 = 0= a; =0, V1 < i < n.Thus, in a skew-symmetric matrix all the
diagonal entries are zero.

1 -12 0 12
For example, A = [31 52) g] is a symmetric matricand B = [71 0 g] is a skew-symmetric

matrix.
Theorem 3.2.11.
Let A be an n-square matrix. Then:

(i) AA? and At A are symmetric matrices,
(ii) If A is symmetric and invertible, then A= is symmetric.
Proof.
(i) From the properties of transpose of a matrix, we have the result:
(AAY) = (A1)’ At = AA! and (ATA)" = At(AY)' = AlA.
(ii) From Theorem - 3.2.8, we have that (A’f)_1 = (A1), Since A is symmetric,

At = A, and hence (A1) = (A") ™" = (4) ' = A~ This proves that A~ is
a symmetric matrix. O

Theorem 3.2.12.
Every square matrix can be expressed uniquely as the sum of a symmetric matrix and a skew-symmetric
matrix.



Proof.

Let A be an n-square matrix. Then

(A+ Al (A— A

A= o b
where
((A;At)) §(At + (44" = %(A’HLA) = %(A+At) and
<(A—2At)>t: L)) = Ty = (- a,
prove that A£A is symmetric and 454" is skew-symmetric.

Now, we shall that above expression is unique. Suppose A = B + C, where B is symmetric and C
is skew-symmetric. Then A* = B! + C* = B — C.Hence, A + A = 2B = B = 4+4 3nd
A-At=20=C=44 ¢

Example 3.2.13.

LetA=[3 41—22] andhenceAt:[—llzg].If
6 2 3 2 -23
[2 2 8 1 4
B= %(AJrAt)—% 2 8 0f = 4 0 and
8 0 6 0 3
[0 —4 —4 0 —2 -2
C%(AAt)—%40—4:20—2,
4 4 0 2 2 0

then A = B+ C, where B is a symmetric matrix and C is a skew symmetric matrix.
Definition 3.2.14 (Orthogonal matrix).

An n-square matrix A is said to be orthogonal if AA* = A*A = I,,. Thus, an orthogonal matrix is
invertible and A* = A~!.In other words, an invertible matrix A is orthogonal if A~1 = A°.

Let A = [_C‘;?nwz sin ﬁ Then AA! = A'A = I,. Hence, A is an orthogonal matrix.
Theorem 3.2.15.
The product of two orthogonal matrices is an orthogonal matrix.

Proof.

Let Aand B be n X n orthogonal matrices. Then
(AB)(AB) = ABB'A! = AILA* = AA* = I, and



(AB)Y(AB) = B'A'AB = B'I,,B = B!B = I,,. Hence, AB is an orthogonal matrix. 0O
Definition 3.2.16 (Nilpotent matrix).
A square matrix A of order n. X n is called a nilpotent matrix if A™ = 0 for some m > 1.

Example 3.2.17.

(a) 010 5 000
Let A = [g 8 é] .Then A° = [8 8 8] . Hence, A is a nilpotent matrix.

(b) If we take A = [g (ﬂ and B = [(1) 8} , then A and B are nilpotent matrices but
A+ B= [(1] (ﬂ and AB = [(1) 8} are not nilpotent matrices.

(c) Every nilpotent matrix is a singular matrix.

Theorem 3.2.18.
Let A be an n-square nilpotent matrix such that A™ = 0, m > 1. Then the matrix I,, + A is
nonsingular.

Proof.
To prove the result, we shall show that I,, + A is invertible and
(I,+A) ' =I,—A+A>— ...+ (—1)"tAa™ 1,
We have
(I, +A) (I, — A+ A% — -+ (—1)™24m 2 (_1)m—1Am_1)
=I,(I,— A+ A2 (—1) A2 (_1)m71Am_1)
FA(I, - A+ AT~ + (—1)™2Am2 4 (_1)m—1Am_1)
= (I, — A+ A% — o (1) 242 (—1) A
FA— AT 4 AP At (C)™ AT g (—) AT
=I,+(-1)™ 4™
= I,.
This proves that I, + A is invertible, and hence nonsingular. 0O

Definition 3.2.19 (Similar matrices).

Let A and B be n-square matrices. Then A is said to be similar to B if there is a nonsingular matrix P
such that A = P 'BP.

Theorem 3.2.20.
Similarity is an equivalence relation on M, , (F), the set of all n-square matrices with entries in the

field F.



Proof.

Let A,B,C € M, ,(F).Then A = I AT, implies that A is similar to itself. Hence, similarity
relation is reflexive.

Now, suppose that A is similar to B. Then there exist P € M,, ,(F) such that A= P~'BP.
Next, A= P"'BP = PAP ' =B = (P!) 'AP ! = B.

This shows that there exist a nonsingular matrix P~! such that B = (P~1) ' AP~1.Thatis, Bis
similar to A. Hence, similarity is a symmetric relation.

Finally, we shall show that the similarity relation is transitive.

Let A be similar to B and B be similar to C. Then there exist nonsingular matrices P and Q such that
A=PBPand B=Q'CQ.

Since (QP) is the product of invertible matrices, (QP) is invertible, and hence

(QP)'C(QP) = P 'Q 'CQP = P'BP = A gives that A is similar to C. Thus, similarity is
an equivalence relation on M, ,,(F). O

Definition 3.2.21 (Complex matrices).

A matrix A with complex entries is called a complex matrix. That is, a matrix A = [a;;] is a
complex matrix if a;; € C, V1, j.

Complex matrices satisfy the following additional definitions and properties along with all
definitions and properties of matrices discussed previously:

e Let A=[ay]  beacomplex matrix. Then the matrix A = [az;]
conjugate of A, where a;; is the conjugate of the complex number a;;.

is called the complex

—t —
e Thematrix A* = (A) = At is called conjugate transpose or tranjugate of A.
e Ann-square complex matrix A is called Hermitian if A* = A, skew-Hermitian if A* = — A
and unitary if A*A = AA* =1, (i.e., A* = A1)

Note that in a Hermitian matrix a;; = a;; and in a skew-Hermitian matrix d;; = —a;;. It means all
the diagonal entries of a Hermitian matrix are real and all the diagonal entries of a skew-
Hermitian matrix are purely imaginary or zero.

Example 3.2.22.

Let A = [2 J_rf’i 3 j 4 1 6 Z} be a complex matrix of order 2x3. Then

2—-3 ) 141 23 '
- — 31 —1 ) —
A= , , and A*=(4) = | -1 3—4
7 3— 41 6 .
1+ 6
Some important properties of complex matrices are listed in the form of the following
theorem without proof. The proof is simple and left as an exercise.
Theorem 3.2.23.

When the relevant sums and products are defined, then for the complex matrices A, B and scalar k € C
, we have the following:

(i) A+B=A+B;



(ii) AB = AB;

(i) A A

(iv) kA — k Z

(v) (A+ B)* = A* + B,

(vi) (AB)* = B*A*;

(vii) (A*) = A;

(viii) (kA)* = kA*;

(ix) IfA s invertible, then (A*) ™" = (A™1)";

(x) If A'is an invertible Hermitian matrix, then A1 s also Hermitian.

Theorem 3.2.24.
Every n-square complex matrix can be expressed uniquely as the sum of a Hermitian matrix and a skew-
Hermitian matrix.

Proof.

Let A be an n-square complex matrix. Then A = is Hermitian and

A;A* is skew-Hermitian. For uniqueness and a more detailed proof, follow the steps of the

corresponding theorem for symmetric and skew-symmetric matrices. O

A—EA* + A—2A* , where A—;A*

Example 3.2.25.

Let
1420 -1  2—4
A= |4—i 4+4 -2-2i].
6+3 2-3i 3—4i
Then
1-20 4+4i 6—3i
A*=| -1  4—-4i 2+3i].
2+4i 242 3+4
If
[ 3 1 7
1 1 §+§’L 4—52
BZE(A—i—A*): %—%z 4 %z and
4+ Ti —4i 3
. [ 26 -2 -2i —2— 24
C’ZE(A—A*): 2 —1i 4i —2— 24|,
220 2— 34 —4i

then A = B + C, where B is a Hermitian matrix and C is a skew-Hermitian matrix.

Theorem 3.2.26.



If A is a Hermitian (skew-Hermitian) matrix, then i A is a skew-Hermitian (Hermitian) matrix.

Proof.

Let A be a Hermitian matrix. Then A* = A.

Hence, (1A4)* = 1A* = —i A, proves that ¢ A is skew-Hermitian.

If Ais a skew-Hermitian matrix, then A* = —A.

Hence, (1A)" = 1A* = —i(—A) = iA, proves that 14 is Hermitian. O

Exercises

(3.2.1) Let D be a diagonal matrix. Then for any polynomial f(x) show that f(D)
is a diagonal matrix.

(3.2.2) If Ais a triangular (upper or lower) matrix, then show that f(A) is a
triangular matrix, where f(z) is a polynomial.

(3.2.3) Prove that the transpose of an upper triangular matrix is a lower triangular
matrix and vice versa.

(3.2.4) Prove that the product of two lower triangular matrices is a lower triangular
matrix and the product of two upper triangular matrices is an upper
triangular matrix.

(3.2.5) Let

1 1 1
3 3 3
1 0
_ |1 1 1 _
B e §
3 3 3
Then find
(i) A0 (i) A103 (jii) B (iv) B,
(3.2.6) Express the following matrices as the sum of symmetric and skew-
symmetric matrices:
4 2 6 -7 12 9
A=]6 -7 0|, B=|3 -3 12
-3 0 1 8 6 5
(3.2.7) Let A = [ ?] be a matrix such that (54 + I 1 — [13] Then find the
cd 31
relation between (i) a and b and (ii) c and d.

(3.2.8) Let A and B be n-square matrices. Then show that B'ABiis (a) symmetric if
A is symmetric and (b) skew-symmetric if A is skew-symmetric.

(3.2.9) Let A be an n-square matrix. Then show that A?A is a symmetric matrix.

4 26

) Let A = [ 63 —07 (1)] . Then find a matrix B such that the matrix BA becomes
a symmetric matrix.

(3.2.11) Let A and B be n-square matrices. Then show that (a) B*(A + A")B'is
symmetric, (b) BY(A — A")B is skew-symmetric and (c) B*(A*A)B is
symmetric.

(3.2.12) If A and B are similar matrices, then show that tr(A4) = tr(B).



(3.2.13)
(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)
(3.2.19)
(3.2.20)
(3.2.21)

(3.2.22)

If B is similar to A, then show that B"™ is similar to A™.
Let A be a 2-square matrix with real entries such that
det (A + I3) = 1+ det A. Then show that tr(A4) = 0.
Show that the matrices

2 2—21 4 1 —24+31 1-—23
A= |2+2 6 21 and B=|—-2- 33 0 44 31

4 —21 0 1+ 2¢ 4 — 33 2
are Hermitian and 7 A4, ¢B are skew-Hermitian.
Show that the matrices

0 1+4 3—2 i -1+ 30 20
A= | -1+i 0 4+i| and B= |1+3i 34 -3
—-3—-2i —4+1 0 —9 3 % ;

are skew-Hermitian and ¢ A and B are Hermitian.
Express the following matrices as the sum of Hermitian and skew-Hermitian
matrices:

2 2-2 4 i 1+i 3-—2

A= |2+42 6 2|, B=|-1+i i  4+il,
| 4 -2 o0 —3-2 —4+i 0
2430 2-2% 4—i i 1-2 4-2i

C=|2+2 —6i 2 |, D=|-1+4i 8—2i 4+
| 4 20 6-—4i 3+4i —4+i 0

Let A and B be n-square complex matrices. Then show that B*AB is (a)
Hermitian if A is Hermitian and (b) skew-Hermitian if A is skew-Hermitian.
Let A and B be n-square Hermitian matrices. Then show that AB + BA is
Hermitian and AB — BA is skew-Hermitian.

Let A be an n-square invertible complex matrix. If A + A* is invertible, then
show that (A + A*) " is Hermitian.

Let A and B be n-square matrices. Then show that B*(A + A*)B is
Hermitian and B*(A — A*) B is skew-Hermitian.

Show that an n-square matrix A can be expressed as H; + 1H5 uniquely,
where H;, Hs5 are Hermitian matrices. Hint:

Hy +iHy = {5(A+ A"} +i{5; (A — A")}.

3.3 Vector spaces formed by the collection of matrices

In Section - 3.1, we defined matrix addition and scalar multiplication. Using the properties of
these operations, we can prove the following result.

Theorem 3.3.1.

Let My, n(F') represent the set of all m x m matrices with entries from a field F. Then My, »,(F')
forms a vector space over F with the operations addition and scalar multiplication defined as follows:



For A = [a;;], B = [b;j| € My, (F) and k € F, A+ B = [a;; + b;j] and kA = [ka;].
Proof.

We will first demonstrate that M, ,(F') is an Abelian group.

Let A, B,C € M,, ,,(F).The properties (A+ B)+C=A+ (B+C)and A+ B=B+ A
show that matrix addition is associative and commutative.

Clearly, the zero matrix 0,,,, of order m X n serves as the additive identity.

Additionally, for A = [a;;] € M, ,,(F), there exists —A = [—a;;] € My, ,(F') such that
A+(—A)=A—A=0pxn-

Thus, M, ,(F') is an Abelian group under matrix addition.

Next, for k,l € F' and A, B € M,, ,(F), according to Theorem - 3.1.5, we have

k(A + B)= kA + kB,
(k+ ) A= kA + 1A,
(kl) A= k(LA),

and

1-A=1-[ay] =[1-ay] = |ay] = A.
This proves that M, ,,(F) is a vector space over the field . O
Corollary 3.3.2.

The set M, ,,(F') of all n-square matrices with entries from a field F is a vector space over F under the
operations matrix addition and scalar multiplication.

Example 3.3.3.

Let M 3(R) be the vector space of all 2x3 real matrices. We shall show that the collection
B = {e11, e12, €13, €21, €22, €23 } is a basis of the vector space M3 3(R) over R, where

10 0 01 0 0 0 1
cu= {0 0 0]’ e“:[o 0 0}’ el3:l0 0 0]’
00 0 0 0 0 0 0 0
cn= L 0 0]’ 622:[0 1 0}’ 623:l0 0 1]'

Let A = [§ b ﬂ be any matrix in My 3(R). Then



a b ¢l [L OGO [01 0 [00 1 00 0
[d e f]:“{o 0 O]J’blo 0 0]“{0 0 0}“{1 0 0}
0 0 0 00 0
+el0 1 O]ﬂc{o 0 1}
a 0 0] [0 b0 [00¢c [000
:l000}+[000}+[000]+[d00}

+[000}+l0001
0 e 0 0 0 f]

A = aei1 + bei2 + cei3 + dear + eeaxr + feas.

That is,

Thus, any matrix A € M> 3(R) can be written as the linear combination of members of B.
Also,

ajeqr + ageqn + azers + agear + asern + ageas = 0ay3
a1 a2 Qs 0 0 O
= f
a4 Qay Qg 0 0 O
=S a1 =0y =03 =04 = a5 = ag = 0.

This gives that B is linearly independent.
Hence, B is a basis of the vector space M3 3(R).

In view of this example, we have the following result.
Theorem 3.3.4.
The dimension of the vector spaces M., ,(F) and M, ,(F) are mn and n?, respectively.

Proof.

Let B= {e;; € M, ,(F) : e;; is a matrix of order m x n whose ij-th entry is 1 and the rest of the
entries are zero}.

Now, we claim that B is a basis of M, ,(F').

Suppose Zij Q€55 = 0,,,xn, Where Q5 € F'.Then

E a;jei; =[] = Opxn.
ij

By the equality of matrices, we have a;; = 0 V3, 3.

Hence, B is linearly independent.

Also, any A = [a;j] € My, n(F) can be written as [a;j] = Y ij aijeij. Thatis, B generates

M (F'). Hence, Bis a basis of the vector space My, »(F). Since B contains mn matrices, the
dimension of M,, ,,(F) is mn. Similarly, dimension of the vector space M, ,(F) is n?. O
Theorem 3.3.5.

Let UT(Myn(F)) and LT (M, (F')) denote the set of all upper triangular matrices and lower
triangular matrices of order n x n, respectively. Then UT (M, ,(F)) and LT (M, »,(F')) are



n(n+1)

subspaces of My, ,(F') of dimension —=

Proof.

Let A = [aij], B = [blj] € UT(Mnyn(F))

Then aij; = bij =0Vi>j.

Now, for a, B € F, aA + BB = [aa;;] + [Bbij] = [aa;; + Bbij).

Since a;; = b;; = 0, Vi > j, aa;; + PBb;; = 0, Vi > j. Thatis, [aa;; + Bb;;] is an upper
triangular matrix.

Thus, (A + BB) € UT(M,,,(F)) foralla, 8 € F and A, B € UT'(M,,,(F)). Hence,
UT(M,,,(F)) is a subspace of M, ,(F).

Next, we shall show that the set By = {e;; € M, ,(F),7 < j : e;; is a matrix of order m x n
whose ¢j-th entry is 1 and rest of the entries are zero} is a basis of the vector space
UT(M,.(F)).

In the previous theorem, it is shown that the set B in Mnn(F) is linearly independent, and hence
By being the subset of B is linearly independent. It remains to show that By generates

UT (M (F)).

Let A = [a;;] € UT(M,,(F)). Then a;; = 0 Vi > j.It means a;; may be zero or may not be
zero for i < j. Hence, [a;;] = D i<j aijeij.

Total number of e;; in By
(total number of e;; in M, ,,(F') — total number of e;; in M, ,,(F))
2

+total number of e;; in M, ,(F)
_n?-n N
n(n +1)

2

Hence, the dimension of UT (M, ,,(F)) = Ln;l) .

Similarly, it can be shown that By, = {e;; € M, ,,(F) : i > j} is a basis of LT'(M,, ,(F')) and

dim (LT(M,, ,(F))) = 22t

The following example helps to visualize the proof of the above theorem.
Example 3.3.6.

Let UT'(M33(R)) be the vector space of all 3x3 upper triangular real matrices. Then
BU = {611, €12,€13, €922, €23, 633} is the basis of UT(M3’3 (R))

abc
Let A = [(0) f)l ;i] be an upper triangular real matrix. Then



aeq; + bejy 4 ceqz + degs + eeaz + fess

1 0 0 010 0 01 0 0O
=al0 0O Of+b|0 O O +¢c|0O O O] +d|0 1 O
0 0 O 0 0 O 0 0 O 0 0 O
0 0 O 0 0 O
telo 0 1| +f]lo 0 0
0 0 0 0 01
a b c
=10 d e| =A
00 f
Thus, By generates UT(M;3(R)).
Also, dim (UT'(Ms3(R))) = @ = 6, which is equal to the number of members of basis By.

Similarly, we can show that By, = {e11, €21, €22, €31, €32, €33} is the basis of LT'(M3 3(R)).

The following example is helpful to understand and visualize the proof of the next theorem in
general form.

Example 3.3.7.

Let S(M;33(R)) be the vector space of all real symmetric matrices of order 3x3. Then
Bg = {s11, 812, 813, S22, 823, 833} is the basis of S(M3(R)), where

100 010 00 1
su= 10 0 0|, sp=(1 0 0|, s;3=|0 0 0],
0 0 0] 0 0 0] 1 0 0]
0 0 0] 0 0 0] 0 0 0]
s=10 1 0|, sy3=1[0 0 1|, siz=|0 0 0.
0 0 0] 0 1 0] 0 0 1

abc
Let A = [b d ;] be a symmetric matrix. Then A = as11 + bs12 + cs13 + dsa2 + esag + fss33.
Cc e

Also, dim (S(M33(R))) = Number of elements in Bg = 6 = @

Theorem 3.3.8.
Let S(M,, ,(F')) denotes the set of all n-square symmetric matrices with entries in a field F. Then

S(M,,,(F)) is a subspace of My, ,(F) and dim (S(M,,,(F))) = n(n2+1) '

Proof.

Let A,B e S(M,,,(F)) and o, 8 € F.Then A* = A and B* = B.
From (A + 8B)" = aA' + BB* = oA + BB, we have that a.A + BB is a symmetric matrix,
and hence S(My, ,(F)) is a subspace of My »(F).



Consider the set Bg = {s;; € M,, ,(F') : i < j, s;; is an n-square matrix whose ¢j-th and ji-th
entries are 1 and rest of the entries are zero}.
Now, we shall show that By is a basis of S(M,, ,(F")).

Let D i<; @;jSi; = Opxn, Where a;; € F. Then

za’ijsij = [aij]nxn = 0pxp, impliesthat o;; =0 Vi,j.

i<j

Hence, By is linearly independent.

Let A = [aij] € S(Mnm(F)) Then ai; = Qaj; Vi, j.

Since s;; is a symmetric matrix, a;;s;; is a symmetric matrix with ¢j-th and ji-th entries a;; and
rest of the entries zero. Thus, A = [ai;] = D i<j ai;sij, shows that S(M,, ,(F')) is generated by
Bg. Hence, By is a basis of S(M,,,,(F)).

The number of elements in Bg can be counted by using the formula given in previous theorem,

whichis 2572 +n = "0 Hence, dim (S(M,,.(F))) = 252 o

Theorem 3.3.9.
Let S, (Mnn(F)) denotes the set of all skew-symmetric matrices of order n X m with entries in a field
F. Then Si(M,, ,(F')) is a subspace of M,, ,,(F).

Proof.

Let A, B € Sg(M,,,(F)).Then A’ = —A and B* = —B.
Fora, B € F, (aA + BB)' = aA! + BB' = a(—A) + B(—B) = —(aA + BB) shows that
aA + BB is a skew-symmetric matrix. Hence, Sy(M,, ,(F')) is a subspace of M,, ,(F). O

Theorem 3.3.10.
M, (F) is direct sum of S(M,, ,(F)) and Sx(M,,(F)), i e,

Mon(F) = S(Mon(F)) © Si(Mn(F)) and dim (Sg(Mn(F))) = 2052

Proof.

Mo (F) = S(M,,,(F)) @ Si(My,»(F)) follows from the result that every square matrix can
be uniquely expressed as the sum of a symmetric matrix and a skew-symmetric matrix.
Hence,

dim (M (F))=dim (S(Mnn(F)))+ dim (Sk(Mnna(F))) or

n= 20D L i (S (M n(F))), o

dim (Sk(Mnn(F)))z n2_ " ;—n _ n(nz— 1)

Example 3.3.11.

The set of all diagonal matrices of order n X n forms a vector space of dimension n. Similarly, the
set of all scalar matrices of order n X n forms a vector space of dimension 1.



Exercises

(3.3.1)

(3.3.2)

(3.3.3)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

Let W1 = {la;] € Mimn(C): 327 0i;=0,i=1,2,...,m} and
Wy = {[aij] € Mynpn(C): 3" a5 =0, j=1,2,...,n}.Then prove
that:

(i) Wy and W, are subspaces of the vector space M, ,(C)
over C and find bases and dimensions of W7, W5 and
Wi N Ws.

(i) Find bases and dimensions of subspaces W7, W5 and

W1 N Wy, over the field R.
Find the basis and dimension of the subspace
W ={A € M, ,(C) : tr(A) = 0} over the field R.
Show that the following subsets of M,, ,,(F") are not subspaces of the
vector space M, ,,(F).

(i) The set of all nilpotent matrices.
(ii) The set of all invertible matrices.
(iii) The set of all orthogonal matrices.
Let

z3 —Z1

W:{AeMz,z(C):A:l‘z1 ”]}

Then show that W is a subspace of M »(C) and find its basis and
dimension.
Let

aj; a2 a3
W=<AecMs;3(C): A= |aa an a3
az1 as —2an

Then show that W is a subspace of M3 3(C) and find its basis and
dimension.

Let A and B be n-square matrices with entries in a field F. Then show that
AB—-BA#1I,.

Let A and B be n-square matrices with entries in a field F. Then classify
AB — BA between symmetric and skew-symmetric for the following
cases:

(i) if Aand B are symmetric;

(i) if A and B are skew-symmetric;

(iii) if Ais symmetric and B is skew-symmetric;
(iv) if A is skew-symmetric and B is symmetric.

Let M, »(C) be the vector space of all n-square complex matrices. Then
show that the set of Hermitian and the set of skew-Hermitian matrices are
not a subspace of My, ,(C).

Show that the set W = {A € M,, ,(R) : A® = 5A4} is a subspace of the
vector space M, ,(R) over R.



4 Linear transformations

Linear transformations play a crucial role in numerous branches of mathematics and applied
sciences. Understanding the concept of linear transformations is essential for progress in
disciplines such as linear algebra, functional analysis and more. In this chapter, we explore
examples, properties and fundamental results related to linear transformations.

4.1 Definition and examples of linear transformations

A linear transformation is a function from one vector space to another vector space that preserves
vector addition and scalar multiplication. We have the following definition, which is more precise.

Definition 4.1.1.

Let Vand W be vector spaces over the same field F. Thenamap 1" : V. — W is called a linear
transformation if it satisfies the following properties:

(i) T(v1 +v2) = T(v1) + T(v2), Yv1,v2 € V;
(ii) T(av) = aT'(v),YVa € Fand Vv € V.

A bijective linear transformation is called an isomorphism. If T : V' — W is an isomorphism, then
Vand W are considered isomorphic, denoted as V = W.

From an application standpoint, the subsequent definition of a linear transformation is more
useful.

Amap T : V — W from a vector space Vto a vector space W is called a linear transformation if
T(av1 + bva) = aT'(v1) + bT'(v2) forall a,b € F and v1,v2 € V.

Hereafter, a map will refer to a map between two vector spaces over a field F.
Remark.

We deduce that (V,+) and (W, +) are groups from the vector spaces V and W. Thus, condition
(i) in the above definition indicates that T': V' — W is a group homomorphism. Consequently, a
linear transformation is also known as a vector space homomorphism.

The following theorem results from the group homomorphism property.
Theorem 4.1.2.
Let T : V. — W be a linear transformation. Then:

(i) T(0) =0, and
(ii) T(—v) = -T(v) Vv eV.

Example 4.1.3.

Themap T : V — W defined by T'(v) = 0 Vv € V is a linear transformation, called zero linear
transformation.



Example 4.1.4.

The identity map I : V' — V defined by I(v) = v Vv € V is a linear transformation. Since
I(avi + bvz) = avi + bva = al(v1) + bI(vp) forall a,b € F and vi,v2 € V.

Example 4.1.5.

Let T : R3 — R3 be a map defined by T'(z, y, z) = (z + y,y + 2, 2). Then for all
(z1,91,21), (T2,y2,22) € R®and a,b € R,
T(a(z1,y1,21) + b(z2, Y2, 22))

= T'(az1 + bxy, ay; + bys,azy + bzs)

= (ax1 + bxa + ay1 + by, ay1 + by2 + az1 + bza, az1 + bza)

= (a(z1 4+ y1) + b(z2 + y2),a(ys + 21) + b(y2 + 22), az1 + bzy)

= a(z1 +y1,y1 + 21,21) + b(22 + Y2, Y2 + 22, 22)

= aT(x1,y1,21) + bT (z2, y2, 22).

Thus, Tis a linear transformation.
Example 4.1.6.

The map T : R? — R3 defined by T'(z,y, 2) = (z + 1,y + 1, 2) is not a linear transformation
since 7(0,0,0) = (1,2,0) # (0,0,0).

Example 4.1.7.

Let F be any field. Then the i-th projection p; : F* — F defined by p;(z1, Z2,...,%,) = z;
V1 < ¢ < nis alinear transformation.

Example 4.1.8.

Let P, (x) be the vector space of at most n-degree polynomials over a field F. Then the map
T : P,(z) — P,(x) defined by T'(f(x)) = f'(z), where f'(z) = %(f) is a linear
transformation.
This follows from the calculus that

g(x)

T(af(a) + bo(a)= WL L) _ A QA0 gy e

=aT(f(z)) + bT(g(z)), Vf(z),9(z) € P,(x)and Va,b € F.

Tis called differentiation transformation and it is clear that the image of P, (z) under
differentiation transformation is P,,_1(z).

Example 4.1.9.

Let T : C(RI!) — R be a map defined by



1(f@) = [ f(@)da.
Then for all f(z), g(z) € C(R%) and a,b € R,
T(af(z) + bg(w))z

1
—a/f dm+b0/g

—aT )+bT(g )

(af(2) + by(x)) da

Tt~

shows that Tis a linear transformation.
Example 4.1.10.

Let Ly : M, ,(F) = My, ,(F) be a map defined by L 4(B) = AB, where Ais a fixed matrix of
order m X n with entries in the field F.

Then Ls(aB + bC) = A(aB + bC) = aAB + bAC = aL 4(B) + bL 4(C)

Va,b € F,B,C € M,,(F).

This proves that L 4 is a linear transformation.

To be more specific, the map L4 : F™ — F™ defined by L 4(X) = AX, where X € F™ and
vectors in F'™ and F'™ are considered as column vectors, is a linear transformation if A is a matrix
of order m X n with entries in F.

This linear transformation is called the left multiplication transformation.

Example 4.1.11.

Let T : My, ,(F) — M, »(F) be a map defined by T'(A) = A°.
Then for a,b, € F and B,C € M, ,(F),

T(aB+ bC) = (aB + bC)" = aB! + bC* = aT(B) + bT(C)
shows that T is a linear transformation.
Example 4.1.12.
Let T : R® — R3 be a map defined by
T(z,y,z) = (x cos  — y sin 6, z sin 6 + y cos 6, z).

Then for a,b € R and (z1,y1, 21), (T2, Y2, 22) € R3,



T(a(wl, Y1, 21) + b(:EQ, Y2, Zz))
= T'(az1 + bza, ay1 + bya, az1 + bz2)
= ((az1 + bz2) cos 6 — (ay1 + byz) sin 0, (ax1 + bx2) sin 6 + (ay1 + byz) cos 6, az; + bz:
= (ax1 cos 6 — ay; sin 0, ax; sin 6 + ay; cos 6,az1)
+(bxo cos 6 — by, sin 0, bz, sin 6 + by, cos 0, bzy)
= aT'(z1,Y1,21) + 0T (22, Y2, 22)-

Thus, Tis a linear transformation.
Example 4.1.13.

Consider the map T : R? — R3, defined by T'(z,y, 2) = (x cos 6— sin 6, y sin 0+ cos 6, z).
Since T'(0,0,0) = (— sin 6, cos 8,0) # (0,0,0) V6, Tis not a linear transformation.

Example 4.1.14.

Let T : R® — R? be a map defined by T(z,y, 2) = (z,yz). Then T(0,0,0) = (0, 0) but for any
ac€R—-{0,1},
T(a(z,y,2)) = T(az, ay,az) = (azx,a’yz) # aT(z,y, 2) = a(z, y2).

Hence, T is not a linear transformation.
Example 4.1.15.

Maps T} : R? — R3 defined by T (z1, z2) = (%1, %2,0), and Ty : R® — R? defined by
Ts(z1, 22, 23) = (z1,22) are linear transformations.
More generally, for m < n,

T, :R™— R"™ defined by T4 (21,22, ..., Zm) = (1,22, .., Zm,0,...,0) and
Ty : R"— R™ defined by To(z1, 2, .-, Zn) = (T1, T2y -+, Tpn)

are linear transformations.
T is called natural inclusion and T5 is called natural projection.

Example 4.1.16.

LetTy : V — W and Ty : W — U be linear transformations. Then the composite map

Ty oTy :' V — U is alinear transformation.

Since

T o Th(az + by) = To(T1(ax + by)) = Ta(aTi(z) 4+ bT1(y)) = aTo(Ta(z)) + bT2(T1(y)) =
foralla,b € Fandz,y e V.

Definition 4.1.17.

LetT': V' — W be a linear transformation. Then T is said to be singular if there exists a nonzero
vector v € V such that T'(v) = 0.1f T'(v) = 0 implies v = 0 for all v € V, then T s called a
nonsingular linear transformation. Thus, T is nonsingular « T is injective.



Definition 4.1.18.

A linear transformation T' : V' — W is called invertible if there exists a linear transformation
S : W — Vsuchthat ST = Iy and T'S = Iw, where Iy and Iy are the identity maps on V
and W, respectively. The linear transformation S is called the inverse of T and is denoted by
T 1=8.

Theorem 4.1.19.
The inverse of a linear transformation is unique.

Proof.

LetT': V — W be an invertible linear transformation. Suppose T and T are linear
transformations from W to V such that

TT, =1y =TT, and TVT =1y =1T5T.
Then
T, =TIy =T(TT,) = (T'T)Ty = IyTy = Ts.
This proves that both inverses T7 and T of Tare equal. O

Theorem 4.1.20.
A linear transformation is invertible if and only if it is bijective. In other words, a linear transformation is
invertible if and only if it is an isomorphism.

Proof.

Let T : V — W be an invertible linear transformation. Then
TT '=Iy and T 'T=1Iy.

Now, we will show that T is bijective.
Suppose T'(vy) = T'(vs). Then

T(Ul) — T(’UQ) =0= T(’Ul — ’U2) =0eW.
Since T~ ! is a linear transformation,
0= Tﬁl(O) =71 (T(’U1 — ’1)2)) = TﬁlT(’Ul — ’1)2) = Iv(’l)l — ’1)2) = V1 — V2.

Hence, v1 = w9, so T is injective.

To show that Tis surjective, let w € W.Then T~} (w) € V.

We have TT ~!(w) = Iw(w) = w. This implies that if we take v = T'(w), then T'(v) = w.
Hence, Tis surjective.

Conversely, suppose that T' : V' — W is a bijective linear transformation. Since T is a bijective

function, there existsa T : W — V suchthat TT ! = Iy, T~ 'T = Iy and (Tfl)_1 =T.

To complete the proof, we need to show that T ! is a linear transformation.
Let wy,wy € W and a, 8 € F. Then, since T s bijective, there exist vi, vy € V such that
T(v1) = wy and T(vy) = wy or vy = T }(w;) and vy = T (ws).



Now,

T(awvy + Bvg) = aT(vy) + BT (vy) = aw; + Pws
= T Y (aw; + Bws) = avy + Pvy = oT H(wy) + BT (ws).

This proves that T~ is a linear transformation, and hence Tis invertible. O

Theorem 4.1.21.
If T and T are invertible linear transformations on a vector space V, then the composition Ty o T is

invertible and (Ty o T}) " = T, o T, .
Proof.
Since Ty and T are invertible, T, ! and T, * exist. Then
(T2 0Ty)(Ty P 0Ty ) =T o ThTy "o Ty ' =TholyoT, " =Iy.

Also, (Tfl o Tz’l)(Tz oTy) = Tfl o T2’1T2 ol = Tl’lIV oTi = Iy.
This proves that Tl’1 o TZ’1 is the inverse of (TQ o Tl)_1
Hence, (T2 o Tl)_1 = T1_1 o T2_1. O

Exercises
(4.1.1) Let C be a vector space over R. Then show thatthemap T : C — C
defined by T'(z) = Z is a linear transformation. If C is a vector space over
C. Then show that the map T' : C — C defined by T'(z) = Z is a nonlinear
transformation.
(4.1.2) Let T : R3 — R3 be a map defined by T'(z,y,2) = (z + v,y + 2,2 + ).
Then prove that Tis a linear transformation.
(4.1.3) Determine whether the following maps on R® are linear transformations:
(i) T(ZI) Y, Z) (II? — %Y — 22— :I?)
(ii) T(z,y,2) = (2, v,
(iii) T(z,y,2) = (z,9% 2 )
(iv) T(z,y,2) = (z,y,0).
(v) T(z,y,2) = (:c—y+3z 3z +y,—x — 3y + 32).
(vi) T(z,y,2) = (z — 1, y+2 z+3).
(vii) T(z,y,2) = (|z],y, 2
(4.1.4) Show that the following maps are linear transformations:
(i) T : M, ,(R) — R defined by T(A) = tr(A).
(ii) T : Myn(R) — Mpp(R) defined by T(A) = A4
(iii) T: M, (R) — M, »(R) defined by T'(A) = kA, k € R.
(iv) T : C(RI%Y) — R defined by T(f(z)) = [¢ f(t?)dt.
(4.1.5) Show that the following maps are nonlinear transformations:
(i) T : M, ,(R) = M,,(R) defined by T(A) = A*A.
(ii) T : M, n(R) = M, ,(R) defined by T(A) = A%
(iii) T:M,,(R) = M,,(R) defined by T(A) = A + I,,.

(4.1.6)



Let P,(z) denotes the vector space of all polynomials with real coefficients
of degree at most n € N. Then prove that the following maps are linear
transformations:

(i) T: P,(x) — P, 2(x) defined by T(f(z)) = f"(z).
(ii) T: P,(z) — P, 1(z) defined by
T(f(z)) = f"(z) + f'(=).
(iii) T : P,(xz) = Ppy1(x) defined by T'(f(x)) = [§ f(t)dt
(iv) T : P,(z) — Pp+1(x) defined by
T(f(z)) = f'(z) - [§ f(t)dt
(4.1.7) Show that T : Py(z) — Ps3(x) defined by T(f(w)) =zf(x)+ f'(z)isa
linear transformation where f'(z) = %(f).
(4.1.8) Let V be a vector space over a field F. Then prove that all the linear
transformations T : F' — V are of the form of T'(k) = kw for some

weV.
Hint: Since k = k.1 = T'(k) = T'(k.1) = kT(1),take T(1) = w € V.

4.2 Rank and nullity of a linear transformation

In this section, we will prove the fundamental theorem of linear transformations and the rank-
nullity theorem. Additionally, we will explore some related results and examples concerning the
rank and nullity of linear transformations.

Definition 4.2.1.

Let T : V — W be a linear transformation. Then T_l({O}) ={v €V :T(v) =0} is called the
kernel of T and is denoted by Ker(T'). Thatis, Ker(T') = {v € V : T'(v) = 0}.

Theorem 4.2.2.
Let T : V. — W be a linear transformation. Then the image of T, denoted by Im(T'), is a subspace of
W and the kernel of T, denoted by Ker(T'), is a subspace of V.

Proof.

We have
Im(T) = T(V) = {w € W : there exists v € V with T'(v) = w}.

Since T'(0) = 0, both Im(T") and Ker(T') are nonempty.
Let wi, wy € Im(T'). Then there exist v; and vy in Vsuch that T'(vy) = wy and T'(vy) = ws.
Now, for a,b € F,

aw + bws = aT'(vy) + bT(vy) = T(avy + bvy).

This implies that aw; + bws € Im(T'). Hence, Im(T') is a subspace of W.

To prove that Ker(T') is a subspace of V, we need to show that av, + bvy € Ker(T') where
v1,vy € Ker(T) and a,b € F. That is, we need to show that T'(av; + bvs) = 0.

Since T'is a linear transformation,

T(avy + bvy) = aT'(vy) + bT'(v2) = a0 + b0 = 0.



This completes the proof. O

Note that Im(7") is called the rank space of T and Ker(T') is called the null space of T.

Definition 4.2.3.

LetT': V — W be a linear transformation from a finite-dimensional vector space V to a vector
space W. Then the dimension of the rank space Im(T') is called the rank of T, denoted by
rank(7") and the dimension of the null space Ker(T') is called the nullity of T, denoted by
null(7).

Theorem 4.2.4.
Let T : V — W be a linear transformation. Then T is injective if and only if Ker(T') = {0}.

Proof.

Let T be an injective linear transformation. Then
z € Ker(T) = T(xz) =0 =T(0).

Since T is injective, z = 0. Hence, Ker(T") = {0}.
Conversely, suppose that Ker(T') = {0}. Then
T(z) =T(y) = T(z) - T(y) = 0
=T(x—y)=0
= (z —y) € Ker(T)
=xz—y=0
=z =uy.

Hence, Tis injective. O

Theorem 4.2.5 (Fundamental theorem of linear transformation).
Let T : V — W be alinear transformation. Then = is isomorphic to Im(T), i. e,

Ker(T)
V ~
Zay = L(V).

Proof.

Let f: Ke}*/(T) — T'(V') be a map defined by f(v + Ker(T')) = T'(v). Then fis well-defined. This

follows from below:

v1 + Ker(T') = vz + Ker(T') = v — vz € Ker(T)
= T(vy —v3) =0
= T(v1) —T(v2) =0
= T(vy) = T(v9)
= f(vl + Ker(T)) = f(vz + Ker(T)).

Now, we shall show that fis a bijective linear transformation.



Fora,b e F,

f(a (vl + Ker(T)) + b(v2 + Ker(T)))
= f(avy + Ker(T) + bvy + Ker(T))
(cw1 + bvy + Ker(T))
= T'(av1 + bva)
= aT(v1) + bT(vq)
= af(v1 + Ker(T)) + bf(vs + Ker(T)),

show that fis a linear transformation.
fis injective, for

v+ Ker(T) € Ker(f) = f(v+Ker(T)) =0=T(v) =0
= v € Ker(T) = v+ Ker(T') = Ker(T),

which is the zero of Kef(T) .Thus, Ker(f) = {0}, and hence fis injective.

Next, for any T'(v) € T(V), f(v + Ker(T)) T'(v), shows that fis surjective.
Hence, fis an isomorphism and so Ker(T) ~ T(V).

Incase, T : V — W, a surjective linear transformation T'(V) = W, and hence QL =W. O

Theorem 4.2.6.

Let T : V. — W be a linear transformation from a finite- dimensional vector space V to a vector space
W. Then rank(T") + null(T") =dim (V).

Proof.

Let dim (V') = n. Since Ker(T') is a subspace of V, suppose dim Ker(7T) = m < n.

Let By = {x1, T2, ...,Z,} be a basis of Ker(T'). Then it can be extended to a basis

B2 = {$1, L2yee s TmyY1,Y2y -+« 7yn—m} of V.

Now, we claim that {T'(y1), T(y2), - - - T(Yn—m) } is a basis of T'(V'), which proves that

dim (T'(V)) =n —m.

First, we prove that {T'(y1), T(y2), - - -, T(Yn—m) } spans T'(V).

Let w € T'(V). Then there exists v € V such that T'(v) = w. Since By is a basis of V, v can be
expressed as

v=a1r1 + ax2+ -+ am&m + b1y1 + b2y2 + - - - + bp—mYn—m,

for some scalars a1,a2,...,am,b1,b2,...,bp_m.
Hence,

w=T(v) = T(a1x1 + a2x2 + -+ + amTm + b1y1 + b2y2 + -+ - + bp-mYn—m)
= a1T(z1) + asT(z2) + - - + anT(Tm) + 01T (y1) + 02T (y2) + - + by T (Yn—m)-

Since z; € Ker(T'), T'(z;) = 0 V1 < i < m. Hence, from the above equation, we have

w=bT(y1) +b2T(y2) + - - + by T (Yn—m)-



This means T'(V') is generated by {T(yl) T(y2)y-- s T(Yn-m)}-
Now, we shall show that {T'(y1), T'(y2),- - -, T(yn— m)} is linearly independent.
Let

ClT(yl) + CZT(yZ) + e+ CnfmT(ynfm) = 07
for some scalars ¢y, ¢3, ..., Ch_m. Then by the property of linear transformation we have that

T(eiyr +cay2+ -+ ComYn-m) =0
= c1y1 + Y2 + - + ChomYn—m € Ker(T).

From the basis B; of Ker(T'), we have the following expression:

iy +cyr + -+ CpomYn-m = diz1 +dazo + - - + dp Ty,

for some scalars dy,ds, . ..,d,,.
Then

c1y1 + Y2+ + CpmYn-m — d1T1 — d2Zz2 — -+ — ATy, = 0.
Since

B2 = {mhx?a-"7wmaylay2a"'aynfm}

is a basis, and thus linearly independent, we have

cpL=C =+=Cp_m =d1 =dy =---=d,, = 0.This proves that
{T(y1),T(y2),---,T(Yn—m)} is linearly independent.
Hence,

dim (T(V)) = n —m =dim (V)— dim (Ker(T)) or
rank(7") + null(T") =dim (V).
This significant result is also known as the rank-nullity theorem. O

Theorem 4.2.7.
Let V and W be vector spaces over the same field F and let S = {v1,vs,...,v,} be a basis of V. Then

every function f : S — W can be uniquely extended to a linear transformation T : V' — W such
that T'(v;) = f(v;) V1 <3 <.

Proof.
Let v € V. Then v can be uniquely expressed as
v = a1v1 + asvy + -+ + a,v,, forsomeaq,as,...,a, € F.
Now, we claim that the map 7" : V' — W defined by
T(v) = T(a1v1 + agvy + - - + anvy) = a1 f(v1) + a2 f(v2) + -+ - + anf(vn)

is a linear transformation.
Let v = aqvy + agvs + - - - + a,v, and u = byvy + bovy + - - - + b, v, be vectors in V. Then for
a,BeF,



T(ou + Pv)= T((aa1 + Bb1)vi + (aaz + Bb2)vs + - - - + (aan + ﬁbn)vn)
= (aa1 + Bb1) f(v1) + (caz + Bb2) f(v2) + - - - + (aan + Bbn) f(vn)
= aa; f(v1) + @asf(ve) + -+ + aa, f(vs) + Bb1f(v1) + Bbaf(va) + -+ - + Bbn f(
= afa1f(v1) + a2 f(v2) + -+ + anf(va)) + B(brf(v1) + baf(v2) + - -+ + bnf(vn
= aT(ajvy + agvy + - -+ + apvy) + BT(b1vy + bovg + -+ - + byvy)
= aT(v) + BT (u).

This shows that T is a linear transformation.
Further,

T(’Uz): T(O’Ul + 0’[)2 + 4 V; + Ovi—i—l 4+ 4 O’Un)
= 0f(v1) +0f(va) + -+ f(vs) + 0f(viy1) + -+ + 0f(vy)
= f(vi) V1<i<n.

Finally, we shall show that the extended linear transformation is unique. Suppose 77 : V. — Wis
a linear transformation such that 77 (v;) = f(v;) Vi.
Then

T1(v)= Ti(a1v1 + agva + - - - + apvy)
= a1T1(v1) + aoTy(v2) + - - - + a,T1(vy)
= a1 f(v1) + axf(v2) + -+ + anf(vy)
=T(a1v1 + agvs + - - - + anvy)
=T(v) YvelV.

Hence, T7 =T. O

Theorem 4.2.8.
Let V be an m-dimensional vector space and W be an n-dimensional vector space over a field F. Then V is
isomorphic to W if and only if m = n.

Proof.

Let V =2 W. Then there exists an isomorphism T : V. — W.1f {v1,v2,...,vn} is a basis of V,
then we claim that {T'(v1), T (v2),...,T(vm)} is a basis of W.

Since T is an isomorphism, for each w € W there exists a v € V such that T'(v) = w. Suppose
v=> " a;v; where ai,as,...,amn € F.Thenw =T (v) = Y ", a;T(v;) shows that wis
generated by {T'(v1),T(v2),...,T(vn)}.

For linear independence, let by T'(v1) + boT'(vs) + - - - + by T'(vin) = 0, where

bi,bs,...,b,, € F.Then

T(b1v1 + b2v2 + -+ bmvm) =0= b1’U1 + bQ’UQ +---F bm’Um € Ker(T).

Since Tis injective, Ker(T') = {0}. Hence, bivi + bava + - - - + bpvy = 0.

Since v1,va, ..., Uy being basis vectors are linearly independent, by = by = --- = b,, = 0. This
proves that the set {T'(v1),T'(v2), ..., T (vm)} is linearly independent, and hence a basis of W.
Thatis, dim (W) = m =dim (V).

Conversely, suppose that dim (W) =dim (V') = m. Then we have to prove that V =~ W.



Let {v1,va,..., v} and {wy, ws, ..., w,,} be bases of vector spaces V and W, respectively.
Then we shall show that the linear transformation 7' : V' — W, which is the unique extension of
the function f : {v1,vs, ..., vy} — W defined by f(v;) = w; V1 < i < m is an isomorphism.
Thatis, T'(v;) = f(v;) = w; V1 < ¢ < m and Tis injective and surjective both.

Letv =", a;v; € Ker(T).ThenT(v) = > " a;T(v;) =0=>_", a;w; =0.

Since {w1, w2, ..., wn} isabasis, a; = 0 Vi and so v = 0. Thus, Ker(7T') = {0}, and hence Tis
injective.

Let w € W.Then for some a1, a2, ...,an € F,w can be expressed as w = Z:L a;w;.

Now, w = > ", a;w; = Y ", a;T(v;)) =T(D ™, av;) = T(v), wherev=>_" a;v; € V.
That is, there exists v € V such that T'(v) = w. This proves that T is surjective.

Hence, Tis a bijective linear transformationandso V= W. 0O

Corollary 4.2.9.

Let V be an n-dimensional vector space over a field F. Then V =2 F'™,

Proof.

Let W = F'™. Then Wis a vector space of dimension n over the field F. Hence, from the above
theoremwe have V = F". 0O

Example 4.2.10.

Let V = My n(R). Then Vis an mn-dimensional vector space over the field R. Hence, from
above corollary we have M, ,(R) = R™",

Theorem 4.2.11.
Let T : V — W be a linear transformation and let S = {v1,va, ..., vs} be a generator of V. Then
{T(v1),T(v2),...,T(vn)} is a generator of T(V).

Proof.

Let w € T(V). Then there exists v € V such that T'(v) = w. Since S is a generator of V for some
ai,as,...,a, € F,v=a1v; + asvy + -+ a,v,.

Then w = T'(v) = T(a1v1 + asvy + - - - + a,vy,) = a1T(v1) + aoT(va) + - - - + a, T'(vy)
proves the result. O

Example 4.2.12.

Let T : R?® — RR3 be a linear transformation defined by
T(z,y,2) = (x —y+2z,x — y,—x — 2y + 22). Then
Ker(T) = {(z,5,2) € B : T(z,,2) = (0,0,0)}.
Let (z,y, 2) € Ker(T'). Then
T(z,y,2) = (0,0,0)
= (z—y+2z,x—y,—x—2y+2z) =(0,0,0)
=z—-—y+2z2=0z—-y=0,—2—2y+2z=0.

After the solution of above equations, we get z = y = z = 0. Hence, Ker(T") = {(0,0,0)}.



From the rank-nullity theorem,

rank(7’) + null(7) =dim (R?)
= rank(T") + null(T) = 3
= rank(T) +0 =3
= rank(T) = 3.

Thatis, dim (T'(R3%)) = 3.
Example 4.2.13.

Let T : R* — R* be a linear transformation defined by
T(z1,x2,23,24) = (x1 + 23,221 + 2 + 323,222 + 223, 24). Then
Ker(T) = {(x1, 3, x3,24) € R* : T(xq, o, x3,24) = (0,0,0,0)}.
Let (x1, z2, x3,24) € Ker(T'). Then
T(%l, Z2,T3, $4) = (Oa 0, Oa 0)
= (21 + z3,2T1 + x3 + 33,222 + 223,24) = (0,0,0,0)
=21+ x3=0,221 + 22+ 3x3 = 0,222 + 223 = 0,24 = 0.

Now, £1 + 3 = 0and 222 + 223 = 0 = 21 = 2 = —x3.
Thus, from above equations we get that

(:131,2122, 3, :134) = (—.’)33, —I3,T3, 0) = 1,'3(—1, —1, 1,0).

Hence, Ker(T') = {z3(—1,—1,1,0) : z3 € R} and so null(7T") = 1.
By the rank-nullity theorem,
rank(7’) + null(7) =dim (R*)
= rank(T) + null(T) = 4
= rank(T) +1=14
= rank(T) = 3.

Example 4.2.14.

Forany n € N, let P,(z) denotes the vector space of all polynomials with real coefficients and
degree at most n. Then we find the rank and nullity of the linear transformation

T : P3(x) — Py(x) defined by T'(p(x)) = p(x) — [§ p(t)dt.

Let p(x) = ag + a1x + asz? + azz® € Ker T'. Then



= a; + 2asz + 3azz® — /(ao + ait + ast® + ast’)dt = 0
0
= a; + 2asz + 3a32? — agz — a1w2/2 — a2w3/3 — a3m4/4 =0
= a1 + (2a3 — ag)z + (3a3 — a1 /2)x? — ayx®/3 — asz?/4 =0
= a1 = 0,2&2 —ag =0,3a3 — CL1/2 = 0, —a2/3 =0, —CL3/4 =0
$a0=a1=a2=a3=0
= p(z) = 0.
Hence,
Ker(T)={0} or null(T)=0 and
rank(T)=dim (P;(z)) — null(T) = 4.
Alternate method:
Let {1,z,z%, 23} be a basis of P3(x). Then from Theorem ~4.2.11, {T(1), T(z), T(z?), T(z3)}

generates P3(z), and hence contains maximal linearly independent set.
Now we have

x

T(l):()—/dt:m

/tdt—l—x /2,

/t2dt =2z —2%/3,

0
/ t =3z —z/4.

0

o

Let

a1T(1) + asT(z) + a3T (z°) + asT(2®) =0
= a1z + a2 (1 — 2°/2) + a3(2z — 2°/3) + a4(32® —2'/4) = 0
= ay + (a; + 2a3)z + (—ay/2 + 3a4)z® + (—a3/3)z® — (ag/4)z* =0
= a2 = 0,a1 + 2a3 = 0, —a2/2 + 3a4 = 0, —a3/3 =0, —a4/4 =0
= a) =ay =a3 =ay = 0.



Then the set {T'(1), T(z), T(z?), T(z3)} is linearly independent, and hence a basis of Im(T’).
Thus rank(7") = 4 and null(T") =dim (Ps(z)) — rank(T) =4 — 4 = 0.

Example 4.2.15.

Let us find a linear map 7" : R?® — R* whose image is generated by {(1,0,2,3),(-3,2,4,0)}.

Let B = {e; = (1,0,0),es = (0,1,0),e3 = (0,0,1)} be the standard basis of R3. Define the
linear transformation Tby T'(e;) = (1,0,2,3), T'(e3) = (—3,2,4,0), T'(e3) = (0,0,0,0).
From Theorems -4.2.7 and -4.2.11, such a unique linear transformation exists and

{T(e1),T(e2),T(e3)} = {(1,0,2,3),(-3,2,4,0),(0,0,0,0)},

spans Im(T'), and hence {(1,0,2,3),(-3,2,4,0)} spans Im(T").
Let (1‘1, :Ez,wg) € R3. Then (:El, :Bg,wg) = x1e1 + T2e2 + x3€3.
Hence,

T(z1,x2,23)= T (z1€1 + T202 + T3€3)
=xz1T(e1) + x2T(e2) + x3T(e3)
— 21(1,0,2,3) + 25(—3,2,4,0) + z3(0,0,0,0)
= (z1 — 3x2, 2x2, 221 + 422, 321).

Example 4.2.16.

Let Vand W be vector spaces of dimensions 2 and 4, respectively, over the same field F. If

T : V — W is alinear transformation, then by the rank-nullity theorem linearly independent sets
B; = {w, ws, w3, wys} and By = {w1,ws, w3} cannot be basis of Im(7"). But for

B3 = {w;,ws} and By = {w; } there always exist linear transformations 77 : V' — W and

Ty : V — W such that B3 and By are bases of Im(77}) and Im(T%), respectively.

If B = {v1, vy} is a basis of V, then T} and T can be defined as follows:

Ti(v1) = wy, Ti(ve) =wy and Th(vy) =wy, Ty(ve)=0.

More generally, if Vand W are vector spaces of dimensions m and n, respectively, over the same
field F, then for m < n, there does not exist any linear transformation 7" : V' — W with
rank(7") > m, but always there is a possibility of a linear transformation 7' : V' — W with
rank(7) < m.

Example 4.2.17.

Let us find the solution of the following question:

Is it possible to construct a linear transformation T : F'2 — F'4 such that
Im(T) = {(z,y,2,w) E F*:z+y+ 2 —w=0}?

We have the dimension of Im(7") = 3 (prove). Then by the rank-nullity theorem,

rank(7T") + null(T) = 2 = 3+ null(T) = 2.

Since null(T") > 0, 3 4+ null(T") # 2. Hence, there does not exist such a linear transformation.



Example 4.2.18.

In this example, we obtain the linear transformation from the given its image set. Let
T : R? — R3 be a linear transformation such that Im(7T') = {(z,y,2) € R® : 2 +y — 2 = 0}.
Then Im(7T) = {(z,y,z + y) : =,y € R}.
From the standard basis B = {e; = (1,0,0), e, = (0,1,0),e3 = (0,0,1)} of R3, we have
(z,y,z +y)= ze1 + yes + (= + y)es
= xz(e1 +e3) +ylez + e3)
= 2(1,0,1) + (0,1, 1).
This shows that Im(T') is generated by {(1,0,1),(0,1,1)}.
Define T'(1,0) = (1,0,1) and 7'(0,1) = (0,1, 1).
Then
T(z,y)= T (z(1,0) + y(0,1))
=zT(1,0) +yT'(0,1)
= 2(1,0,1) + (0,1, 1
= (z,y,z+y).

)

Theorem 4.2.19.
Let V1, Va, V3 be vector spaces over a field Fand let T1 : V1 — Va, Ty : Vo — V3 be linear
transformations. Then we have the following:

(i) rank (7% o T1) <min {rank(7"),rank(7%)},

(ii) null(T}) < null(T5 o T),

(iii) if Ty is invertible, then rank (T o Ty) = rank(T5).

Proof.

(i) We have that Ty o T} : Vi — V3 is a linear transformation. Since T4 (V1) is a

subspace of Vs, T5(T7(V7)) is a subspace of T5(V2). Hence,
rank(Ty o T1) < rank(T5).
Again, since T (V1) is a subspace of V3, the restriction map,

T5/T1(Vy) : T1 (V1) — V3 is a linear transformation.
Then by the rank-nullity theorem,

dim (Tl(Vl)):dlm (T2 (Tl(Vl))) + Illlll(Tz/Tl(Vl)) or
rank(7T% o T1)= rank(T:) — null(T2/T1(V1)) < rank(T%y).

This proves that rank (75 o T7) <min {rank(7}),rank(7%)}.
(ii) We have that if Ker(T}) C Ker((T3 o T1)), then

dim (Ker(T1)) <dim (Ker(T 0 T1)) andso null(Ti) < null(T>oT1).

Thus, to prove the result it is sufficient to show that Ker(T}) C Ker(T5 o T7).



Let z € Ker(T}). Then
Tl(:E) =0=>T (Tl(ib)) = Tz(()) =0
=1T50 Tl(:L‘) =0=zxc Kel‘(Tz o) Tl).

Hence, Ker(T1) C Ker(T o T1).
(iii) From (i), we have

rank(T) = rank(T2 oTjo Tl_l) < rank(Ts o T1) < rank(Ty).
Hence, rank (7% o T1) = rank(T3). O
Example 4.2.20.

(a) Let T': V — V be a linear transformation on a finite-dimensional vector space V,
such that rank(7'%) = rank(T). Then V = I,,,(T) @ Ker(T).
SinceT? =T oT :V — Vis alinear transformation, by the rank-nullity
theorem, we have rank(7'?) + null(7'2) =dim (V).
This implies
null(T?)=dim (V) — rank(T?)

=dim (V) — rank(T") = null(T).

Thus,
null(T?) = null(T) =dim (Ker(T?)) =dim (Ker(T))
= Ker(T?) = Ker(T).

Also,

z € Ker(T) = T(z) =0=T(T(z)) =T(0) = T*(z) =0
= z € Ker(T?) provesthat Ker(T) C Ker(T?).

In view of Ker(T'?) = Ker(T) and Ker(T) C Ker(T?), we have that
Ker(T?) = Ker(T).
Now, T(V) CV = T*V) C T(V) and

rank(T?) = rank(T) =dim (I (T?)) =dim (In(T)).

Hence, I,,,(T?) = I,,,(T).

Finally, we shall show that I,,,(T") N Ker(T') = {0}.

Letz € I,(T) NKer(T). Then z € I,,(T) and z € Ker(T).
ze€l,T=3yecV:T(y) =zandz € KerT = T(z) = 0.
z=T(y) = T(z) =T*(y) = 0 =T?*(y) = y € Ker(T?) = Ker(T)

= T(y) = 0.

Hence, x = 0.



Thus, I,(T) N Ker(T') = {0}.
Hence, dim (V) = rank(T') + null(T") with I,,,(T") N Ker(T') = {0} proves
that V = I,,(T) & Ker(T).

(b) Let V be a finite-dimensional vector space and let T': V' — V be a linear
transformation. Then V' = I, T" @ KerIT'" for some positive integer r.
Since T(V) C V, T?(V) C T(V), we can find the following chain:

VO I,(T) 2 1n(T?) 2+ 2 In(T7) 2 I, (T7Y) 2 -+ 2 L, (T7F)
D.--D2{0}, forallk,r>1.
Hence,
oco>dim (V) > rank(T) > rank(TQ) > > rank(T”) > rank(T’"H)
> ... >rank(T"%) > ... >0, forallk,r> 1.

Thus, there exists some positive integer r such that rank(T") = rank(T"**) for
all positive integers k. If we take r = k, then

rank(T") = rank(T""") = rank(T'?") = rank((T")?). Hence, from part (a) we

have
V= Im(T’") &) Ker(T").

Exercises

(4.2.1) Let Vand W be n-dimensional vector spaces over the same field F. Then
show that the linear transformation I : V' — W is surjective if and only if T
is injective.

(4.2.2) Using the fundamental theorem of vector space homomorphism, prove the
rank-nullity theorem.

(4.2.3) Let V be an m-dimensional vector space and W be an n-dimensional vector
space over the same field F. Then for the linear transformation T': V. — W
, prove that
(i) if m > n, then T cannot be injective and (ii) if m < n, then T can not be
surjective.

(4.2.4) Let T': V' — W be an isomorphism. Then prove that {T'(v;)},1 <i<mn
is a basis of W, whenever {v;},1 < i < n is a basis of V.

(4.2.5) Let T : F? — F3 be a linear transformation defined by
T(z,y) = (z,z + y,y). Then find the rank and nullity of T.

(4.2.6) Let T : P,(z) — P,.1(z) be alinear transformation defined by
T(p(z)) = p'(x) — [§ p(t)dt. Then find the rank(T’).

(4.2.7) Let Vand W be vector spaces over the same field F of dimensions n and m,
respectively. If T': V' — W is a linear transformation and
B = {v1,v,...,v,} is a subset of Vsuch that

T(B) = {T(v1),T(v2),...,T(vr)} is alinearly independent set in W,
then prove that B is a linearly independent set.

(4.2.8) Let T : V — W be an injective linear transformation from an n-
dimensional vector space V to an m-dimensional vector space W. Then



prove that if {vy,vs,...,v,} is a linearly independent set in V, then
{T(v1),T(vy),...,T(v,)} is alinearly independent set in W.

(4.2.9) Find the rank and nullity of the linear transformations given in exercises
4.1.2, 4.1.4(i), 4.1.4(ii), 4.1.4(iii) and 4.1.6.
(4.2.10) Find the linear transformation 7" : R® — R* whose image is generated by:
(i) {(1,2,3,4),(3,-2,0,0)};
(i) {(1,0,0,0),(0,1,0,0),(0,0,1,0)};
(iii) {(1,0,0,0),(0,0,1,0),(0,0,0,1)};
(iv) {(3,0,0,0),(2,-1,0,0),(-1,4,2,0)};
(v) {(1,2,-1,6)}.
(4.2.11) Construct a linear transformation T : R* — R® such that
(i) Im(T) = {(z1, z2, T3, T4, x5) : 1 + 229 — x3 = 0};
(i) Im(T) = {(z1, 22, z3, T4, x5) : 225 + 3x3 + 44 = 0}.
(4.2.12) Let V be a finite-dimensional vector space and let 7' : V' — V be a linear
map. Then show that the following statements are equivalent:
(i) Tis an isomorphism.
(ii) Ker(T) = {0}.
(i) Im(T) =V.
(4.2.13) Let V be a vector space of dimensionn > 2.If T': V — V is a linear

transformation such that T™! = 0 and T™ # 0 for some m > 1, then
find the relation between rank(7'™) and null(T"™).

(4.2.14) Let T : R?® — R3 be a linear transformation defined by
T(z,vy,2) = (x + 3y + 22,3z + dy + 2,2z + y — 2), (z,9,2) € R3.
Then find rank(7'?) and null(7T3).

(4.2.15) Let S, T : R? — R3 be two linear transformations defined by
S(zq,x9,23) = (21,21 + 2,21 — T2 — z3) and
T(zq1,x2,23) = (1 + 223,29 — T3, 21 + T2 + x3). Then show that S is
invertible but not T.

(4.2.16) Let U, V and W be three finite-dimensional vector spaces such that
dim (U) =dim (W).IfTy : U — V and Ty : V. — W are linear
transformations such that T3 o T7 : U — W is injective, then show that T}
is injective and T% is surjective.

4.3 Vector spaces of linear transformations

Consider the set Hom(V,W) = {T : T : V — W is a linear transformation}, where Vand W
are vector spaces over the same field F. Then for T}, Ty € Hom(V, W), T + T, defined by
(T} + T3)(z) = Ty (x) + Ta(x) is a linear transformation:

Fora,be Fandz,y €V,

(Th + T3)(az 4 by)= Ti(azx + by) + T2 (azx + by)
= aTi(z) + bT1(y) + aT(x) + bTs(y)
= aTi(z) + aTs(x) + bT1(y) + bT>(y)
= a(T1 + T2)(z) + b(T1 + T2)(y)-

Also, for a € F, T defined by (aT1)(x) = aT1(z) is a linear transformation:



for (aT1)(az + by)= aTi(az + by) = a(aTi(x) + bT1(y))
= aaTi(z) + abTi(y) = a(aTh)(z) + b(aTr)(y).

The following theorem is the direct consequence of Example -2.1.7.
Theorem 4.3.1.
Let V and W be vector spaces over the same field F. Then the set Hom(V', W) is a vector space over F
with respect to addition and scalar multiplications defined as follows:

(Ty + Ty)(x)=Ti(x) + To(z) and
(aTy)(z)= aTi(x), forallTi,T> € Hom(V,W),z € Vanda € F.

Now, we shall show that if V and W are finite-dimensional vector spaces, then Hom(V, W) is
a finite-dimensional vector space.
Theorem 4.3.2.

Let V and W be finite-dimensional vector spaces over the same field F of dimensions m and n,
respectively. Then dim (Hom(V,W)) =dim (V)- dim (W) = mn.

Proof.

Let {v1, Vs, ...,V } and {wy, ws, ..., w,} be ordered bases of Vand W, respectively. For every
(4,4),1 <3 <m, 1< j < mn,there exists a unique linear transformation T;; € Hom(V, W)
such that

wij, if i = k,
Tijlon) = {0, if § # k.
Now, we claim that the set {Tij, 1<1<m,1 <5< n} is a basis of the vector space
Hom(V,W).
First, we shall show that Hom(V, W) is generated by {T};,1 < i < m,1 < j < n}.Thatis,
T € Hom(V, W) can be uniquely expressed as T' = ) - a;;T;;, where a;; € F.Theniitis
sufficient to show that both the linear transformations Tand > a;;T;; are equal on the basis of V.

Since {w1, w2, ..., wy} is abasis of W, T'(vx) € W can be uniquely expressed as
T(vk) = Z?Zl arjw;, where ai; € Fand1 < k < m.
Now,

(Z aijT,.j> (v)= Z ai;Ti;(vr)
= ; (Z azﬂij(”k))

= Z(alelj(Uk) + agjTo(vk) + - - - + arjTrj(ve) + -+ + aijmj(Uk))
J

= Zakjwj, since T;;(vg) = 0if i # k.
J

Thus, T(’Uk) = (ZZJ aijTij)(vk) V1 S k S m. Hence, T = Zij al-]-Tij.



To complete the proof, it remains to show that the set {T;;,1 < i < m,1 < j < n} islinearly
independent.
Suppose Eij a/ijTij = 0, where a;; € F'.Then

<; az’sz‘j> (vk) =0

= ZaijTij(vk) =0
ij

= ZJ: (ZZ: aijTij(vk)> =0

= Zaijkj(vk) =0
J

= Zakjwj =0 Vk.
J

Since {w1, ws, ..., w,} is linearly independent,

Zakjwj =0=ar; =0 Vjandforallk=1,2,...,m,also.
J

This shows that all a;; = 0 for 1 <7 < m, 1 < j < n, and hence the set
{Tj,1 <i <m,1 < j < n}islinearly independent. This proves that
{Tij;1 <i<m,1 < j<n}isabasis of Hom(V, W). Hence,

dim (Hom(V,W)) =dim (V). dim (W) =mn. O

Definition 4.3.3.

Let V be a vector space over a field F. Since every field is a vector space over itself, the vector space
Hom(V,F) ={f: f:V — Fis alinear transformation}, denoted by V* is called the dual
space of V. A linear transformation f € V'* is called linear functional.

If Vis an m-dimensional vector space, then
dim (V*) =dim (Hom(V, F)) =dim (V)- dim (F) = m - 1 = m. Thus, for a finite-
dimensional vector space V, dim (V*) =dim (V'), and hence V* >~ V.

Linear transformations given in Example -4.1.7 and Example -4.1.9 are linear functionals.

If {e1,es,...,en} is a basis of the vector space V over a field Fand {1} is the basis of vector
space W = F over F, then T;; = T}, 1 < 1 < m, j = 1 defined in the previous theorem is

1, ifi=Fk,

0, otherwise.

Tii(ex) = {

In the form of simple notation, let us denote T;; = e;, then

. 1, ifi¢=y,
ex(e;) ={

0, otherwise.



From the proof of the above theorem, we have the following definition.

Definition 4.3.4.

Let V be an m-dimensional vector space over a field Fand let {e1, es,. .., e} be a basis of V.
Then the set {e], e, ..., e} } is a basis of V* called the dual basis to {es, €3, ..., en}, where
e;(e;) =1,ifi # jand 0, otherwise forall 1 < 4,j < m.

Definition 4.3.5.

Let V be a vector space over a field F. Then Hom(V*, F) = (V*)" denoted by V** is called the
second dual of V.

Theorem 4.3.6.
Let V be a vector space over a field F. Then for x € V, the map =** : V* — F given by
x**(f) = f(z) is a linear functional on V*, where f € V'*.

Proof.

Let f,g € V*and a,b € F.Then
z**(af + bg) = (af + bg)(z) = af(x) + bg(x) = az™*(f) + bz**(g). This completes the
proof. O

Theorem 4.3.7.
Let {x1, s, ...,x,} be a basis of a vector space V over a field F and let {x7,z}, ..., x}} be its dual
basis in V *. Then:

(i) any vector © € V can be expressed as ¢ = z](z)x1 + x5(x)z2 + - - - + ) (T)x,
and
(ii) functional f € V'* can be expressed as f = f(z1)z] + f(z2)z5 + -+ - + f(zn)z),
Proof.
(i) Letz = > .7, a;z; a; € F.Then zj(x) = > ", a;z}(z;) = a1, where
zi(z;) =0ifi # 1.
Similarly, forall ¢ = 2,3,...,n, z}(z) = a;.
Hence, z = ) 7 a;xz; = Y 1 | j(x)z;.
(ii) Let z € V. Then from (i), we have z = ) " | z(z)z;.

Hence,
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Y f(wi)m:> (2).

Thus, f(z) = Q-1 f(zi)z;)(x), forallz € V.Hence, f = > ", f(zi)z;. O

Theorem 4.3.8.
Let V be an n-dimensional vector space over a field F. Then V is isomorphic to V **.

—_

Proof.

Since Vand V* are vector spaces over the same field £, V** = Hom(V*, F) is a vector space
over F.

Also, dim (V**) =dim (V*) = n =dim (V).

Hence, Vand V' ** are isomorphic vector spaces. O

Theorem 4.3.9.
Let V be an n-dimensional vector space over a field F. Then the map T : V' — V ** defined by
T(x) = x** is an isomorphism.

Proof.

Letz,y € V and a,b € F.Then T'(az + by) = (az + by)™.

Now, for f € V'*,

(az +by) " (f) = faz + by) = af(z) +bf(y) = az™ (f) + by™ (f) = (az™ + by™)()

shows that (az + by)™ = az** + by**. Hence, T'(az + by) = az** + by** gives that Tis a

linear transformation.

Now, we shall show that T is bijective.

Let z € Ker(T'). Then T'(x) = z** = 0, where 0 is the zero linear functional in V*. Hence,

z*(f) =0 = f(z) = 0forall f € V*. Thisshows that x = 0. For if z # 0, the set {x} being

linearly independent, can be enlarged to a basis of V. Then we can define a linear functional fon V

whose restriction on the basis is given by f(z) = 1 and 0 at all other members of the basis, which

contradicts the fact that f(x) = 0 for all f € V*. Hence, Ker(T') = {0} and so that T is injective.

Also, rank(T") =dim (V') — null(T") = n shows that T is surjective. Hence, T is an isomorphism.
O

Example 4.3.10.

Let {e; = (1,—1,2),es = (0,1,—1),e3 = (0,3,4)} be a basis of R®. Suppose {e}, e}, e}} is
the dual basis of the basis {e1, e2, e3}.



The linear functionals e], e3, e3 may be expressed in the form (by the Riesz representation
theorem proved in the coming chapter):

&](, 1 2)= a1 + azy + a3,
6;(.’1,', Y, Z): blx + b2y + b32,
es(x,y, 2)= c1z + coy + c32.
By the definition e; (ej) = 1,if i = jand 0if 4 # j, we have
1= ej(e1) = €i(1,-1,2) = a1 — a2 + 2as3,
0= ej(es) = €7(0,1,—1) = a3 — a3,
0= ej(e3) = €7(0,3,4) = 3as + 4as.
Solving above equations yield a; = 1, a3 = 0, ag = 0.

Hence, e} (,y, 2) = .
Similarly, we get

. 10 4 -3
es(z,y,2)= - + 7y—|— % and

. 1 -1 2
es(z,y,2)= - + Ty—k s

Example 4.3.11.

Let V' = P»(x) be the vector space of polynomials over R of degree <2, and let e}, €3, 3 be the
linear functionals on V defined as follows:

ei(f(z)) = /f(w)dw, es(f(@) = f(1), e5(f(2)) = £(0),
0

where f(z) = ag + a1@ + a2z € V and () denotes the derivative of f() with respect to x.
Since dim (V*) =dim (V) = 3, the set e], €3, ej is a basis of V'* if it is linearly independent.
To show that e], €3, e} is linearly independent, let a, 3,7 € R such that ae] + Be5 + ve; = 0,
the zero functional.

Then, for f(z) € V,

(ae}‘ + Bes + 76§)f(x) 0
aei (f(x)) + Bes (f(x)) + ves(f(x))=0,

I

a/f@mx+@ﬂw+vﬂm=a

Let f(:z:) =ap+ai1r + a2m2. Then from the above equation, we have



1
a/ ap + a1z + azmz)d.’x + B(a1 + 2a2) + yao = 0,

0
a<a0 + 24 —) + B(a1 + 2a2) + vag =0, forall ag,ai,as € R,

a
(04+’7)ao+ <5 +ﬂ>al+ (§+25)a2=0
=a+v=0, ifag=1,a1 =ay=0,

%-F,B:O, ifa1:1,a0:a2:O,

%+2B:0, if ag = 1,00 = a; = 0.
Solving above equations yield & = § = y = 0. Thus, the set {e}, e}, e} } is linearly independent,
and hence a basis of V'*.
Now, we shall find the basis {e1, es, e3} of Vwhose dual is {e], €3, e3}.
Let e; = ag + a1 + asx?, ey = by + bix + byz? and e3 = ¢y + c1 + cox2. Then by the
definition of dual basis we have

1
a
1=ej(e1) = /(ao +a1a:+aga:2)d:1; =ag + 71 + ?2,
0
1
* b1 bg
0= ej(e2) = (bo + bix + bax )da: = by + 5 + <
0
1
* C1 ()
0=ej(e3) = /(co +ciT + e )da: =cp+ 5 + 3
0

Similarly,

0=e5(e1) = a1+ 2a2, 1=-es(e2) =b1+2by, 0=ce5(es) =c1+2c2 and
0=ez(e1) =ao, 0=ce3(e2) =by, 1=e3(e3)=co.
After solving the above nine equations, we have that ag = 0, a; = 3, as = %3; bp=0,b; = %1

,bQZ%and60=1,C1=—3,62=
Hence, the required basis is

3
o

— — 3 3
{61=3w——m2,ez=—m+—x es=1-3z+ }

Definition 4.3.12.

Let V be a vector space over a field Fand let S be a subset of V. Then the set
Se={feV*: f(x) =0,Vz € S} is called the annihilator of S.



For f1,fo € S°anda,b € F,
(afi +bf2)(x) = afi(z) + bfe(z) =a-0+b-0=0, Vzels.

This shows that the annihilator of a subset S of a vector space Vis a subspace of the dual
space V* of V.

For example, {0}° = V* and V* = {0}.
Theorem 4.3.13.
Let W be a subspace of an n-dimensional vector space V. Then

n =dim (V) =dim (W)+ dim (W°).

Proof.

Let dim (W) = r. Then we have to show that dim (W°) =n — r.

Suppose {w1,ws, ..., w,} is a basis of W, which can be extended to a basis
{wi,ws, ..., Wr,v1,V2,...,Up_r} Of V.
Let {w], w3, ..., w,,v],v5,...,U,_ .} beabasis of V*. Now, we claim that {v], v3,...,v,_,}

is a basis of W°.
Since {v],v3,...,v}_.} is asubset of basis of V*, itis linearly independent. Also, every element
w € W can be expressed as w = Z:Zl a;w;, where a; € F'. Then by the definition of dual basis,

= v} (i aiwi> = iaiv;(wi) = iai -0=0
i—1 i—1 i—1

shows that {v],v3,...,v;_.}isa subset of W°.
Next, we shall show that {v],v3,...,v}_.} generates W°.
Let f € W°.Then f € V*. From Theorem -4.3.7,

f = flwr)w] + flw)wy + flwa)wy + -+ - + flwe)w, + f(vr)vy + -+ + f(vp_p)vy, .

Since f € W°, f(wl) =0,V1<i<r, f= f(v1)v]+ -+ f(vn_r)v}_,. This proves that
{v],v3,...,v)_.} generates W°, and hence a basis of W .Thus,
dim (W°) =n —r =n— dim (W) =dim (W)+ dim (W°) =dim (V). ©

Corollary 4.3.14.
Let W be a subspace of an n-dimensional vector space V. Then W = W.
Proof.
Let dim (W) = m. Then
dim (W)+ dim (W°) =dim (V) =dim (W°) =n —m.
Again, dim (V*) = n and W° is a subspace of V¥,
dim (W°") =dim (V*)— dim (W°) =n — (n — m) = m.

Thus, dim (W) =dim (WO) andhence W ~W. O



Example 4.3.15.

Let W be a subspace of R? generated by the set {w; = (1,2, 3),ws = (0,1, —1)}.In this
example, we compute the basis of W°.
Since dim (W°) = 3— dim (W) = 1, there exists only one linear functional in the basis of W°

such that f(wy) = f(ws) = 0.
Let f(z,y,2) = ax + by + cz € W°. Then
£(1,2,3)=a+2b+3c=0 and f(0,1,-1)=b—c=0,
b—c=0=b=c.

And so,
a+2b+3c=0=a+2c+3¢c=0=a=—bc

Hence, f(z,y,2) = —bcx + cy + cz = ¢(—bx + y + 2) gives that f(z,y,2) = —bx +y + 2.
Let w € W.Then w = ajw; + asws, for some a1, as € R.

Hence, f(w) = f(aiwy + asws) = a1 f(w1) + asf(wz) = ay - 0+ as - 0 = 0 implies that
fewe.

Exercises

(4.3.1) Prove Theorem -4.3.1.

(4.3.2) Let f: R™ — R be a function defined by
f(z1,29,...,2,) = @121 + asx2 + - - - + a,x,, where
ai,Qa9,...,a, € R.Then show that fis a linear functional.

(4.3.3) Find the dual basis of each of the following bases of R3:

(i) {(1,-1,1),(4,1,0),(8,1,1)};
(i) {(1,3,3),(1,4,3).(1,3,4)};

(iii) {(1,1,3),(1,3,-3).(-2,-4,-4)};
(iv) {(1,0,0),(0,1,0),(0,0,1)}.

(4.3.4) Let V' = Py(x) be the vector space of all polynomials with real coefficients
of degree at most one and let e} (f(z)) = [} f(z)dz, e5(f(z)) = £'(1).
e3(f(x)) = f(0), are linear functionals on V. Then show that each of the
following sets (i) {e7, 5}, (ii) {e], e3}, (iii) {e5, e3} is a basis of V* and
find the corresponding bases {e;, e;} in Vwhose dual is {e}, e} }, where
1<4,5<3.

(4.3.5) Let V' = P,(x) be the vector space of all polynomials with real coefficients
of degree at most two. Then
(a) show that e}, defined by e (f(z)) = f(a),a € Risa

linear functional on V;
(b) show that {e* |, e}, e} is a basis of V'*;
(c) find the basis {e_1, eg, e1 } of Vsuch that {e* ,, e}, el} is
its dual;
(d) for distinct r, s,t € R, show that {e}, eX, e} } is a basis of
V.
(4.3.6) If {e1,es,...,e,} is a basis of a vector space Vand {ej, e}, ..., e }isits

dual basis, then for any € V' show that



z =ej(z)e; +e5(z)es + - +el(x)e;

(4.3.7) Let S be a subset of a vector space V. Then show that S° = [(S)]°.
(4.3.8) Let W be a subspace of R3. Then find the basis of W°, if
(i) Wis generated by {w1 = (1,1,—-1)};
(ii) Wis generated by {w: = (0, 1,2), w2 = (3,2,1)};
(iii) Wis generated by {w1 = (—3,2,4), w2 = (1,0,2)}.
(4.3.9) Let W be a subspace of R%. Then find the basis of W ° if Wis generated by:
(i) {(,-1.0-1)}
(ii) {(1,2,3,-1),(1,0,3,4)};
(iii) {(0,-3,4,2),(-1,2,0,3)};
(iv) {(1,0,2,-3),(0,2,3,4),(-5,2,3,0)}.
(4.3.10) If W1 and W, are subspaces of a vector space V (may be finite- or infinite-

dimensional), then prove that (W7 + W3)° = W N W,

4.4 Transpose of a linear transformation

The transpose of a linear transformation between two vector spaces given over the same field is
an induced map between the dual spaces of the two vector spaces.

Definition 4.4.1.

Let Vand W be vector spaces over the same field Fand let T': V' — W be a linear transformation.
Then the map T : W* — V* defined by T*(f) = f o T, being the composition of linear
transformations is a linear transformation, called the transpose of T.

f € W*means f: W — Fis alinear transformation, and hence the composition

foT:V — Fisalinear transformations. Thus, T*(f) = fo T € V*.

Theorem 4.4.2.
LetTy : Vi — Vy and Ty : Vo — V3 be linear transformations. Then (Ts o Tl)t =T} oTy.

Proof.

Since Ty o Ty : Vi — V3 is alinear transformation, (T o Tl)t is a linear transformation from V'
to V}*. Then for f € V,

(To o T1)'(f) = fo(TaoTi) = (foTy) oTy = Ti(f) o Th.
Since T;(f) eV,
Ty (f) o Th = T{ (T3 (£)) = (T1 o T3)(f).
)

Thus, (T3 o Tl)t(f) (Tf o T)(f) for all f.
Hence, (Ty o Ty) = T{ o TY. O

Theorem 4.4.3.
Let V and W be vector spaces over a field F. Then: (i) (T1 + T»)" = T + T¢ (ii) (oT)" = oT*, for all
T1,T> € Hom(V,W) and a € F.



Proof.

(i)

(ii)

Theorem 4.4.4.

We have that 77 + 15 : V — W is a linear transformation.
Hence,

(T + 1) :W* = V* and (T{+T):W* = V"

are linear transformations.
Let f € W*.Then

(Ti+ o) (f)=fo(Ti+To)=foTi+ foTy=Ti(f) +T3(f) = (T{ +1

Hence, (T} + T»)" = T} + T}.

Since a1 : V' — W is a linear transformation, (aT)t : W* — V*islinear
transformation.

For f e W*, (aT) (f) = foaT =afoT = a(foT) = aT(f).
Hence, (aT)t =aoTt. O

Let V and W be finite-dimensional vector spaces and let T' : V' — W be a linear transformation. Then
rank(7T) = rank(7").

Proof.

Since T : V — W is a linear transformation, Tt : W* — V* is a linear transformation.
By the rank-nullity theorem,

rank (7T"*) + null(T"*) =dim (W*) =dim (W)
= rank(T"*) =dim (W) — null(T").

Since T'(V)) C W, by Theorem -4.3.13,

dim (T(V))"+ dim (T(V)) =dim (W)
=dim (T(V))" =dim (W)— dim (T(V)).

If dim (7'(V))° = null(T"?), then from the above equation

dim (W)— dim (T(V)) = null(T%),

and hence from the above first equation,

rank (T"*)=dim (W) — null(T")
=dim (W) — (dim (W)— dim (T(V)))
=dim (T(V))

= rank(T).

To complete the proof, we have to show that dim (7'(V))° = null(T").



feKer(T) T (zero linear functional)
&S foT =0
& (foT)(x)=0€F, VzeV
& f(T(x)) =0€F, VzeV
s fe (T(V))".
Hence, Ker(T?) = (T(V))° = null(T?) =dim (T(V))°. O
From the proof of the above theorem, we write the following corollary immediately.

Corollary 4.4.5.

Let T : V' — V be a linear transformation on a finite-dimensional vector space V. Then T is
nonsingular if and only if T't is nonsingular.

Example 4.4.6.

Let T : R3 — R? be a linear transformation defined by T'(z, y, z) = (z + 2y + 2,y — 2). Then
Tt : (R?)" — (R*)". Let f : R? — R be a linear functional defined by f(z,y) = z + 3y. That

is, f € (R?)". Then

(T (H)(@,y,2) = (foT)(z,y,2) = f(T(2,9,2)) = fz + 2y + 2y —2) = (2 + 2y +2) + ¢

Exercises
(4.4.1) Let T : V — W be a linear transformation. Then prove that
null(7't) =dim (Im T)°.
(4.4.2) Let f : R? — R be a linear functional defined by f(z,y) = 2z — y. Then
for each of the following linear transformations 7" : R? — R? find
(T*()(=, y):
(a) T(x,y) = (0,0);
(b) T(z,y) = (z,9);
(c) T(z,y) = (0,y);
(d) T(w,y) = (z+y,y);
(e) T(z,y) = (z —y,z +y).
(4.4.3) Let f : R?2 — R be a linear functional defined by f(z,y) = 2z — 5y. Then

for each of the following linear transformations T : R®* — R?, find

(TH()(z,y, 2):

(a) T(z,y,2) = (¢ +y,—2)

(b) T(x,y,2) = (z,y + 2);

(c) T(z,y,2) = (x+y+2z,z—y);
(d) T(z,y,2) = 2z —y,x + y + 2);
(e) T(z,y,2) = 2z + 3y — 2, + 2).



5 Matrices and linear transformations

In the preceding chapters, we have studied matrices and linear transformations separately. But
fortunately, there is a beautiful relationship between the linear transformation on a finite-
dimensional vector space and a matrix. In this chapter, we shall see how a linear transformation
between two finite-dimensional vector spaces can be represented by a matrix. By developing a
vector space isomorphism between the vector space of matrices and the vector space of linear
transformations, we can use the properties of one space to study the properties of the other.

5.1 The matrix representation of a linear transformation
We begin this section by introducing the concept of an ordered basis.
Definition 5.1.1.

Let V be an n-dimensional vector space over the field F. Then the basis B = {vl, V2,. .. ,vn} of V
is called an ordered basis if the order of elements of B is fixed.

For example, if By = {v1,v2,v3} and By = {v2,v1,v3} are two ordered bases of a vector
space V, then By # Bj. Thus, every basis of an n-dimensional vector space gives rise to n!
distinct ordered bases.

Example 5.1.2.

In the vector space F'3, the standard basis,
{61 = (1’ 0, O)’ €2 = (Oa 1, O)a €3 = (Oa 0, 1)}7

is the ordered basis for F'3.

In general, {ey, €s,. .., e, } is an ordered basis of F'. Similarly, the basis {1, z,z2,...,z"} is
an ordered basis of the polynomial space P, ().

Now we proceed to the title of this section, which is the matrix representation of a linear
transformation.

Let Vand W be finite-dimensional vector spaces over the same field F with ordered bases

B; = {v1,v9,...,v,} and By = {wy,wa, ..., w,}, respectively. If T : V — W is a linear
transformation, then foreach 1 < 5 < n, T(vj) € W can be expressed uniquely as a linear
combination of the vectors in the basis Bs.

That is,

T(v1)= anw; + anws + az1w3 + -+ - + Q1 Wi,

T'(v2)= a1ow1 + aws + azws + -+ - + ApaWp,

T(vn)= a1pwi + a2nw2 + a3,W3 + -+ + + AW,

wherea;; € F,V1 <:<m,1<j<n.



Since a linear transformation defined on the basis of a vector space is completely determined on
the whole space, the matrix [aij] of unique ordered mn scalars a;; € F represents the linear
transformation T relative to the ordered bases B; and Bs.

Definition 5.1.3.

LetT': V — W be a linear transformation, where V and W are finite-dimensional vector spaces
with ordered bases By = {v1,vs,...,v,} and By = {wy, ws, ..., w,}, respectively. Then the
matrix [a;;] of order m X n is called the matrix of the linear transformation T related to the
ordered bases By and B3 where a;; € F such that T'(v;) = Y 7, ajjw;, 1 < j < n.

We use the notation [T] 5 p to denote the above matrix, i.e., [T'] g p = [a;]. Thus, alinear

transformation from an n-dimensional vector space to an m-dimensional vector space is
represented by a matrix of order m X n.

We will illustrate the matrix representation of several linear transformations in the next few
examples.

Example 5.1.4.

Let T : F3 — F? be alinear transformation defined by T'(z,y, z) = (2z + 3y — 2,z + 2).
Then the matrix representing T related to standard bases B; = {(1,0,0), (0, 1,0),(0,0,1)} and
B; = {(1,0),(0,1)}, will be of order 2x3. By taking the coefficients of the subsequent column
vectors, we are able to obtain the matrix:

T(1,0,0)=(2,1) = 2(1,0) + 1(0,1),

T(O,l,O) ( ) = (LO) +0(Oa 1)7

T(0,0,1)= (—1,1) = —1(1,0) + 1(0, 1).
Hence, the matrix is

2 3 -1
T = .
[ ]Bl,Bz [1 0 1 ]

Example 5.1.5.

Let P4(z) and Ps(x) be the polynomial spaces over the field F. Then the matrix of linear
transformation T : Py(x) — P3(x), defined by T'(f(z)) = % (z), with respect to standard
bases is of order 4x5.

Let By = {1,z,2% 23,2} and By = {1,z, 2%, 23} be the bases of Py(z) and P3(z),
respectively. Then
T(1)=0=0.1+0.2+0.2> 4 0.2°,
T(a:): =1.1+4+0.2+0.2 +0. :cg,
(w2)22w—01+2 z+0.2%+ 0.3,
T(ZL‘3):3£B2 =0.1+0.24+3.22+0.z3,
(z)=42> = 0.1+ 0.2+ 0.2% + 4. 2%,

T



and hence the matrix representing T is

01000
0020 0
Tlee,= 1o 0 0 3 ol
0000 4

Example 5.1.6.

Let T : R® — R3 be a linear transformation defined by T'(z,y, 2) = (z + ¥,y + 2,2 + ). Then
the matrix [T'] g 5 where B1 = {(1,1,1),(0,1,1),(0,0,1)} is obtained as follows:

T(1,1,1)= (2,2,2) = 2(1,1,1) + 0(0,1,1) + 0(0, 0, 1),
T(0,1,1)= (1,2,1).

Suppose (1,2,1) = a4(1,1,1) + a5(0,1,1) + a3(0,0,1).
Then

(1,2,1) = (a1,a1 + az,a1 + as + as)
= a1 =1,a1 +a2=2,a1+a2+a3=1.

Onsolving,a; =1,a2 =1, a3 = —1.
Hence, T'(0,1,1) = (1,2,1) = 1(1,1,1) + 1(0,1,1) — 1(0,0, 1).
Next, 7'(0,0,1) = (0,1,1) = 0(1,1,1) + 1(0,1,1) + 0(0,0,1)
Then
2 1 0
[T]BI,BQ =10 1 1
0 -1 0

Example 5.1.7.

Let T : R3 — Py(x) be a linear transformation defined by

T(a,b,c) = (a — b)x® + cx + a + b + ¢, where (a, b, c) € R®. Then we determine the matrix
[T)p, p, where By = {(1,0,0),(1,1,0),(1,1,1)} and By = {1,1+ 2,1+ z + z*} are
ordered bases of vector spaces R3 and P2(z) over R, respectively.

T(1,0,0) = 2 + 1.

Suppose, 22 + 1 =a;(1) + as(1 + z) + a3(1 + = + z?).

Then
2’ +1=a1+az+ a3 + (a2 + a3)z + a3z’
=a1+as+a3=1,ay+a3=0,a3=1
=a=1,ay=—-1,a3 = 1.
Similarly,

T(1,1,0)=2=21+0.(1+z)+0. (1 +z+2?),



and
T(1,1,1)=z+3=2.(1)+1.(1+2)+0.(1+z +z?).

Hence, the matrix

Example 5.1.8.

If Iv : V — V is anidentity linear transformation, then [Iv| 5 p = I, the identity matrix of

order n.

If Vand W are finite-dimensional vector spaces over a field F of dimensions n and m, respectively,
then the following theorem shows that the vector spaces Hom(V, W) and M,, ,,(F) are
isomorphic.

Theorem 5.1.9.

Let By = {v1,v9,...,v,} and By = {wy,ws,...,w,,} be ordered bases of vector spaces V and
W over a field F, respectlve/y Then the map f : Hom(V, W) — M,, ,,(F) defined by

f(T) = [T, p, is a vector space isomorphism. That is, Hom(V, W) = My, n(F).

Proof.

First of all, we shall show that fis a linear transformation.

Let 71,715 € HOIII(V, W) and let [Tl]Bth = [ai]’], [TQ]Bl,BQ = [bU]

Then for a,b € F we have to prove that f(aTi + bT2) = af(T1) + bf(T2), or we have to show
that [Ty + bT3] g, p, = a[T1]g, g, + b[T2] 5, 5,

We have that

[T1]p, 5, = laij] = T1(vj) Zawwz

and

[T2]B1,B2 = [bij] = Ta(vj) wawz

Hence,



(aT1 —|— bTQ)(’Uj): CLTl (’Uj) —|— sz(’Uj)

m m
=a Z a;jw; + b Z bijwi
=1 i=1
m m
= Z aa;; w; + Z bsz'wl

in: (aa;; + bb;j)w

=1

This gives that (i, j)-th element of the matrix [aT1 + bT3]p, g, = aaij + bbij, is equal to a(i, j)-
th element of the matrix [T1] g, p, + b(i, j)-th element of the matrix [T%] 5, p,.

Hence, [aTy + sz]BhB2 = a[Tl]Bth + b[TZ]BhB2.

Now, we shall show that fis bijective.

Suppose, f(Tl) = f(Tg) = [aij]. Then Tl(’l)j) = Tg(’l)j) \V/’Uj c Bl.

Since T and T are equal on the basis B1, we have T = T, and hence fis injective.

Next, for the given matrix [a;;] € M, ,(F'), there exists an unique T € Hom(V, W) such that
T(vj) = > 1, aijw; Yv; € By.Hence, f(T) = [T]p, p, = lai;], and so fis surjective, also.
Thus, the map f : Hom(V, W) — My, ,(F') is a vector space isomorphism, and hence
Hom(V, W) = My n(F). ©

Remark.

In view of above notation, if T1,T5 : V' — W are two linear transformations, then

[Ty + T3] g, p, = [Tl B, , T [T2] B, B, and [aT}] g, , = a[Ti]p, B, a € F. Thatis, the sums
and scalar multiplication of matrices are associated with the corresponding sums and scalar
multiplication of linear transformations.

Since the composition of two linear transformations is a linear transformation, we obtain the
matrix representation of a composition of linear transformations.
Theorem 5.1.10.

Let V, W and U be finite-dimensional vector spaces with the bases By = {v1,vs,...,v,},
By = {wy,ws,...,wy} and By = {uy,us, ..., u,}, respectively. Then for the linear
transformations,

Tl . V _> W, T2 . W _> U, [TQ O Tl]Bl,B3 - [T2]BZ,B3 I:Tl]Bl,BQ'
Proof.

Let [T1] g, g, = [@ijl,x, and [T2] g, B, = [Bki] s
Then T1 (’Uj) = 221 aijwi and Tg(’wl) = Zizl bkzuk
Since T5 o T is a linear transformation from Vto U,



where cj = Y 7, briai;.

Thus the (k, 7)-th element of the matrix [T o T1] p, is equal to the (k, j)-th element of the
matriX |:T2]B2,Bg [T]-]Bl,Bz .

Hence, [Ty o Th], , = [T2] g, 5,[T1] ,,5,- D

Remark.

Above matrix representation of a composition of linear transformations gives the idea behind the
multiplication of matrices.

Theorem 5.1.11.
Let V and W be finite-dimensional vector spaces over the same field F with ordered bases B1 and B,
respectively. Then the linear transformation T : V' — W is invertible if and only if [T| 5 p s

invertible and [T’l]BZ’B1 = ([T]Bl,B2)71'

Proof.

Suppose T is invertible. Since V and W are finite-dimensional vector spaces, dim (V) =dim (W).
Let dim (V') =dim (W) = n.Then [T], p, is an n-square matrix.
Since Tis invertible, there exists T~ : W — V such that TT ! = Iy and T 'T = Iy, where
Iy and Iy denote the identity linear transformations on V and W, respectively.
Then I,, = [Iy]p p = [T_1T]31,151 = [T_l]Bz,Bl T g, ,-
similarly, [T g, 5,[T "5, 5, = In-

, - . -1 _
This show that [T 5, p, isinvertible and [T, 5,] = = [T 15,8,
Conversely, suppose that [T p = [a;j] is invertible. Then there exists an n-square matrix

B = [b;j] such that [T]BthB = B[T]BI,B2 =1,.



If By = {v1,vs,...,0,} and By = {wy,ws,...,w,} are ordered bases of Vand W,
respectively, then there exists a linear transformation T : W — V such that

Tl(wj) = Z?:l bijvi V1 < j <n.

Then [T1]p, g, = B. Now,

[T1T)g, g, = 11, 5,(T) 5, B, = BT, 5, = In = [Iv]p, 5, = T1'T = Iv and similarly,
TT; = Iy . This shows that T ! = T, and hence Tis invertible. O

Example 5.1.12.

3 =210

Let A = [ 13 g g ﬂ be the matrix of linear transformation T : F* — F3, relative to the standard

ordered bases B and Bj of F'4 and F3, respectively, where Fis a field. In this example, we
obtain the linear transformation T representing the matrix A.
Let

B:={(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}, and
B,={(1,0,0),(0,1,0),(0,0,1)}.

By the matrix representation of a linear transformation T, we have
T(1,0,0,0) = 3(1,0,0) + 1(0,1,0) 4+ (—3)(0,0,1) = (3,1, —3).

Similarly, T(O, 1,0,0,) = (—2,6,0), T(0,0, 1,0) = (1,2, 7) and T(0,0,0, 1) = (0, 1, 1).
Hence,

T(z,y,zw)=T(z(1,0,1,0) + y(0,1,0,0) + 2(0,0,1,0) + w(0,0,0,1))
= zT(1,0,0,0) + yT(0,1,0,0) + 27°(0,0,1,0) +wT(0,0,0,1)
=2(3,1,-3) +y(—2,6,0) + 2(1,2,7) + w(0,1,1)
=Bz —2y+z,xz+6y+2Z+w,—3x+ 7z+w).

In the following theorem, we shall show that if A is a matrix representing the linear
transformation T, then A? is the matrix representing T°t.
Theorem 5.1.13.
Let V and W be finite-dimensional vector spaces over a field F with ordered bases
B; = {v1,v,...,v,} and By = {wy,ws, ..., wy}, respectively. Then for the linear
transformation T : V — W, ([T]BI’BQ)t = [Tt]Bz’Bl.

Proof.

Let [T]Bl,Bz = [aij]mxn. Then T(’Uj) = Z?Ll aijwi V1 S 7 § n.

Suppose B} = {v},v5,...,v}} and By = {w}, w5, ..., w},} are the corresponding dual bases
of dual spaces V* and W*, respectively.

Then for the linear transformation T'* : W* — V*, suppose T"*(w}) = Y 1, bjv}.

From the definition of transpose of T, T (w}) = wj o T' € V'*, which implies that

wpoT =3 % by,

Then



(kaT vy) ijkv vr)

or
wy, (T(vr)) = b,

where v} (v,) =1, and v} (v;) = 0 if r # j.

Thus,
m m
bri = wi (T(vr)) = wy, (Z airwi> = Zaier(wi) = Q-
i=1 i=1
This shows that [a;;]" = [bi] = [Tt]B;,B{- O
Exercises
(5.1.1) Let T : R3 — RR2 be a linear transformation. Then determine the matrix
[T]Bl,B;) if:
(i) T(z,y,2) = (2z — y,2y — 2),
Bl = {(1> 07 0)’ (17 _17 0), (1, 1, _1)}, and
Bz = {(17 1)) (_170)};
(ii) T(z,y,2) = (22 — y, 2y — 2),
B, ={(1,2,1),(-1,0,2),(2,1,—-3)} and
By ={(1,-1),(2,3)};
(iii) T(z,y,2) = 2z + 3y — 2,z + 2),
B; ={(1,1,2),(1,2,2),(2,2,3)} and
B, = {(17 1)) (_1a0)};
(iv) T(z,y,2) = 2x+ 3y — 2z, + 2),
B; ={(1,2,2),(1,1,2),(2,2,3)} and
B, = {(1a 1)a (_170)}'
(5.1.2) Let T : R3 — R3 be a linear transformation. Then determine the matrix
[T, B, if:
(i) T(z,y,2) = 2y + 2,z — 4y, 3z),
B: ={(1,0,0),(1,-1,0),(1,1,-1)} and
B, ={(1,2,1),(-1,0,2),(2,1,-3) };
(ii) T(LB, Y, z) = (2y +2z,T— 4ya 3$)
B: ={(1,2,1),(-1,0,2),(2, , —3)} and
By = {(170’0)’ (1 170)’( 1, — )}
(iii) T(z,y,2) = (z+ 3y + 22,3z + 4y + 2,2z + y — 2z) and
By =B = {(17132) (1 2 2) (2 2 3)}
(iv) T(m,y,z)—(m—|—3y—|—2z,3a:—|—4y+z,2w—|—y—z),
and B; = B, = {(1,0,0),(1,1,0),(1,1,—1)}.
(5.1.3) Find the matrix of the linear transformation 73,1 < ¢ < 5 related to the

standard bases:
(i) T : Py(xz) — Py(x) defined as T(f(z)) = f"(z);



(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)

(5.1.9)

(ii) Ty : P3(z) — Ps(x) defined as
T(f(z)) = f'(z) + f"(=);
(iii) T3 : Py(z) — Ps(x) defined as T'(f(x)) = [§ f(t)dt;
(iv) Ty : Py(z) — Ps3(x) defined as
T(f(z)) = f'(z) — [q f(t)dt;
(v) Ts : Py(xz) — P3(x) defined as
T(f(z)) = zf(z) + f'(x).
For the linear transformations given in the above exercise, determine:
(i) [T1] 5, B, where By is the standard basis and
By ={l,1+=z,1+z+2%};
(i) [T2]Bl,B2' where Bj is the standard basis and
By ={1,1+z,1+z+2?%};
(iii) [T3] g, p, where By = {1,1 +z,1 + z + z?} and By is
the standard basis;
(iv) [T4]BI,B2, where Bj is the standard basis and
By={lL,1+z,1+z+z%1+z+z?+23};
(iv) [T5]Bl,Bz’ where B; = {1,1+ z,1 + z + 2} and

By={1,1+z,1+z+z%1+z+z?+ 2%}
Let T': M5 2(R) — P»(z) be alinear transformation defined by

a b 9
T =a+c+ 2dz + cz”.
c d

Then find the matrix [T]B1 B, Where By and By are standard bases, i. e.,

R I

Let T : R* — P,(x) be a linear transformation defined by

T(a,b,c,d) = a+ ¢+ 2dz + cz?. Then find the matrix of T related to the
standard bases and compare with the matrix of previous question.

Let T : My 5(R) — M 2(IR) be the linear transformation defined by

t
T(A) = (A;A ) Then determine the matrix [T] g, B, where By is the

standard basis of M3 2(RR).
Find the linear transformation T : Py(z) — Py(z) whose matrix
representation relative to the standard basis is

1 2 3
A=13 2 1].
1 -1 2

Find the linear transformation T : R* — R? whose matrix representation
is



-1 2 3 1
[T]Bth: 1 1 1 01,
1 2 -2 -1
where

Bl - {(1a070a 0)7 (1a 170a0)7 (1a 171a0)7 (1a 171a 1)} and BZ - {(1a 19 1

are ordered bases of R* and R?, respectively.
(5.1.10) For exercise (5.1.8), find T relative to the basis {1,1 + z,1 + x + z2}.

5.2 Effect of change of bases on matrix representation

In this section, we prove the result, which gives the relation between the matrices of a linear
transformation with the different ordered bases. We begin this section with the transition
matrices and their properties.

Definition 5.2.1.

Let V be a vector space with the ordered bases B; and Bsy. Then the matrix [Iy] B,.B, Of the

identity linear transformation Iy : V' — V is called the transition matrix from the basis B; to the
basis Bsy. Transition matrices are invertible.

Example 5.2.2.

Let I : R® — R3 be the identity linear transformation. Then the transition matrix from the basis
B, ={(1,0,0),(0,1,0),(0,0,1)} to the basis B, = {(1,0,0),(1,—1,0),(1,1,—1)} is given
as follows:

I(1,0,0)=(1,0,0) = 1(1,0,0) + 0(1,—1,0) + 0(1,1,—1),

I(0,1,0)= (0,1,0) = 1(1,0,0) — 1(1,-1,0) + 0(1,1, —1),

1(0,0,1)= (0,0,1) = 2(1,0,0) — 1(1,-1,0) — 1(1,1,—1).

Hence,
1 1 2
[I]Bl,Bzz 0 -1 -1,
0O 0 -1
and
1 1 1
-1 _
([I]Bl,Bz) |:I 11|B2,Bl = [ ]B27Bl - _1 1
0O 0 -1

Theorem 5.2.3.
Let By = {v1,vs,...,v,}, B} = {v],v5,...,v],} be the bases of the vector space V and
By = {wy,ws,...,wy}, By = {w],w),...,w,,} bethe bases of the vector space W. If



T : V — W is alinear transformation, then the matrix [T . g = ([Iw]p, p,) T BB, V] B By

, where Iy, and Iy are identity linear transformations. Conversely, if B1 and By are bases of vector
spaces V and W, respectively, and for an m X n matrix A if there are nonsingular matrices P and Q
such that B = Q1 AP, then there exist a linear transformation T : V — W and bases B’ and Bl
of Vand W, respectively, such that [T|p p = Aand [T]p p = B.

Proof.

Let us denote the vector space with the basis B by V. Then from the composition of maps
Iy
Ve — VB, —> W, —> W, we have the linear transformation Iy o T' o Iy = T from Vg to

WB'2~
From Theorem -5.1.10,

[T]p,5,= IwoToTy]p g
= [I W] B,,B), [T] By,B, [I V] BB,
-1 -1
(7w'] 5,,5,)

-1
[IW] B'Z,Bg) [T] B1,B> [IV] B'l,B1 °

7] Bi1,B> [1v] B|,B;

Now, we prove the converse result.

Let A = [a;j|. Then define T': V' — W by T'(v;) = >, aijw;, and hence [T]5 5 = A.If
P = [pijl,in and Q = [qijl,, ., then define v = 371 | pyju; and w) = Y77 qs5w;.

Since P and Q are nonsingular matrices, B} = {v}, vy, ..., v} and B, = {w},w},...,w.,.}
are bases of Vand W, respectively, and so Q = [Iw]p p, and P = [Iy]p p are transition

matrices.
Given that B = Q1 AP. Hence,

( IW B’ Bz) [T]Bl,Bg [IV]B’I,Bl
[ }B B/ }31,182[11/]3’1,131
[IW]BZ, [ ]31,32[1‘/]3’1,31
=[IwoTo IV]B' B,

= [T, 5,

|

Corollary 5.2.4.

Let V be a finite-dimensional vector space with ordered bases By and B andlet T : V — V bea

. . -1 . .

linear transformation. Then [T'] BB, = ([Iy] B, 5) Tlp g [1v] BB, Conversely, if By is an
ordered basis of an n-dimensional vector space V and there is an n-square matrix B, which is similar to
A, then there exist a linear transformation T : V' — V and a basis B of V, such that [T| BB =4
and B = [T]B/I,Bll



Proof.

In the above theorem if we replace Wby V, B1, B2 by By and B}, B), by B}, we get
-1
[T]B;,Bg = ([IV]B;,BI) [T]Bl,Bl [IV]B’I,Bl' o

Alternate Proof.
From Theorem -5.1.10, we have
[IV]B;,B1 [T]B;,Bg - [IVT]B;,B1 - [TIV]B;,B1 - [T]Bl,Bl [IV]B’I,BI'

Since the transition matrix [IV]B,1 B, isinvertible,

-1
[T]B’l,B’l = ([IV]B’l,Bl) [T]Bl,Bl [IV]B’l,Bl'

Conversely, since B is similar to A, there exists a nonsingular matrix P such that B = PlAP.
On replacing Wby V, @1 by P~1, By, By by By and B}, B}, by Bj in the above theorem, we
get A=[T|p p and B = [T]B’l,B’l' m

Remark.

From the above corollary, it is clear that two matrices A and B are similar if and only if they are
represented by the same linear transformation relative to different ordered bases.

The following examples illustrates Theorem - 5.2.3.
Example 5.2.5.

Let T : R3 — R? be the linear transformation defined by T'(z, y, z) = (z + y + 2, — ).
Suppose B; ={(1,0,0),(1,-1,0),(1,1,1)}, B} ={(1,1,1),(1,1,0),(1,0,0)}, are ordered
bases of R and By = {(1,1),(—1,0)}, B, = {(1,0),(0,1)} are ordered base of R2.

Then the matrix representation [T'|p p is given as

T(1,0,0)= (1,1) = 1(1,1) + 0(—1,0),
T(1,-1,0)= (0,2) = 2(1,1) + 2(—1,0),
T(1,1,1)= (3,0) = 0(1,1) + (=3)(~1,0),
1
Tos= |y 5 ]

Now, the transition matrix [IR3]B'1 B, is given as



(1,1,1)=0(1,0,0) + 0(1, —1,0) + 1(1,1, 1),
(1,1,0)= 2(1,0,0) — 1(1, —1,0) + 0(1,1, 1),
(1,0,0)= 1(1,0,0) + 0(1, —1,0) + 0(1, 1, 1),
0 2 1
[IR3]B/1,31: 0 _1 O .

1 0 O
Transition matrix ([IRz]B,sz)*l = [Ig] g, g, - Hence, from

(1,1)=1(1,0) + 1(0, 1),
(—1,0)= —1(1,0) + 0(0, 1),

1 0 -1
[IRQ]B27B,2: ([IR2]B’2,B2) - {1 0 ]
Then

-1
([IRQ]BQ,BQ) [T]Bl,Bz[IR3]B’1,B1

- 0 2 1
1 111 2 0
= 0 -1 0
1 —ol/lo 2 -3
1 0 0
321
o0 0o 1)
Now we show that above matrix is equal to [T] 5 p .
Since
T(1,1,1)= (3,0) = 3(1,0) + 0(0, 1),
T(1,1,0)= (2,0) = 2(1,0) + 0(0, 1),
T(1,0,0)= (1,1) = 1(1,0) + 1(0, 1),

Example 5.2.6.

122
Let T : R® — P,(x) be the linear transformation and let A = [—11 8 (IJ be the matrix of T related

to the bases,
B; ={(1,0,0),(1,1,0),(1,1,1)} of R* and B, = {1,1+z,1+ 2+ a2’} of P3(z),

respectively, i.e., [T]p 5, = A.

In this example, we compute the matrix of T related to the standard bases

B} ={(1,0,0),(0,1,0),(0,0,1)} and By = {1, z, 22} of R® and P,(z) respectively, even we
do not know the definition of T.



-1
From Theorem -5.2.3, we have [T]p 5 = ([Ipz(;v)]B,z’BQ) (1,5, Irs] gy B, -
The transition matrix [Igs] g, p, is given as

(1,0,0)=1(1,0,0) + 0(1,1,0) + 0(1,1,1),
(0,1,0)= (—1)(1,0,0) + 1(1,1,0) + 0(1,1,1),
(0,0,1)=0(1,0,0) + (~1)(1,1,0) + 1(1,1,1),

1 -1 0
Uplp p=0 1 -1].
0 0 1

Next, the transition matrix [Ipz(z)]B2 5 isgivenas
D9y

1=1+0.2 + 0. 22,
l1+z=1+1.2+0.22
l+z+2z’=1+1.2+1. 22

1 11
[IP2(1')]32,B’2: 0 1 1f.
0 0 1
Since
1 11
—1 -1
([IP2(w)]B'2,Bz) p,)] 5, 5, ([Ipz(w)]BgB) 011
0 0 1
Hence,
(1 1 171[1 1 -1 0
[T]B,NB,Q— 0O 1 1{(-1 0 1 1 —1
[0 0 1f[1 0 O 1
1 1 1
=10 O 1
1 -1 0]

To verify above computation, we have T'(a, b, ¢) = (a — b)z? + cz + a + b + ¢, which is given in
Example - 5.1.7 or we can obtain T from the given matrix A and bases By and Bs.
Now, we obtain the matrix [T B!,B, representing T by its definition.

Since



T(1,0,0)=1+4 22 =114+ 0.2 + 1. 22,
T(0,1,0)=1— 2> =114 0.2 + (—1)z?
T(0,0,1)=1+z=11+1.2+0.z%

1 1 1
1 -1 0
Thus, the above computation is correct.
Exercises
(5.2.1) Verify the result [T g, 5 = ([I]B’,B)il[T]B,B[I]B’,B for the following linear
transformations:

(i) T(z,y,2) = 2z — y, = + 2,y), where T : R® — R®isa
linear transformation and
B=1{(1,0,0),(1,1,0),(1,1,1)}, B ={(-2,1,0),(—1,(
are bases of R®.

(ii) T : Py(x) — Pa(z) is a linear transformation defined by
T(f(z)) = f(z —1) and B = {1,z,2%},

B' ={1,1+ z,1+ z + x%} are bases of Py(z).

(iii) T : Ps(xz) — Ps(z) is a linear transformation defined by

T(f(z)) = f(2 + 1) and B = {1,2,2%, 2%},
B ={1,1+z,1+z+ 221+ + 2%+ 23} are bases
of P3(z).
(5.2.2) If
1 2 3
Tlzs=|3 2 1],
-1 1 0

where T : R® — R3 is a linear transformation and B is the standard

ordered basis of R?, then find [T] 5 p where

B'={(-2,1,0),(-1,0,1),(0,1,0)}.

(5.2.3) If
-2 -1 0
1 -1 2 0
T =
[ ]B,B 1 2 3 4 ’
4 0 2 -1

where T : P3(z) — Ps3(z) is a linear transformation and B is the standard
ordered basis of P3(x), then for the basis
B ={1,1+z,1+2z+2%1+z+ 2%+ 23} of P3(z), find T g p-



(5.2.4) Let T : R® — P,(x) be a linear transformation defined by
T(a,b,c) = ax® + (b — ¢)x + a — b + c. Then for the ordered bases,

B;=1{(1,0,0),(1,1,0),(1,1,1)},
Bi={(1,2,2),(1,1,2),(2,2,3)} of R® and
By={1,z,2°}, By={l,1+z,1+z+2}of Py(z),

verify the result [T]BQ,B’z = ([IP2(’”)]B'2,B2) 1[T]BI7B2 2] g 5, -
(5.2.5) Let T : Po(x) — Ps(x) be the linear transformation defined by
T(f(z)) = f'(x) — [§ f(t)dt. Then for the ordered bases
By ={1,z,2?}, B} = {1,1 4 z,1 + & + 22} of Py(x) and ordered
bases By = {1, z, 2%, 23},
By={1,1+z,1+z+2%1+z+ 2%+ 23} of P3(z), verify the result

[1—1]3’1,B’2 = ([IP3(£L‘)]B/2732)71[T] B1,B; [IPz(x)]B/hBl .

5.3 Rank of a matrix

Let A = [a;;] be an m X n matrix with entries in a field F. Then m rows of A can be considered as
mvectors, (a11, @12, . .., a1n); (@21,022, ... ,a2,); -« -, (@m1, Am2, - - . , Gmn) Of the vector space
F'™ over F. The subspace of F'" generated by above m vectors is called the row space of the
matrix. Similarly, from the column vectors of the matrix we can define the column space of the
matrix.

Definition 5.3.1.

The dimension of the row space of a matrix is called row rank of the matrix. In other words, “the
maximum number of linearly independent rows of a matrix is called the row rank of the matrix.”
Similarly, the maximum number of linearly independent columns of a matrix is called the column
rank of the matrix.

Clearly, row rank of A = column rank of A?.
Theorem 5.3.2.
Let Ly : F™ — F'™ be a left multiplication linear transformation defined by L 4(X) = AX, where
A = [a;] is an m x n matrix with entries in the field Fand X € F™ is a column vector. Then for the
standard bases B1 and By of F'™ and F'™, respectively, [LA]Bl,Bg = A and rank of L 4 = column

rank of A.
Proof.

Let By = {v1,vs,...,v,} € F" and By = {wy,ws,...,w,} C F™, where
v; =(0,...,0,1,0,...,0),,-th coordinateis 1 forall 1 < j < mn and

w; = (0,...,0,1,0,...,0), i-th coordinateis 1 V1 < i < m.

Then



0
_ 2|0 o
a;ip a2 - Q15 -0 Qlp . ayj
az1 Q2 - Q25 - Q2p ) a2
La(vj) = Av;= | | . . ] =
| Aml Gm2 ** Qmj - (mn] . | Amj
0]

is the j-th column of the matrix A. Thus, L 4(v;) = > 7, a;jw;, V1 < j < n. Hence,
I:LA]Bl,BQ = I:al]] = A'
Since L 4(v;) is the j-th column of the matrix A V3, the range space of L 4 is equal to the column

space of the matrix A.
Thatis, dim (L 4(F™)) = column rank of A. Hence, rank(L 4) = columnrank of A. O

Theorem 5.3.3.

Let V and W be finite-dimensional vector spaces over the field F with ordered bases

By = {v1,v9,...,v,} and By = {w1,ws, ..., Wy}, respectively. If T : V. — W is a linear
transformation, then rank(T') = column rank of [T, p,.

Proof.

Since Vis an n-dimensional vector space over F and Wis an m-dimensional vector space over F, Vis
isomorphic to F'™ and Wis isomorphic to F'™. Let T} be a linear transformation from F'™ to V
defined by Ty (z1, @2, ..., &,) = T101 + Tavs + - - - + T, Uy,

Then,

Tl(l,O,...,O): 1.U1+0.’U2+"'—|—0.’Un:’01,
T1(0,1,0,...,0)= O.’U1+1.’U2+0.’U3+"‘+0.Un=’U2,

Tl(O,...,(),l): 0.1)1—|—0.’()2+-"+1.’Un:’0n-

This shows that T takes standard basis of F'™ to the basis of V7, hence T} is an isomorphism.
Similarly, the linear transformation T : F'* — W defined by

To(Y1, Y2, - - -y Ym) = Y1w1 + Yows + -+ - + YWy, is an isomorphism. From the composition of
linear transformations,

T T T,
F" 3V S W S F™,

we shall show that T, ' o T o Ty = L4, where A = [T, 8, = [@ij] -
Lete; = (0,...,0,1,0,...,0) € F™.Then



(T, ' oT o Ty)(ej)=T, " o T(Ti(e;)) =T, ' o T(v;)

= T2_1 (T(Uj)) = T2_1 (i aijwi> =

= a1;(1,0,...,0) + a2;(0,1,0,...,0) + « - - + am;(0,0,...,0,1)

= (alj, (12]', . ,am]-).

m
ai Ty (wi)
=1

]

Also, we have L 4(e;) = (a1j, azj, - - ., @mj), which is the j-th column of the matrix A.
Since T, ' o T o T and L 4 agree on the basis, T, ' o T o T} = L.
Since T and T are nonsingular linear transformations,

rank(T, ' o T o Ty) = rank(T) = rank(L ).
Hence, rank(7) = column rank of A. O

Using above result, we shall show that row rank and column rank of a matrix is same.
Theorem 5.3.4.
The row rank and column rank of a matrix are equal.

Proof.

Let Abe any m x n matrixand let T': V' — W be a linear transformation such that
[T]B1 B, = A, where By and B are ordered bases of V and W, respectively. Then column rank of

A = rank(T).
We have that the matrix representation of T'* with respect to dual bases is [Tt]B§ B = At.Then

rank(7'?) = column rank of A! = row rank of A. Since rank(7'*) = rank(T),
row rank of A = column rank of A. O

In view of the above result, we have the following definition.
Definition 5.3.5.

The rank of a matrix A is the maximum number of linearly independent rows of A, or equivalently,
the maximum number of linearly independent columns of A.

Theorem 5.3.6.

Let A and B be matrices of order m X n and n X p, respectively. Then
rank(AB) <min {rank(A),rank(B)}.

Proof.

Let Ty o T be the linear transformation that represents the matrix AB, where T} represents B
and T represents A. Then rank (75 o T} ) = rank(AB).

We have that rank (7% o T7) <min {rank(T5),rank(7})}. Hence,

rank(AB) <min {rank(A),rank(B)}. O

Theorem 5.3.7.
Let A be an n-square matrix. Then rank(A) = n if and only if A is invertible.



Proof.

Let T : V — V be a linear transformation representing the n-square matrix A. Then
dim (V) = n. Suppose rank(A) = n. Then rank(7T) = n.
From the rank-nullity theorem, we have
rank(7) + null(T) = n
=n+null(T)=n
= null(T") = 0.

This proves that T is one-one onto. Hence, T is invertible. Therefore, matrix of T' = A is invertible.
Conversely, if A is invertible then Tis invertible, and hence rank(7") = n = rank(A4). O

Theorem 5.3.8.

If Ais an n-square nonsingular matrix and B is any n-square matrix. Then
rank(AB) = rank(BA) = rank(B).

Proof.

Let 77 be the linear transformation representing the matrix A and 15 be the linear transformation
representing the matrix B. Since A is nonsingular, 7' is nonsingular.

Using the result, rank (7} o T3) = rank(T3 o T1) = rank(7%), we have

rank(AB) = rank(BA) = rank(B). O

Theorem 5.3.9.
Let A and B are similar matrices. Then rank(A) = rank(B).

Proof.

Since A and B are similar matrices, there exist a nonsingular matrix P such that B = P~ AP.
Hence, from above result we have rank(B) = rank(P 1 AP) = rank(AP) = rank(4). O

Definition 5.3.10.

Ir 0’7‘ n—r

m—rr Ym—-rn—r

A matrix N of order m X n is said to be in normal form if N = [0 } , where

r <min {m,n} and 0,,, denotes the zero matrix of order m x n.

For example, consider the matrix

o O O =
o O = O
o © O O
o O O O
o © O O

of order 4x5. Since
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matrix A is in normal form.
Theorem 5.3.11.
Every m X m matrix is equivalent to a matrix in normal form.

Proof.

Let A be an m X m matrix with entries in a field F. Let ' : V' — W be a linear transformation
suchthat [T]p p = A, where By = {vy,2,...,v,} and By = {w1,wy, ..., Wy} are
ordered bases of Vand W, respectively. If A is a zero matrix, then it is in normal form.
Suppose A is a nonzero matrix and rank of A = 7. Then rank(A) = rank(7") = r. Hence,
dimension of Ker T' =dim (V') — rank(T) =n — .

Let {z1,22,...,Zn_r} be abasis of Ker T'. Then T'(z1) = T(x2) = --- = T(x, — 1) = 0.
Since Ker T is a subspace of V, basis {xl, T2,... ,a:n_r} can be extended to a basis

B} = {e1,e2,...,€,,T1,T2,...,Tn_r} of V. Similarly, the set

{T(e1) = f1,T(e2) = fa,...,T(e,;) = f-} is a basis of Image(T"). Since Image(T) is a
subspace of W, basis { f1, fo, - .., fr} can be extended to a basis

B,2 = {flaf2a'"afraylayZa"-aym—r} of W.
Then the matrix [T]B’l,B; is equivalent to the matrix [T 5 = A.

Now, we shall show that the matrix [T]B,1 By is in normal form:

Te)=fi=1fi+0.fo+--+0.f +0.y1+ -+ 0. Ymr,
T(es)=fo=0.fi+1. fo+0.fs+---+0.f, +0.y1 + -+ 0.Ypmp,

Te)=fr=0.f14+0.fo+---+0.fr —1+1.fr +0y1 +--- + 0. Y,
T(x1)=0=0.f1+0.fo+---+0.f, +0.y1+---+ 0. Yp_p,

T(@py)=0=0.f140.fo+--+0.fr +0.41 + -+ 0. Y-
Hence, [T]p g = [OijM Ogi’:;ir] is a matrix in normal form.

It is evident from the above result that the rank of a matrix is equal to the order of the identity
matrix in its normal form. O

Corollary 5.3.12.

Two m X m matrices of the same rank are equivalent.



Proof.

Let A and B be m X n matrices such that rank(A) = rank(B) = r. Then A and B will be
equivalent to a normal form matrix,

IT Ornfr
v |

Om—rr Om—rn—r

Since the relation of being “equivalent to"” is an equivalence relation on the set of all m X n
matrices M, ,(F'), matrix A and B will be equivalent,i,e, AX N~B=A>~B. O

Theorem 5.3.13.
Let A and B be matrices of order m X m with entries in a field F. Then
rank(A + B) < rank(A) + rank(B).

Proof.

Let A = [ay],,.,, = [A1 A2 --- Ay]and B = [b;j],..,, = [B1 By --- By],where A; ¢ F™
and B; € F'™ are column vectors of A and B, respectively. Also,
A+B=[A1+By Ay + By --- A, + B,].
We know that the rank of a matrix A is the dimension of column the space of A. That is,
rank(A) =dim (span(A41, As, ..., A,)).
Similarly, we have

rank(B)=dim (span(Bi, Bs,...,Bn)) and

rank(A + B)=dim (span(A1 + B1,Ay+ Bg,..., A, + Bn))
Clearly, span(Aj, As, ..., Ay), span(Bi, Bs, ..., B,) and

span(A; + Bi, Az + Bs, ..., A, + By,) are subspaces of the m-dimensional vector space F'™.
We claim that

span(A1 + Bl,AQ + Bg, oo ,An + Bn)
C span(Ai, A, ..., A,) + span(By, Bs, ..., By).

Suppose the vector X € span(A; + By, A2 + Ba, ..., An + By).
Then X = k1(A1 + B1) + k2(A2 + B2) + - - - + kn (A, + By,) for some scalars k1, k2, ..., kn

This gives that

X= (k1A + koA + -+ k,Ay) + (k1 By + k3Bs + - - - + kp,By,)
€ span(A1, As, ..., Ay) + span(Bi, Ba, ..., By).
Hence, the claim is proved.

Now, using the result; if U and V are two subspaces of a vector space,
dim (U 4 V) <dim (U)+ dim (V'), we have



rank(A + B)=dim (span (A1 + B1,As + By, ..., A, + Bn))

<dim (span (A1, As, ..., A,) + span(By, Bs, . . ., Bn))

<dim (span(Ay, As,... An))+ dim (span(Bl, Bs,...,By))
ank(A) + rank(B).

O
Exercises
(5.3.1) Find the rank of the matrix [a;;], ,, Where a;; = 1 Vij.
(a) Find the rank of the matrix [a;;].. », where a;; = 10 Vij.
(b) If the rank of a matrix A is zero, then show that A is a zero
(5.3.2) matrix.
(5.3.3) Let A be a 10-square invertible matrix. Then find the rank of A.
(5.3.4) Let A and B be 10-square matrices. If rank(A) = 10 and rank(B) = 5,
then find the rank(AB).
(5.3.5) Let A and B be matrices such that A + B and AB both are defined. If
rank(A) = 5 and rank(B) = 7, then find the upper limits of
rank(A + B) and rank(AB), respectively.
(5.3.6) If A is a matrix of order m x n, m # n, then show that either the row
vectors are the column vectors of A are linearly dependent.
(5.3.7) Let A and B be real matrices of orders m X n and n X m, respectively. If
m < n, then show that BA is a singular matrix.
(5.3.8) Let / denotes the matrix of order 10x10 with all entries 1 and let B be a 50-
square matrix given by
[J 0 0 0 O]
0 J 0 0 O
B=10 0 J 0 0.
0 0 0 J 0
0 0 0 0 J]

Then find the rank of B.

5.4 Elementary matrix operations

In this section, we introduce the elementary operations that are helpful to obtain the rank of a
matrix, solution of system of linear equations, inverse of a matrix, normal form of a matrix and
many more properties in coming sections and chapters.

Definition 5.4.1.

Let A be a matrix of order m X n. Then the following operations on the rows of A are called
elementary row operations:

(1) Interchanging any two rows of A.



We shall use the notation R; <+ R; to denote the interchange of i-th and j-th, rows of A.
(2) Multiplying a row of A by a nonzero constant.

Multiplication of i-th row of A by a nonzero scalar k will be denoted by R; — kR,;.

(3) Adding a constant multiple of a row of A to another row.

We use the notation R; — R; + kR to denote that the i-th row of A is replaced by i-th row

+ k x j-th row of A.

Similarly, by replacing rows with columns in the aforementioned operations elementary column
operations can be defined. The following lists the three elementary column operations in the form
of notation:

d Cz — Cj
C; — C; + kCj, where Crepresents the column.

Elementary row or elementary column operations are called elementary operations.

Example 5.4.2.
Let
3 4 2 -1
A=1|2 4 2 |,
-2 4 5 0

be a 3x4 matrix. Then the matrix after applying elementary row operation Ry <> R3 onAis

-2 4 5 0
2 4 6 2
3 4 2 -1

The above matrix is obtained by interchanging first and third rows of A.
The matrix after applying the elementary row operation Ry — bRy onA'is
3 4 2 -1
10 20 30 10
-2 4 5 0

If we apply the elementary row operation R; — R1 + 2R3 on A, then we get the following
matrix

-1 12 12 -1
2 4 6 2
-2 4 5 0

Similarly, on the application of elementary column operations C; <+ C5, Cy — 5C5 and
C1 — C1 + 2C3 on A we get the matrices



2 4 —1 3 20 2 -1 T 4 2 -1
6 4 2 21, 2 20 6 2 and |14 4 6 2 |,
5 4 -2 0 -2 20 5 O 8 4 5 0

respectively.
Definition 5.4.3.

A matrix obtained by performing an elementary operation on the identity matrix Iy, is called an
elementary matrix.

For example, if you take

1
Is = |0
0

o = O

0
01,
1

then the matrix obtained by performing elementary row operation R; <+ Rj3 is an elementary
matrix

0
0
1

oS = O
o O =

This matrix can be obtained by applying the elementary column operation Cy <> C3 on I3, also.
Thus, any elementary matrix can be obtained in at least two ways, either by performing an
elementary row operation on I,, or by performing an elementary column operation on I,,.
Similarly, more elementary matrices can be obtained with respect to various elementary
operations on I,,.

In Example -5.4.2, we have obtained the matrix

2 4 5 0
2 4 6 2|,
3 4 2 -1

after performing elementary row operation R <+ R3 onA.

Let

0 0
I3 = 1 0f.
0 1

o O =

Then the elementary matrix obtained from the operation R, <+ R3 on I3 is



s
|
_ o o
o = o
o o

Now,
0 0 1 3 4 2 -1 -2 4 5 0
E/A=10 1 0 2 4 6 2|=12 4 6 2
1 0 0]]—-2 4 5 0 3 4 2 -1

Thus, the effect of elementary row operation R; <> R3 on Ais same as the premultiplication
of elementary matrix obtained from the same elementary row operation Ry <+ R3.

Similarly, the matrix

=~ s s
[\
[\

2
6
5
is obtained from A by performing elementary column operation Cy < Cs.

Let

o O O
o O = O
o = O O
= O O O

be the identity matrix of order 4x4,

Consider the elementary matrix obtained by performing the elementary column operation
Cl — 03 on Iy,

0 01 O
01 0O
E, = .
1 0 0 O
0 0 0 1
Then
1

342—100 0 2 4 3 -1

01 0 O
AEs =12 4 6 2 =16 4 2 2

1 0 0 O

|_—245 OJ |_54—2 OJ
0 0 0 1

In this case, we have that the effect of column operation C; <+ (5 on A is same as the post
multiplication of elementary matrix obtained from the same elementary column operation

01 < C3.



In this manner, we can prove that for each elementary (row or column) operation on a matrix
there exists an elementary matrix whose multiplication gives the equal effect.
Theorem 5.4.4.
Let A be an m X m matrix and let B be a matrix obtained from A by performing an elementary row
(column) operation. Then there exists an m x m (n X n) elementary matrix E obtained by performing
the corresponding row (column) operation on I,,, (I,,) such that B = EA(AFE). Conversely, ifE is an
elementary m x m (n x n) matrix, then EA(AE) is a matrix that can be obtained by performing
an elementary row (column) operation on A.

Remark.

An elementary operation on a matrix is nothing but a multiplication with a suitable matrix.

Theorem 5.4.5.
Elementary matrices are invertible.

Proof.

We know that an n-square elementary matrix is obtained by performing an elementary row or
elementary column operations on I,,. Hence, we prove the result for the elementary matrices
obtained by elementary row operations, and the result will be proved in a similar manner for the
elementary matrices obtained by elementary column operations.

Here, we need to consider only three cases (one for each type of operation).

Let the elementary matrix £ is obtained by the elementary row operation R; <+ R; on I,,. Then
I,, can be obtained by the same elementary row operation R; <+ RjonE,i.e, EE = I,. Hence,
Eis invertible.

Now, suppose the elementary matrix £ is obtained by the elementary row operation R; — kR;,
k # 0, 0n I,. Let E be the elementary matrix obtained from I,, by the elementary row operation
R;, — %Ri on I,.Then EE = EE = I,,. Hence, E is invertible.

Finally, suppose that the elementary matrix £ is obtained by the elementary row operation

R; — R; + kR;, k # 0, i # j on I,,. Observe that I,, can be obtained by elementary row
operation R; — R; — kRjon E,where k # 0 and ¢ # j.If E is the elementary matrix obtained

from I, by the elementary row operation R; — R; — kR, then EE = I,,. Hence, Eis invertible.
O

We use the example below to demonstrate the above result.
Example 5.4.6.

Let

E—

S = O
oS O =

0
0
1

be the elementary matrix obtained by the elementary row operation R; <> R> on



Is;= (0 1
0 1
Then EE = I3.
Let
0 0
E=10 5 0
0 0 1

be obtained by the elementary row operation Ry — 5Ry on I3.If

1 0 0
E=10 %+ o],
0 0 1

which is obtained from I3 by the elementary row operation Ry — %RQ on I3, then

EE = EE = Is.

Similarly, if we perform the elementary row operation R3 — R3 + 3R on I3 we get the
elementary matrix

[1 0 O'I
EFE=10 1 o0l.
[3 0 1J

Let
1 0 0
E=(0 1 0
-3 0 1

be the elementary matrix, which is obtained by the elementary row operation B3 — R3 — 3R,
on Is. Then EE = EE = I3.

Theorem 5.4.7.
Elementary operations (row or column) on a matrix are rank preserving.

Proof.

Let the matrix B be obtained by performing elementary row and column operations on the matrix
A. Since an elementary row operation on A is equivalent to premultiplication of an elementary
matrix with A and elementary column operations on A is equivalent to post multiplication of an
elementary matrix with A,

B:Ep---EzElAEiEé---E;, WheI‘eEl,Ez,...,Ep,E{Eé...E(’]

are elementary matrices.



Since all the elementary matrices are nonsingular,
rank(B) = rank(E, - - - EyE1AE | Ey - - - E,) = rank(A) or B = A.
O

Elementary matrices are useful to convert a matrix into a normal form. The following is the
illustration to convert a matrix into normal form using elementary matrices.

In general, any matrix A of order m X m can be written as
A=1,AI,.

Now, suppose E1, Es,...,E.and E}, Ej, ..., E. are elementary matrices such that
E,---EyE1AE E)--- E! is a matrix in normal form N.

Then N = E, - -- EyE1 I, AILE{E}--- E. = PAQ,where P = E,. - - - E3F11,,, and
Q=1I1,E{E}---E..

Since P and Q are the product of elementary matrices and elementary matrices are invertible,
P and Q are nonsingular.

Note that P and Q may not be unique because P and Q depend on the sequence of elementary
operations.

In view of above illustration, we have the following result.
Theorem 5.4.8.
Every matrix of order m X mn can be converted into a unique normal form matrix.

The next few examples will demonstrate the algorithms used to transform a matrix A into
normal form. Additionally, we identify the nonsingular matrices P and Q such that PAQ is in
normal form.

Example 5.4.9.

Let

—2
6
1

A—

N = O

1
0
1

w N N

be a matrix of order 3x4. In this example, we explain the algorithm to convert A into the normal
form using elementary row and column operations.

Step I. Make 1 to the entry located at (1,1)-th position. In this case, we apply elementary column
operation C'; <> C'5 on A, and we obtain

—2
6

1
0
1 1

N s O
W N N

Step II. Make the first column’s entries zero below 1. In order to do this, we use the basic row
operation R3 — R3 — Rj in the matrix above.



1 0 2 -2
0 4 2 6
0 2 1 3

Step III. Make entries zero right side to 1 in the first row. We apply elementary column operations
Cs — (5 — 2C1 and Cy — C4 + 2C' in the above matrix and get the matrix,

1 0 0 O
0 4 2 6].
0 2 1 3

Step 1IV. Make 1 at (2,2)-th place. For this, we apply elementary column operation %CQ in the
previous matrix and get the matrix,

0 00
1 2 6.
1

113

Step V. Make entries zero below 1 in column 2. We apply elementary row operation
Rs; — R3 — %RQ in the above matrix and get the matrix,

10 00
01 2 6].
0 00 O

Step VI. Make entries zero right side to 1 in the second row. In order to do this, we apply
elementary column operations C3 — C5 — 2C's and Cy — C4 — 6C'5 in the above matrix,
1 0 - 0 O

01 - 00

~ ~
~ ~

1 0 Ir -0
0 1
0 0

o o O
o O O

0 0 - 00
Now, above matrix is in normal form and equivalent to A. Hence, the rank of A is 2.
Example 5.4.10.

Consider the matrix

3 2 1 3

2 4 3 2
A= .

1 2 3 0

6 8 7 5

In this example, we apply elementary row and column operations to convert the matrix A into
normal form and determine the rank of A.
Applying elementary row operation Ry <+ R3 on A,



o W N M
[ RN
N~ W oW
(3 BSCI O

From Ry - Ry — 2Ry, R3 —+ R3 — 3R, R4 — R4 — 6R;,

1 2 3 0
0 O -3 2
0 -4 -8 3|
0 —4 -11 5
From Cy — Cy — 2C1, C3 — C3 — 3C1,
1 0 0 0
0 O -3 2
0O -4 -8 3
0 -4 -11 5
From Cy — %CQ,
[1 0 0 0]
0 0 -3 2
01 -8 3|
[0 1 —11 5]
From Ry < R3,
1 0 0 0]
01 -8 3
0 0 -3 2
[0 1 -—11 5]
From R4 — R4 — R,
1 0 0 O
0 1 -8 3
0 0 -3 2|
0O 0 -3 2

From C3 — C3 + 8Cy, Cy — Cy — 30,5,



1 0 0 0
01 0 O
0 0 -3 2|
00 —3 2

From C3 — %103,

1 0 0 O
01 0O
0 0 1 2|
0 0 1 2
From Ry — R4y — R3,
1 0 0 O
01 0 O
0 0 1 2|
0 0 0 O
From Cy4 — C4 — 2C3,
(1 0 0]
1 0 0 O
01 0 0 01 0 0 I3 0
00 10 ~ |0 1 0] ~
0 0
0 0 0O
0 0 0 - 0

The above matrix is in the normal form, which is equivalent to the matrix A. Hence, rank(A) = 3.

In the following example, we explain the algorithm to find the nonsingular matrices P and Q
such that for a given matrix A, PAQ becomes in normal form.

Example 5.4.11.

Let
1 2 3 2
A=12 -1 4
1 7 5 4

be a matrix of order 3x4. Then we can write Agx4 = I3A3x414, or

1 0 0
1 2 3 2 1 0 0

01 00
2 -1 4 21=10 1 0|4

0 01 0
1 7 5 4 0 01

0 0 0 1



We proceed with the above equation and apply elementary row and column operations to both
sides so that the left side becomes normal form, and the right side changes I3 to P and I to Q.
Note that on the right side, elementary row operations will be applied on I3 and elementary
column operations will be applied on I, because elementary row operation is pre-multiplication
of an elementary matrix and elementary column operation is post-multiplication of an elementary
matrix.

Applying Ry — Ry — 2Ry, R3 — R3 — R,

1 0 00
1 2 3 2 1 0 0
01 0 0
0 -5 -2 —2|l=1]-21 0/l4
0 5 2 2 1 0 1 0010
0 0 0 1
From 02 — CQ — 201, 03 — 03 — 301, 04 — 04 — 201,
1 -2 -3 -2
1 0 0 0 1 0 0
0 1 0 0
0—5—2-2:-210140010
0 5 2 2 -1 0 1
0 0 0 1
FromC2—>_TlCz,
1 2 -3 -2
1 0 0 0 1 0 ¥
01—2—2:—210A0T0
0 -1 2 2 1 1] |0 0 1
0 0 0 1
From R3 — R3 + Rs,
1 2 -3 -2
10 0 O 1 00 o
01—2—2:—210AOT00
00 0 0 3 11| (0 0 1 0
0 0 0 1
From C3 — C3 + 2C5, Cy — Cy + 20,5,
10 .00 1 2 =1 =
0 1 00 1 00 —51 —52 —52
' |2 1 0[al® = 3 =3
0 0 0 0 0 0 0 1

Thus,



2 —11 —6

) L 5 =5 35

0 =L =2 -2

P=|-2 1 0| and Q= 5 5 5
3 0 0 1 0

0o 0 0 1

In the following definition, we introduce a special form of a matrix called row reduced echelon
form, which is highly helpful from an application point of view.

Definition 5.4.12.

A matrix of order m X n is called in reduced row echelon form if the following conditions are
satisfied:

(i) All the zero rows appear at the bottom of the matrix if any exists.

(ii) The first nonzero entry of each nonzero row is one. This entry is called the pivot
and the corresponding column is called the pivot column.

(iii) The pivot entry in a row appears to the left of the pivot entry in any lower row.

(iv) If a column contains a pivot, then all other lower entries in that column are zero.

Similarly, by interchanging the roles of rows and columns in the definition of reduced row echelon
form we can define the reduced column echelon form of a matrix.
The following matrices are in row reduced echelon form:

1 -2 3 0 4
1 230 -5
010 3 4 0 0 1 20
A= 0 1 5 gl B=1]0 0 012
0 0 00 O
0000 O
0 0 0 0 0]

In the matrix A, columns 1, 2 and 3 are pivot columns and the columns 1, 3, 4 are pivot columns in
the matrix B.
Columns other than pivot columns of a reduced row echelon form matrix are called free columns.

Theorem 5.4.13.
An m X m matrix can be reduced to a matrix in reduced row echelon form using elementary row
operations.

Proof.

Let A = [a;;] be a nonzero m X m matrix. Then A can be reduced to reduced row echelon form
with the following algorithm:

1. Start by identifying the leftmost nonzero column.

2. If the first nonzero column is the j;-th column, use row operations (interchanging
rows) to make a1;, # 0. By multiplying the first row with a;jll make ay;, a pivot,
i e., aljl = 1

3. Using elementary row operations R; — R; — a;j, Rq, ¢ > 1, make all the entries

below the pivot equal to zero, i. e., make azj, = azj, = -+ = ap; = 0.



If a;; = 0 forall 2 > 2, theniitis in reduced row echelon form. If not, then we have the following.

4. Find jo the smallest number such that a;;, # 0, for some 7 > 2 and in this case
J2 > J1. Use row operations as in step 2 and make azj, = 1.
5. Again repeating step 3 make asj, = a4j, = *** = Qyj, = 0.

Repeat the above process until the matrix A is reduced in echelon form. O

We use the aforementioned algorithm in the following example to reduce the matrix into a
reduced row echelon form.

Example 5.4.14.

Consider the matrix

o O O O
N W O O
= o N W
_ O N

The second column in the given matrix A is the nonzero column. Use the elementary row
operation R; <> Rj3 to make a5 nonzero. Next, the matrix is obtained:

0 3 6 9
0 0 2 2
0 0 3 4f
[0214J

Now, we apply Ry — %Rl in the above matrix to make a12 = 1 and then the resulting matrix is

01 2 3
0 0 2 2
0 0 3 4f
0 2 1 4

To make the entries zero below, the pivot a;s we apply Ry — R4 — 2R in the above matrix and
get the matrix

01 2 3
0 0 2 2
0 0 3 4
0 0 -3 -2

Now, a23 = 2 # 0. From Ra — %RQ, a23 becomes the pivot,



0 1 2 3
0 0 1 1
00 3 4
0 0 -3 2

Applying R3 — R3 — 3R, Ry — R4+ 3R, we get

01 2 3
0 01 1
0 0 0 1|
0 0 0 1
Next, from Ry — R4 — R3,
01 2 3
0 01 1
0 0 0 1
0 00O

This is the reduced row echelon form of the matrix A.
Example 5.4.15.

Consider the following 7x6 matrix A, which is in the reduced row echelon form:

1 2 3 -1 4 57
001 -3 2 0
000 1 2 —2
A=[0 00 0 1 6
000 0 0 1
000 0 0 0
000 0 0 0]

Now, we shall show that the set of nonzero rows { R1, Rz, R3, R4, R5} of A are linearly
independent, where R; denotes the j-th row from the top of the matrix. If possible, suppose that
the set {R5, R4, R3, R2, R1} is linearly dependent. Then one of the rows, let us say Ry, is a
linear combination of the preceding rows R5, R4 and R3. In that case,

Ry = a3R3 + a4 R4 + a5 Rs5, for some constants ag, a4, as.

That is,

(0,0,1,-3,2,0) = a3(0,0,0,1,2,—2) + a4(0,0,0,0,1,6) + as(0,0,0,0,0, 1).

From the above equation, we have that the third component 1 = Oas + Oa4 + Oas = 0, which is
a contradiction. Hence, the set of nonzero rows of matrix A are linearly independent.

Using the aforementioned idea, we prove the following result for any matrix in reduced row
echelon form.



Theorem 5.4.16.
Let A be an m X n matrix in reduced row echelon form. Then the rank of A is equal to the number of its
nonzero rows.

Proof.

Let S ={R,,R,_1,..., Ry, R1} be the set of nonzero rows of the matrix A, where

R;,1 <4 < r denotes the i-th row from the top of the matrix A.

Since the rank of a matrix is the maximum number of linearly independent rows, we shall show
that Siis linearly independent.

Suppose, if possible the set S is linearly dependent. Then there exist a row Ry € S, whichis a
linear combination of preceding rows, Ry 1, Ri.o,..., R,.. Thatis, for the scalars

Ak+1y k25 - -+ 5 Ay,

Ry = ap1Rp1 + apoRg2 + - + ar R,

Since A is in the reduced row echelon form, the above equation gives that the pivot of the row R,
isl =0ar 1+ 0ar 2+ -+ 0a, =0, which is a contradiction. Hence, the set S is linearly
independent.

This proves that rank(A) = maximum number of linearly independent rows of A = the number
of nonzero rows of A.

Since elementary row operations on a matrix A are rank preserving, rank A = rank of Ain its
reduced row echelon form. O

In the following example, we obtain the rank of a matrix by converting it into the reduced row
echelon form.

Example 5.4.17.

Consider the matrix

b

N DN

1 3
3 2
3 0

S = DN W

8 7 5

given in Example -5.4.9. Now, we find the rank of A by reducing in row echelon form.
From the elementary row operation R; <> R3 on A, we get

3 0

S W N =
o N = N

3
1
7

ot W N

From the elementary row operations Ry — Ry — 2R, R3 — R3 — 3Ry, Ry — R4 — 6 Ry, we
get



1 2 3 0
[o 0 -3 2
0 —4 -8 3|
0 -4 —-11 5

From the elementary row operation Ry <+ R3, we have

1 2 3 0
0 -4 -8 3
0 0 -3 2|
0 —4 -—-11 5
Applying Ry — _Tle, we get
1 2 0
0 1 =3
0o 0 -3 2
0 -4 —-11 5

From the elementary row operation Ry — R4 + 4R5, we have

1 2 3 0
-3
o1 2
0O 0 -3 2
0O 0 -3 2
Applying R3 — _TIR3' we get
1 2 0
-3
0 1 T
-2
0 0 1 ==
0O 0 -3 2
From the elementary row operation R4 — R4 + 3R3, we get
1 2 3 0
01 2 P
001
0 0 0 O

This matrix is the reduced row echelon form of A. In this matrix, the number of nonzero rows are
three. Hence, rank(A) = 3.
Note that we only use elementary row operations to convert a matrix into its reduced row echelon

form.



Theorem 5.4.18.

An n-square matrix A is invertible if and only if it can be reduced to the identity matrix I, by elementary
row operations.

Proof.

Suppose A = [a;;] is invertible. Then rank(A) = n. In this case, the reduced row echelon form
of Awill be an upper triangular matrix U with principal diagonal entries 1. Further, by elementary
row operations Ry — Ry — a1aRy, Ry — Ry —axRs, ..., Ry 1 = Ry1 — a1y Bn, U
can be reduced into the identity matrix Z,,.

Conversely, suppose that the reduced row echelon form of A is I,,. Then rank(A) = n. Hence, A
is invertible.

Any n-square matrix A can be written as A = I, A. If Ais invertible, then A can be converted into
identity matrix I,, by elementary row operations.

Suppose F1, Es, ..., E, are elementary matrices such that

Er e E2E1A - In
Now, from the equation A = I,, A we have the following:

E, A= E,\I,A,
E>yE1A= E>EqI,A,

E,E, ,---EyE\A=E.E, ;---EE1,A,
I,= BA,

where B=F,E,_,---EyEq1,.
ThenB=A"1. 0O

Since premultiplication of an elementary matrix with a matrix is equivalent to an elementary
row operation on the matrix, we can compute the inverse of a matrix A by performing elementary
row operations on the equations A = I,, A. This method is called the Gauss-Jordan method.

Example 5.4.19.

In this example, we compute the inverse of the 4-square matrix

1 2 0 1
1 1 -1 -2

A= :
0 2 1 3
11 2 6

using Gauss-Jordan method.
Consider the equation, A = I A.
Thatis,



1 2 0 1 100 0
1 1 -1 -2/ 0100,
0 2 1 3 0010
11 2 6 000 1

Now, we choose elementary row operations in such a way that the left side matrix reduces into
the identity matrix I4. Elementary row operations will be applied on the left side matrix as well as
on I in the right side of the equation.

Applying Ry — Ry — Ry, and Ry — R4 + R;, in the above equation, we get

1 2 0 1 1 00 0
0—1—1—3_—1100A
0o 2 1 3| o o 1 o™
0 3 2 7 1 0 0 1
From Ry — (—1)Ra,
1 2 0 1 1 0 0 0
0113_1—100A
0 213 o o 1 o
0 3 2 7 1 0 0 1

From R; — R3 — 2Ry, R4y — R4 — 3R,

1 2 0 1 0O 0 O
01 1 3| -1 0 O 4
00 -1 —=3| |[-2 2 1 o
0 0 -1 -2 -2 3 01
From R3 — (—1)Rj3,
1 2 1 1 0 0 o
01 -1 0 0
= A.
0 0 3 2 -2 -1 0
0 0 -1 =2 -2 3 0 1
From Ry — R4 + Rj3,
1 2 01 1 0 0 O
01 1 3 B 1 -1 0 O 4
0 01 3 2 -2 -1 o~
0 0 0 1 O 1 -1 1

From Ry — R; — 2R,,



1 0 -2 -5 -1 2 0 0
01 1 3| |1 -1 0 oA
00 1 3| |2 -2 -1 0"
00 0 1 0 1 -1 1
From Ry — Ry + 2R3, Ry — Ry — R3,
10 0 1 3 -2 -2 0
0100 |-1 1 1 oA
0 013 |2 -2 -1 0|
0 0 0 1 0 1 -1 1
From R1 — R1 — R4, R3 — R3 — 3Ry4,
1 0 0 0 3 -3 -1 -1
0100 [-1 1 1 0 4
0010 |2 -5 2 =37
0 0 0 1 0 1 -1 1
Thus,
3 -3 -1 -1
. -1 1 1 0

Alternatively, to compute the inverse of a matrix A, some authors construct the augmented matrix
[A : 1) in place of equation A = I4A. That is, to find the inverse of the matrix

1 2 0 1
1 -1 -2
A= ,
0o 2 1 3
-1 1 2 6
write the augmented matrix
1 2 0 1 1 0 0 O
1 1 -1 -2 01 0 O
0o 2 1 3 0 01 ol
-1 1 2 6 0 0 0 1

Then by elementary row operations Ry — Ry — R1, R4 — R4 + R1, we get



1 2 0 1 - 1 000
0 -1 -1 -3 - —-11 0 0
0 2 1 3 0 1 of
0 3 2 7 - 1 001

Similarly, by applying elementary row operations: Ry — (—1)Rs, R3 — R3 — 2R;,
Ry — Ry —3R5, R3 — (—1)R3, Ry — R4+ R3, Ry - Ri —2R,, R — R + 2R3,
Ry — Ry —R3,R1 — Ry — Ry, R3 —)Rg —3R4weget

1000 - 3 -3 -1 -1
01 0 O -1 1 1 0
0010 - 2 -5 2 =3
0 0 01 1 -1 1
Then
3 -3 -1 -1
A1 -1 1 1 0
2 -5 2 -3
0 1 -1 1
Exercises
(5.4.1) Find the rank of the following matrices by reducing them into normal form:
1 -1 -2 —4 1 4 3 -2 1
-2 -3 1 1 2 3 1 -4 -3
A= , B= ,
3 1 3 2 -1 6 7 2 9
| 6 3 0 -7 3 -3 -6 —6 -—12
1 1 1 1 1 2 3 4
1 2 3 1 5 6 7 8
C= , D= .
1 3 3 2 9 10 11 12
2 4 3 3 13 14 15 16
(5.4.2) Find the nonsingular matrices Py, Ps, P3, Py, Q1, Q2, @3, Q4 such that

P1AQq, P,BQ>s, P3sCQ3, P,DQ 4 are in normal form where A, B, C, D are
the matrices given in the question (5.4.1).

(5.4.3) Find the rank of the matrices A, B, C, D given in the question (5.4.1) by
reducing them into echelon form.

(5.4.4) Using elementary operations find the inverse of the following matrices:



2 3 -2 4 1 2 0 1
-2 1 2 —
A 3 . B- 1 1 2 6
3 2 3 4 0 2 1 3
-2 4 0 5 1 1 -1 -2

5.5 System of linear equations

An equation of the form a1z + asxy + - - - + a,x, = bis called linear equation in n variables
x1,%3,...,L,, Where ay,as,...,a,,bare members of a field F.

A system of m linear equations in n variables is a collection of linear equations:

anci +apcy + -+ apTy= by,

a1 + anTy + - + axpTyp= by,

Am1T1 + amax2 + « -+ + GmnTn= bny,

where aij, bi, (1 <7 <m,1 < j < n) are elements of a field F.

If
a;;  ap ain z1 b1
a Q2 -+ QG x2 b2
A= . , X=1. and B=| |,
Am1 aAm2 Tt Amn Ty bm

then the above system of linear equations can be written in the matrix form as AX = B. The
matrix A is called the coefficient matrix of the system of linear equations.

A column vector

is called a solution of AX = B, if AL = B. The set of all solutions of a system of linear equations
is called the solution set of the system.

Definition 5.5.1.

A system of m linear equations in n variables, AX = B is called homogeneous if B = 0,
otherwise the system is called nonhomogeneous.

For example, the system of linear equations



T +y+3z=2,
2z — 3y — 42= 5,

| -}

—z + 2y + 32=0,
6z + 4y — 22= 0,

written in matrix form

1 1 3
2 -3 -4

is nonhomogeneous, whereas the system

written in matrix form

-1 2 3
6 4 -2

N 8
|
——
o O
_ =

is homogeneous.

Let us examine the following example containing three different systems of linear equations.

Example 5.5.2.

(a) The system of linear equations
T + 2y=5,
=3z +y= —1,
has unique solution
T 1
A}
(b) The system of linear equations
T + 2y= 3,
3z 4 6y=9,

has infinite solutions as

Lk Gl Bl Lo

— y = ; — 9 etC-
Y 1 Y 0 Y 100

(c) The system of linear equations

x—2y=1,
3x — 6y= 5,



has no solution.

It is evident from the aforementioned examples that a system of linear equations may have an
infinite solution, a unique solution or none at all.

Definition 5.5.3.

A system of nonhomogeneous linear equations AX = B is called consistent if it has at least one
solution. The system is considered inconsistent if AX = B has no solution.

Since the zero vector X = 0 satisfies the equation AX = 0, the system of homogeneous
equations AX = 0 is always consistent. The solution X = 0 is called the trivial solution, while a
nonzero column vector Y satisfying AY = 0 is known as the nontrivial solution.

Definition 5.5.4.

Let AX = B be the system of m linear equations in n variables, where

ailr a2 -+ Qin x1 b1

as1 G2 - Qap T2 by
A= | , X=1. and B =

Am1 Am2 ot Amn Ty bm

Then the block matrix [A : B is called the augmented matrix and will be denoted by aug A.
That is,

ann aip - a, b

as agy -+ Q2p by
aug A =

Aml Am2 -+ Amn - bm

If order of the coefficient matrix A is m X n, then the order of aug A is m x (n + 1).
For the system of linear equations,

T —2y+ 32=2,
=3+ y+ 22=1,
2z 4+ 2y + 2z=6,

the coefficient matrix
A=1-3 1 2| and augd=[|-3 1 2 :1

Theorem 5.5.5.

A system of nonhomogeneous linear equations AX = B is consistent if and only if
rank(A) = rank(aug A).



Proof.

Let the order of the coefficient matrix A = [a;;] be m X m. Then from Theorem - 5.3.2, the
matrix of the left multiplication linear transformation L 4 : F'* — F'™ related to the standard
ordered bases of F* and F™ is A, where L 4(X) = AX. Therefore, L 4(v;) = j-th column of A
if By = {v1,vs,...,v,} is the standard basis of F'"*, where the column vector

v; = (0,0,...,0,1,0,...,0) € F".

As a result, the equation AX = B can be written as L 4(X) = B, and hence finding the solution
to the system of linear equations AX = B is equivalent to finding X € F'™ such that
L4(X)=B.

Now, suppose that the system of linear equations AX = B is consistent. Then there exists an

X € F™ suchthat L4(X) = B.Thatis, B € Image(L 4). Image(L 4) is generated by
{LA(v1),L(vs),...,La(v,)}, it means Image(L 4) is generated by the columns of the matrix
A. Hence, Bis the linear combination of n columns of A. This gives that the maximum number of
linearly independent columns of A = maximum number of linearly independent columns of

aug A. Hence, rank(A) = rank(aug A).

Conversely, suppose that rank(A) = rank(aug A). Then the column vector B of the matrix

aug A can be written as the linear combination of the columns of A. Since the set
{LA(v1),L(vs),...,La(v,)} represents the columns of A, B can be written as

B=Fk1L4(v1) + koL a(v2) + -+ + knL a(vn)
= La(kivy + kavy + - - + kpvy)
= L4(X),
where X = kyvy + kavy + - - - + kpv, € F™ and kq, ko, . .., k,, are scalars. Thus, there exists

X € F™ suchthat L4(X) = B = AX = B. This proves that X is a solution of the linear
equation AX = B, and hence it is consistent. O

Recall Example - 5.5.2(c),

T —2y=1,
3x — 6y= 5.
In this case,
1 -2 :1
aug A = [ ]
3 -6 :5
From the reduced row echelon form
1 -2 :1
0O 0 :2

of aug A, we have that rank(A4) = 1 # rank(aug A) = 2. Hence, the system of linear equations
has no solution.

Theorem 5.5.6.

Let AX = 0 be a homogeneous system of m linear equations in n variables. Then the solution space
denoted by N(A) is a subspace of F'™ of dimension n — rank(A).



Proof.

Since the homogeneous system AX = 0 has m equations in n variables, the coefficient matrix is
of order m X n.

Consider the linear transformation L4 : F™ — F™ defined as L4(X) = AX, where X € F".
If X' € F™is asolution of AX =0,then AX' =0« La(X') =0« X' € Ker(Ly). Hence,
the solution set N(A) of the homogeneous equation AX = 0 is the Ker(L4), which is a
subspace of F'". From the rank-nullity theorem,

dim (Ker(L4)) = n —rank(L4) = n — rank(A). Hence, the dimension of the solution space
= n — rank(A). Thus, all the solutions of AX = 0 are linear combination of n — rank(A)
linearly independent solutions. O

Remark.

Since the solution space N(A) of AX = 0 is equal to Ker(L 4), N(A) is a vector space. Hence,
if X1 and X are two solutions and a1, as € F, then a1 X1 + as Xy € N(A). Thatiis,
A(ale + ang) = a,lAX1 + a2AX2 = a10 + G,QO =0.

Corollary 5.5.7.

Let AX = 0 be the homogeneous system of m linear equations in n variables. Then:

(i) the system has nontrivial (infinite) solution if rank(A) < n;

(i) the system has a nontrivial (infinite) solution if m < n;

(iii) the system has only trivial solutions if rank(A) = n.

Proof.

(i) The dimension of the solution space N(A) = n — rank(A). If rank(A) < n,
then dim N(A) > 0. Hence, the system has a nontrivial solution.

(ii) Since rank(A) <min {m,n} = m, rank(A4) < m < n. Hence, from (i) part,
system has a nontrivial solution.

(iii) Given that rank(A) = n. Hence, dimension of
N(A) =n —rank(A) =n —n = 0. Hence, the system AX = 0 has only trivial
solution. O

Theorem 5.5.8.

If AX = B is a consistent system of m linear equations in n variables, and AX = 0 is its associated
homogeneous system, then the set X + N(A) = {Xp+ Xn : Xy € N(A)} constitutes a
complete set of solutions for AX = B, where X g is any particular solution of AX = B and N(A)
is the solution space of AX = 0.

Proof.

Given X as a solution of AX = Band Xy € N(A), it follows that AXp = Band AXy = 0.
Thus, A(Xp+ Xn) = AXp+ AXy = B+ 0 = B.Thisimplies that Xp + Xy is a solution
of AX = B.

Conversely, if Yp is any solution of AX = B, then AYp = B= AXp = A(Yp— XB) =0.
Thus, (Yp — XB) € N(A). Therefore, there exists Xy € N(A) suchthat Yg — Xp = Xy,



leading to Y = X + X g. This proves that X g + N(A) constitutes the set of all solutions of
the linear equation AX = B. O

Remarks.
(1) The solution set Xp + N(A) for AX = Bis not a subspace of F'*, as 0 is not in
(2) The comparison between linear equations and their solutions with linear

differential equations and their solutions, particularly the complementary function
(CF) and particular integral (PI), is noteworthy.

Corollary 5.5.9.

Let AX = B be a consistent nonhomogeneous system of m linear equations in n variables. Then:

(i) AX = B has infinite solutions if rank(A) < n;
(ii) AX = B has infinite solutions if m < n;

(i) the system has unique solution if rank(A) = n.
Proof.

Using Theorem - 5.5.8, the complete solution set of AX = Bis Xg + N(A). From Corollary
-5.5.7, we deduce:

(i) If rank(A) < m, then N(A) has an infinite number of elements, hence
X + N(A) has an infinite number of elements.
(i) If m < n, then rank(A) < n, and thus the result follows from part (i).
(i) If rank(A) = n, then N(A) = {0}; hence X5 + N(A) = Xp, resultingin a

unique solution. O

Corollary 5.5.10.

Let AX = B be a system of nonhomogeneous n linear equations in n variables. Then the system has
exactly one solution X = A~'B ifand only if A is invertible.

Proof.

If the system AX = B has only one solution X g, then Xp + N(A) = Xp implies

N(A) = {0}. That is, the associated homogeneous linear equation AX = 0 has only a trivial
solution. Thus, from Corollary - 5.5.7(iii), rank(A) = n. This proves A is invertible.
Conversely, if A is invertible, then rank(A) = n. From Corollary - 5.5.9(iii), AX = B has a
unique solution. As A is invertible, AX = B= A'AX =A"'B= X=A"1B. O

The subsequent theorem asserts that a given system of linear equations can be altered into
an equivalent system with identical solutions but is simpler to solve.
Theorem 5.5.11.

Consider a system of m linear equations in n unknowns denoted by AX = B. If aug A= [A : B]
represents the reduced row echelon form of aug A = [A : Bl, then the associated system of

equations AX = B possesses the same set of solutions.



Proof.

The conversion of aug A = [A : BJ into its reduced row echelon form is accomplished through
elementary row operations. As these operations are equivalent to the premultiplication of
invertible elementary matrices, it suffices to demonstrate that the systems AX = B and
EAX = EB yield equivalent solutions, where E denotes an invertible square matrix of order m.
Suppose Yis a solution of AX = B, implying AY = B.Then EAY = E(AY) = EB, indicating
that Y also serves as a solution for EAX = EB.
Conversely, if Yis a solution of FAX = EB, then EAY = EB. Consequently,
AY = E-'EB = B, demonstrating that Y also satisfies AX = B. O

Thus, to solve the system of linear equations AX = B, we transform aug A = [A : B] into
its reduced row echelon form aug A = [A : B] and then address the corresponding system of

linear equations AX =B.
Example 5.5.12.

Consider the following system of linear equations:

r—4y—z+t=3,
20 —8y+z2—4t =9,
—x + 4y — 2z + 5t = —6.

In matrix form, this system can be expressed as

XL
1 -4 -1 1 3
2 -8 1 -4||Y] =19
zZ
1 4 -2 5 _6
¢
If
XL
1 -4 -1 1 3
A= 8 1 -4, x=1|Y| and B=1|09|,
1 4 -2 5 j _6

then the given systemis AX = B.
To test the system’s consistency, we form the augmented matrix:

1 -4 -1 1 - 3
augA=12 -8 1 -4 - 9
-1 4 -2 5 - —6

We reduce this matrix to its reduced row echelon form using elementary row operations.
From Ry — Ry — 2Ry, R3 — R3 + R4,



0O 0 -3 6 -3
From Ry — %Rg,
1 4 -1 1
0 O 1 -2 1
0 0 -3 6 -3
From R3 — R3 + 3R,
1 -4 -1 1 - 3

o 0o 1 -2 - 1}.
o 0o 0 0 -0

From the above matrix, it is evident that rank(A) = 2 = rank(aug(A4)).

Hence, from Theorem - 5.5.5, the system is consistent. In the given system, the number of
unknowns = 4 and rank(A4) = 2 < 4. Hence, from Corollary - 5.5.9, the system has infinite
(4-2+1=3, linearly independent) solutions.

From the reduced row echelon form of aug A, we get the following system having the same
solutions:

x—4y—z+1t=3,
z — 2t=1.

To solve this system, we divide the variables x, y, z, t into two sets. The first set is {z, z}, which
consists of leftmost variables of each equations of the system. The second set consists of all the
remaining variables, i. e., {y, t}. We assign parameter values to each variable in the second set
and then solve for the variables in the first set in terms of these parameters.

Lety = r1 and t = 7r2. Then:

z=1+42t =1+ 2r,
r=3+4dy+z—t=4+4r1 +rs.

Thus,
T 4+ 4r1 + 79 4 4 1
y| 1 |0 1 0
2 1+ 2ry 1| T o] T2
t T2 0 0 1

which is of the form X g + N(A). Hence, according to Theorems - 5.5.8 and - 5.5.11, all
solutions of the given system will be of the form:



4 4 1
0 + ! + 0 eR
r r ST, T .
1 o 2 q 1,72
0 0 1
Note that
4
0
1
0
is a particular solution of AX = B and
4 1
1 0
0|2
0 1

generates the solution space N(A) of the homogeneous part AX = 0 of the system. Also, we
can compare the solution as CF + PI, where

4 4 1
0 1 0

PI = 1 and CF=<¢r 0 + 72 9 ri, T2 € R
0 0 1

Example 5.5.13.

Consider the following system of linear equations:
—x1 + 229 + 3x3= —2,
23’51 - 5$2 + x3= 2,
3z, — 8x2 + bxrz= 2,

5:121 — 12:122 — 3= 6.

In the matrix form, this system can be written as

-1 2 3 —2
T

2 -5 1 2
i) =

3 —8 5 2
Z3

5 —-12 -1

Let



-1 2 3 - =2

2 -5 1
aug A =

3 -8 5 - 2

5 —-12 -1 - 6

Now, we convert the aug A in the reduced row echelon form.
From Ry — (—1)Ry,

1 -2 -3 2
2 -5 1 2
3 -8 5 2|
5 —12 -1 6

From Ry — Ry — 2R1, R3 — R3 — 3R1 and R4y — R4 — b R;,
1 -2 -3 - 2

0o -1 7 - =2
0 -2 14 - —4|°
0 -2 14 - —4

From Ry — (—1)Rs,

1 -2 -3
0o 1 -7 - 2
0 -2 14 - -4
[0 —2 14 - —4J

From R; — R3+ 2Ry, R4y — R4 + 2R,

1 -2 -3 2
0o 1 -7 2
0 0 0 0|
0 0 0 0

This gives that rank(A) = rank(aug A) = 2 < 3, the number of unknowns. Hence, the given
system of linear equations is consistent and has infinite number of solutions.
From the reduced row echelon form of the matrix aug A, the equivalent system is
T1 — 2x9 — 33 = 2,
Ty — 7333 = 2.

Putzg =7r.Thenxzeo =2+ 7randz1 =2+ 229+ 323 =6 + 177.
Hence, the solution of the given system is



T 6+ 17r 6 17
To| = | 24+Tr | = |2 +r| 7
T3 T 0 1

Thus, all solutions of the given system will be of the form:

6 17
20 +r| 7] :reR
0 1

Example 5.5.14.

In this example, we solve the following homogeneous system of linear equations:
T+ 2y+ 32=0,
2z + 4y + 3z + 2t= 0,
3z +2y+ 2+ 3t=0,
6z + 8y + 7z + 5t= 0.

In the matrix form, the system is

1 2 3 0][z 0
2 4 3 2||y| |0
3 2 1 3|zl [o|
6 8 7 5| |¢t 0
Let
1 2 3 0
2 4 2
A= 3.
3 2 1 3
6 8 7 5

Now we find the rank of A by reducing into reduced row echelon form.
Applying elementary row operations Ry —+ Ry — 2R;, R3 - R3 — 3R, Ry -+ Ry — 6 R, we
have

1 2 3 0
0 0 -3 2
0 -4 -8 3|
0 -4 —-11 5

From Ry <> R3,



o O O =
o |
=
[
w 0o
ot N W O

From Ry — %Rz,

1 2 0
-3
0 T
o 0 -3 2
0 -4 —-11 5
From Ry — R4 + 4R,
1 2 3 0
-3
0 1 T |
0 0 -3 2
0 0 -3 2
From R3 — %Rg,
1 2 0
01 =2
-2 °
0 0 1 =
0 0 -3 2
From Ry — R4 — 3R3,
1 23 0
-3
01 2
001 3
0 00 O

From the above matrix, it is evident that rank(A) = 3 < 4, the number of variables. Hence, the
given system of equations has infinite solutions in the form of 4-3=1 parametric variable.
From the echelon form matrix, the equivalent system is

T+ 2y+32=0,
+ 2 3t—O
y z 4 - )
2
— ~t =0,

73

Putt = r. Then



Hence, the solution is of the form

=3
6
=7
r 122 :reR
3
1

Example 5.5.15.

Find the values of a and b for which the system of linear equations

T+ Y+ z=2,
x + 2y + 5z= 10,
z+y+(a—5)z=b—>5

has (i) no solution, (ii) unique solution and (iii) infinite solutions.
Rewrite the given system in matrix form AX = B:

1 1 1 T

1 2 ) y| = 10 |.

1 1 a—-5]|=z b—10
Now, we convert the augmented matrix

11 1 . 2
augA = |1 2 5 . 10
1 1 a-5 - b—-10
into the reduced row echelon form.
Through elementary row operations Ry — Ry — R, and R3 — R3 — Ry, the resulting matrix
becomes
11 1 2
0 1 4 . 8
0 0 a—6 - b—12

(i) The given system has no solution if rank(A) # rank(aug A). This discrepancy
arises only when rank rank(A) = 2 and rank(aug A) = 3. Thus, from the above



matrix, we deducea —6=0=a=6andb— 12 #0 = b # 12.
Consequently, the system has no solution when a = 6 and b # 12.

(ii) The given system has unique solution if rank(A) = rank(aug A) = 3. Hence,
from the above matrix we have a — 6 % 0 = a # 6.
(i) The given system has infinite number of solutions if

rank(A) = rank(aug A) < 3. This happens only if

rank(A) = rank(aug A) = 2. Hence, from the above matrix, we conclude
a—6=0=a=6andb— 12 =0 = b = 12. Consequently, the system has
infinite solutions when @ = 6 and b = 12.

Example 5.5.16.

Find the values of a for which the system of linear equations:
T+ y+z=1,

3z +2y+dz=a+1,

3z +92=a% -1

is consistent.
Rewrite the given system in matrix form AX = B:

1 1 1] =« 1
3 2 5|lyl=(a+1
3 0 9] |z a?—1
Now, we convert the augmented matrix
1 1 1 1
augA= 1|3 2 5 a+1
3 09 a? -1

into the reduced row echelon form.
From Ry — Ry — 3R and Rg — R3 —3R;4,

1 1 1 - 1
0 -1 2 - a-—2
0 -3 6 - ao*>—4

From Ry — (—1)Rz2,

1 1 1 1
o 1 -2 . —a+2].
0 -3 6 - a®>—-14

From R3 — R3 + 3R,



1 1 1 - 1
o1 -2 - —a+ 2
00 0 - a®?—3a+2

A linear system represented by AX = B is consistent when the rank of the coefficient matrix A
equals the rank of the augmented matrix aug A. Hence, from the above matrix it is clear that
rank(A) = rank(aug A) if and only if @> — 3a + 2 = 0 = (a — 1)(a — 2) = 0. Consequently,
the system is consistent when a equals either 1 or 2.




(5.5.4) Find the solution set for the following nonhomogeneous system of linear

equations:
—z+y—z2z—3u—v=1,
—2x + 2y — z — 4u — 3v= 3,
2z 4+ 4u — 2v= 2,
—z+y+z+u—3v=3.
(5.5.5) For what values of a and S the following system of linear equations have (i)
no solution (ii) unique solution and (iii) infinite no of solutions:
(a) 1+ 2x9 —x3 =1, 21 + axy + 33 = 2,
2x1 + 3x9 + axs = 3.
(b) T, + x9 +x3 =3, 221 + 225 + (1 4F 2a)a:3 =10,
1+ 2z9 + 3axs = B.
(c) T, +xy+ 223 =3, x1 + 229 + axz = 5,
To + 2%3 = ﬂ — 3.
(d) 1 +xot+axrs =11+ axry +2x3 =1,

oax] + Ty +2x3 = 1.
5.6 Miscellaneous

Example 5.6.1.

Let A be a matrix of order m X n. Then prove that rank(A) = rank(A?A) = rank(AA?).
Solution. Consider the linear transformation L 4 : R™ — R™ defined by L 4(X) = AX. Then we
have rank(L 4) + null(L4) = n.

Let X €ker (L 4). Then

AX =0= A"(AX) = 0= X cker (Lgi4) =ker (L) Cker (Lt4).

Conversely, suppose that X €ker (L 4¢4). Then

ATAX = 0= X'A'AX = 0= (AX)'(AX)=0= ||[AX|*=0=AX =0
= X €ker (L4) =ker (Lara) Cker (Ly).

Thus, ker (L at4) =ker (L4) =dim (ker (L a14)) =dim (ker (Ly4)). Thatis,
null(LA) = null(LAzA).
Additionally, we have

rank(L4) +null(Ly) =n and rank(Laiyg) 4+ null(Lgey) = n.

From these equations, we deduce that rank (L 4) = rank(L 4t4).
Since rank(L4) = rank(A), it follows that rank(A4) = rank(A*A).
Replacing A with A? in the above equation yields

rank (At) = rank(AAt).
Thus, from the result that rank(A) = rank(A"), we conclude

rank(A) = rank(A‘A) = rank(AA4").



Example 5.6.2.

Let A be a real matrix of order 6x5 such that AX = 0 if and only if X = 0, where X is a 5x1 vector
and 0 denotes the null vector. Determine the rank of A.

Solution. Let L 4 : R5 — R be the linear transformation defined by L 4(X) = AX. Then we
know that rank(L 4) +null(L 4) = 5. Since AX = 0, implying L 4(X) = 0, we have

null(L 4) = 0. Therefore, rank(L 4) = 5. As A corresponds to the matrix representing the linear
transformation L 4 with respect to the standard bases of R> and RS, it follows that rank(A) = 5

Example 5.6.3.

Let A be a matrix of order 30x70. If rank(A) = 15, then find the dimension of the solution space
of AX =0.

Solution. Let L 4 : R — R3? be the linear transformation defined by L 4(X) = AX. Since L4
represents the matrix A, rank(A) = rank(L 4) = 15.

We have rank(L 4) +null(L4) = 70 = 15+ null(L4) = 70 = null(L4) = 55. Hence, the
dimension of the solution space of AX = 0 is 55.

Sylvester rank inequality

Let A and B be matrices of order m X p and p X n, respectively. Then the Sylvester rank
inequality states

rank(AB) > rank(A) + rank(B) — p.
If Aand B are n-square matrices, then the inequality becomes

rank(AB) > rank(A) + rank(B) — n.
For an n-square matrix A, we have

rank(A?) > rank(A4) + rank(A4) — n = 2 rank(A4) — n,
which simplifies to
rank (A?) > 2 rank(4) — n.

Similarly, for A3:

rank (A®)> rank(A?) + rank(4) — n
> 2rank(A) — n +rank(A4) — n
= 3rank(A4) — 2n,

i.e., rank(A3) > 3 rank(A) — 2n.
This can be generalized to

rank(Ak) > k rank(A4) — (k — 1)n.



Example 5.6.4.

Let A and B be n-square real matrices such that AB = BA = 0, and A + B is invertible. Then
show that (a) rank(A) + rank(B) = n and (b) null(A4) + null(B) = n.
Solution.

(a) Given AB = 0, itimplies rank(AB) = 0. According to the Sylvester rank
inequality, which states rank(A) + rank(B) — n < rank(AB), we get

rank(A) + rank(B) — n < 0 = rank(A) + rank(B) < n.

Additionally, since A + B is invertible, rank(A + B) = n. By the property that
rank(A + B) < rank(A) + rank(B), we obtain

n < rank(A) + rank(B).
Thus, combining these inequalities, we conclude
n < rank(A) + rank(B) < n = rank(A) + rank(B) = n.

(b) Using the results null(A) = n — rank(A) and null(B) = n — rank(B), we
have

null(A) + null(B) = 2n — (rank(A) + rank(B)) = 2n — n = n.

Example 5.6.5.

Consider real matrices A of order 3x5 and B of order 5x3. If AB = I3, where I3 is the 3-square
identity matrix, determine the ranks of A and B.

Solution. Define the corresponding linear transformations L 4 : R®> — R® and Lp : R® — R?.
Given AB = I3, itimplies L4 o Lp = I, where I denotes the identity linear transformation.
Since L 4 o Lp is bijective, Lp is injective (one-to-one) and L 4 is surjective (onto). Consequently,
the nullity of L is zero, and rank(L 4) = 3.

As null(Lp) = 0, we deduce that rank(Lg) =3 — 0 = 3.

Therefore, rank(A) = 3 = rank(B).

Example 5.6.6.

Consider a 7-square real matrix A, and suppose the dimension of the solution space of AX = 0 is
at least 3. Show that rank(A?) < 4.

Solution. Let L4 : R” — R be the corresponding linear transformation defined as L4 X = AX.
Given that the dimension of the solution space of AX = 0 is at least 3, we have nullity(L4) > 3
. Hence, rank(L 4) < 4, and consequently, rank(A4) < 4.

Using the result rank(AB) <min {rank(A),rank(B)}, we have rank(A?) < rank(A) < 4.

Example 5.6.7.

In this example, we introduce another method using the rank of a matrix to determine whether a
set of vectors is linearly dependent or linearly independent.

Consider the set of vectors (2,1,1),(1,-1,1),(3,0,2) in R3, as given in Example - 2.3.5.

Let a1(2,1,1) + a2(1,—1,1) + a3(3,0,2) = (0,0,0), for some scalars a1, as, a3 € R.



Then

(2&1 +a2 +3a3,a1 — Q9,01 +CL2 +2a3) = (0,0,0)
= 2a1 + a2+ 3a3 =0,a1 —az = 0,and a1 + a2 + 2a3 = 0.

From the definition of linearly independent vectors, the given set of vectors will be linearly
independent if and only if a; = a3 = a3 = 0. That s, if the above system of linear equations has
a trivial solution, then the set of vectors will be linearly independent. Similarly, if the system of
equations has a nontrivial solution, then the given set of vectors will be linearly dependent.

Let

2 1 3
A=1|1 -1 0
1 1 2

be the coefficient matrix of the system of linear equations.

If rank(A) = 3 (the number of unknowns or the number of vectors), then the system of linear
equations has trivial solutions, and hence the given set of vectors will be linearly independent.

If rank(A) < 3 (the number of unknowns or the number of vectors), then the system of linear
equations has nontrivial solutions, and hence the given set of vectors will be linearly dependent.
Reducing A into row echelon form, we find that rank(A) = 2 < 3. Hence, the given set of vectors
is linearly dependent.

We observe that the column vectors of the coefficient matrix A are the same as the given vectors.
In view of the above illustrations, we have the following method to test the linear dependence and
linear independence of a set of vectors.

Method:

(1) Construct a matrix A using given vectors as column vectors of A.

(2) Find rank(A).

(3) If rank(A) = the numbers of vectors, then the given set of vectors is linearly
independent.

(4) If rank(A) < the numbers of vectors, then the given set of vectors is linearly
dependent.

Example 5.6.8.
Determine whether the set of vectors
{(1,-1,0,2),(0,1,1,-1),(2,1,2,1),(3,-2,1,6) }

is linearly dependent or linearly independent.
Solution. Consider the matrix of vectors

1 0 2 3

-1 1 1 -2
A=

0 1 2 1

2 -1 1 6



Reducing matrix A into row echelon form yields rank(A) = 4, which is equal to the number of
vectors. Thus, the given set of vectors is linearly independent.

Example 5.6.9.
Test whether the set of vectors
{(1,-1,2,-1),(3,1,0,1),(1,1,-1,1)}

is linearly dependent or linearly independent.
Solution. Consider the matrix of vectors:

1 3 1

-1 1 1
A=

2 0 -1

-1 1 1

Reducing A into row echelon form we get that rank(A) = 2, which is less than 3, the number of
vectors. Hence, the given set of vectors is linearly dependent.

Example 5.6.10.

Let U = {(z,y,2,u) ER*: 2+ y+2=0,2z + 22 — u = 0,2y + u = 0} and
V={(z,y,z,u) ER*: 2 +2—-2u=0,z+ 2+ u =0,y — u = 0}. Determine dim (U),
dim (V) and dim (U + V).

Solution. For U, the dimension dim (U) is equivalent to the number of linearly independent
solutions of the system of equations z +y+ 2 =0, 2z + 2z —u =0, 2y + u = 0. The
coefficient matrix A for this system is

1 01 O

2 0 2 -—1f.

0 2 0 1
Asrank(A) = 2, we have dim (U) =4 — rank(A4) =4 —2 = 2.

Similarly, for V, the dimension dim (V') is calculated using the coefficient matrix B:

1 01 -2
B=1]1 0 1 1
01 0 -1

With rank(B) = 3, we find dim (V) =4 —rank(B) =4 -3 = 1.

To find dim (U + V), we use the formula dim (U + V) =dim (U)+ dim (V)— dim (U N V).
The intersection U NV consists of solutions common to both sets of equations, i. e.,
UnV={(z,y,zu) eER*: 2 +y+2=022+22—u=0,2y+u=0,z+2—2u=0,2-

The coefficient matrix C for this system is



101 0
2 0 2 -1
c_|0 20 1]
1 0 1 -2
101 1
0 1 0 —1]

The rank of Cis 3, implying dim (U NV) =4 —rank(C) =4 -3 = 1.
Therefore, dim (U +V)=2+1-1=2.



6 Inner product spaces

We have observed that the notion of a vector space extends the linear characteristics of R".
Throughout this exploration, we employed the operations of addition and scalar multiplication
from R", yet we overlooked other significant aspects such as vector length and the angle
between vectors. To address this, an inner product is introduced on a vector space, drawing from
the properties of the dot product in R™. Throughout this chapter, all vector spaces are defined
over either the real numbers or the complex numbers.

6.1 Inner products and norms

Definition 6.1.1.

An inner product on a vector space V over the field F( F' = R or F' = C) is a mapping
() : V x V — F that satisfies the following properties:

(i) (a1v1 4 agve,v3) = aq(vy,v3) + as(ve,v3), where aj,as € F and
v1,v9,v3 € V.

(i) (v1,v2) = (v, v1), the complex conjugate of (v, vs), for all v1,v2,v3 € V.

(iii) <U1,U1> >0 and <’U1,’U1> =0 v =0.

A vector space V equipped with an inner product is called an inner product space. If F' = R, Vis
referred to as a real inner product space, and if F' = C, it is a complex inner product space.

Note.

(1) The symbol (u, v) represents the image of (u,v) € V X V under the mapping
().

(2) The property (vy,vs) = (vs, v1) implies that (vy,v1) = (v1,v1). Therefore,
(v1,v1) yields a real number for all v; € V, allowing for meaningful
interpretation of the inequality in property (iii).

(3) Property (i) implies that if a; = as = 1, then (v; + vy, v3) = (v1,v3) + (v, v3),
andifa; = 1 and ay = 0, then (ayv1,v3) = ay(vy,v3) forall vy, ve,v3 € V.

(4) For v,v1,v9 € V and ay,as € F,
(v,a1v1 + azv2)= (a1v1 + azv2,v) = a1(v1,v) + a2(v2,v) = a1(v1,v) + az(v

= d1(v1,v) + da(v2,v) = d1(v,v1) + a2(v, va).

In particular, (v, vy + v9) = (v,v1) + (v,v9) and (v, a1v1) = a1{v,vy).
Further, (0,v) = (0.0,v) = 0(0,v) = 0 and similarly, (v,0) = (0,v) = 0,
Yve V.

(5) Every subspace of an inner product space is itself an inner product space.

The inner products described in the subsequent example are known as standard inner
products.



Example 6.1.2.

(a)

(b)

(c)

Remark.

(1)

In R", the inner product (z,y) = z1y1 + T2y2 + - - - + Yy is defined for

z = (z1,22,...,2n) and y = (y1,Y2, - - -, Yn). This inner product is known as
the Euclidean inner product and the pair (R", ()) is called the Euclidean space.
Similarly, in C™, the inner product is given by (z,v) = 2107 + 2903 + « -+ + 2, U,
, where z = (21, 29, ...,2,) and v = (vy,vs,...,v,) belong to C™. Here,

(C™, () forms the standard unitary space.

It is worth noting that (z,v) = v*z, where z,v € C" represent column vectors (
n x 1 matrices). In case z,v € R", the inner product (z,v) = v*z = v'z. Both of
these inner products are commonly referred to as dot products.

In the vector space C’(R[“’b]), consisting of all continuous real valued functions on
the closed interval [a, b], the inner product (£, g) = [° f(x)g(x)dz is defined for
f,g € C(R®Y), similarly, in the vector space C(CI®*) comprising continuous
complex-valued functions on the interval [a, b] C R, the inner product is given by

(f,9) = J¢ f(2)g(z)dz, where f, g € C(Cl*Y).

The vector space of polynomials P(z) over R is a subspace of C(R[*%), while
the vector space of polynomials P(z) over C is a subspace of C(Cl*?). Thus,
both are considered inner product spaces.

For the vector space M, (IR), which consists of all m x n matrices over R, the
inner product (A4, B) = tr(B'A) is defined for A, B € M,, ,(R). Similarly, in
the vector space M,, ,,(C), the inner product is given by (A, B) = tr(B*A) for
A,B e M, ,(C).

It is important to note that on a vector space V, more than one inner product can
be defined. The inner product spaces mentioned above are considered standard
inner product spaces unless otherwise specified.

Consider the result: R™*™ = M,, ,(R) implies R™ = M,, 1(R).
Let

Ty Y1

Up) Y2
X=|. and Y =

Tm Ym

be column vectors in R™ or equivalently matrices of order m x 1 in My, 1(R).
Then (X,Y) = Y!'X = tr(Y'X). It follows from below:



(2)

tr(YtX):tr [vi Y2 - Yml

ITm
= tr([yiz1 + y222 + - + YmTm))
=y1T1 + Y222 + - + YmTm
=T1Y1 + T2Y2 + 0+ TmYm
=Y'X.
Similarly, if Xand Y are in C™, then the standard inner product

(X, Y)=zin + 202+ + Tmym = Y X = tr(Y*X).
Let

b b b
A— lan ai2 a13} and B— l 11 12 13},
Qg1 Q22 Q23 ba1  baa  bos

be two real matrices of order 2x3. Then

bi1 b
B'A= |biy by l
[b13 b3
[bi1a11 + baian - -

= — bi2a1z + ba2asr —

— — bizaiz + bazass

aj; a2 013}

azr a2 az3

Hence,

tr(B'A)= bi1a11 + ba1aa1 + bizaiz + bazazs + bizais + bazass

= a11b11 + a12b12 + a13b13 + a21b21 + a22b22 + a23bas.

It is shown that M,, ,(R) = R™*". Hence, M3 3(R) = R?*% = R® with the
isomorphism A (0,11, aig, 13,021,022, 0,23). Suppose

X = (a1, @12, 013, @21, G2, G23) and Y = (b11, bia, b1g, bar, bag, bg) are
column vectors in RS. Then

(X,Y) =Y'X = a11bi1 + a12b12 + a13b13 + a21ba1 + a22baz + azzbas = (A, 1

Thus, the inner product defined in M, ,(R) is nothing but the dot product
defined in R™*™. Similarly, the inner product defined in M, ,(C) is same as dot
product defined in C™*™,

Throughout, the vectors in R or C™ we consider as column matrices of order
m x 1 and call them as column vectors.



Example 6.1.3.

Let V= {{z,} € RV : 3 % 22 < 0o}, thatis, Vis a vector space of squares summable

sequences. Then Vis an inner product space with the inner product defined by
an},{b,}) =3 a,b,, where {a,,}, {b,} € V. This inner product space is called the I2-space.
{an}; {bn}) =22 p p p

Definition 6.1.4.

Let V be an inner product space. Then for any v € V, the norm or length of v denoted by [|v|| is
defined |[v|| = ++/(v,v).

Note that (v, v) is a nonnegative real number for all v € V. Hence, ||v|| is a nonnegative real
number. Also, the function v — ||v|| is called norm function from Vto R.

Example 6.1.5.

(a) Letz = ($1,332,...,£L'n) € R™. Then
HiBH:+\/<£B,w>:\/x%+x%+...+m%.
For z = (21,22, .-+, 2,) € C",

|2]|= +\/ (2,2) = \/2125_1 + 2929 + -+ - + 252,

= le1f2 + [zl 4o+ [z

(b) Let f € C(RI%Y). Then

(f(2))"dz,

St~

£l =4/ {fs ) = wa/bf(ftf)J‘(fc)dav _V

and for f € C(ClaY),

b b
151 =v/15.0) = | [ f@)i@yz = | [ |f(a) a.

(c) Let A = [a;;] € My, n(R). Then

Al = /{4, 4) = yex(4r4) =[S a2,

Similarly, for A = [a;j] € My n(C),




1Al = y/tr(A-A Z |-

Theorem 6.1.6 (Cauchy-Schwarz inequality).
Let V be an inner product space. Then for any u,v € V, |(u,v)| < ||ul|||v||. Further, equality holds if
and only if u and v are linearly dependent.

Proof.

If u = 0, then the result is true for all v € V. Now, we prove the inequality for u # 0. From the
definition of inner product, we have (au + v,au 4+ v) > 0, forall« € F and v € V. Then,

a(u,oau + v) + (v, au + v)> 0,
aa(u,u) + a(u,v) + a(v,u) + (v,v)> 0.

The above inequality is true for all « € F'. Take o = — ﬁuug Then

o) Gy o (0w,
fue o Il = e e

VU <Uau>
<”’“><u“3‘uuuz (0,0 — 2 0,0) + o) 2 0, or

>

— P v, + o> > 0, or

" (u,v) + [[v]|* > 0, or

<‘ 7 (u,0) + [[v]|? > 0, or

|

o
ful?
) o)l

= e

2
lul*[0ll* > [{u, v)|".

+ |[v]|2 >0, or

, or

Hence, |(u, v)| < [|u||[o]].

To prove the remaining part, suppose |(u,v)| = ||ul|||v||. Now, we shall show that {u, v} are
linearly dependent. That is, u = av, o € F. Suppose if possible, {u, v} are linearly independent.
Then u + av # 0, Ya € F. Hence, from the steps of the proof we have (u + av,u + av) > 0,
Va € F. This implies |(u, v)| < ||ul|||v||, which is a contradiction to our assumption that

|{(u,v)| = ||u||||v]||. Hence, {u, v} are linearly dependent.

Conversely, suppose that {u, v} are linearly dependent. Then u = aw, for some a € F' and so

[(u, v)|= [(aw,v)| = [a(v, )| = |a||v]]*| = |al||v]®

= ladllvllllv]l = llawlllv]l = fJull[lv]].
|

Theorem 6.1.7.



Let V be an inner product space. Then the norm function |||| : V' — R satisfies the following conditions:

(i) |lv|l > 0 and ||v|| = 0 ifand only if v = 0;
(ii) |law]|| = |a|||v|| Va € F;
(iii) |lw+v|| < |Jul| + ||v||, called the triangle inequality.
Proof.
(i) |v]| = 44/ (v, v). From the definition of inner product, we have (v, v) > 0 and
(v,v) = 0 < v = 0. Hence, the result is proved.
(ii) We have ||av||? = (aw, av) = aa(v,v) = |a|?||v||?, which implies
low]| = |af[[o].
(iii) )
|lu+v]|"= (u+v,u+v)
= (u,u) + (v, v) + (v, u) + (v,0)
= [lull® + (u,0) + (u, v) + ||v]|?
= [[ull* + 2R(u, v) + ||v]*.
Since, if z € C, z + Z = 2X real part of z. R({u, v)) denotes the real part of
(u, v). Now, from the property R(z) < |z| we have
lu+v)2< ull? + 2[{u, v)| + [|o]|?
2
< Jlull® + 2lfulllloll + [[o]l* = (lfull + llv]])".
Hence, [[u + vf| < [Jul| + [|v]].
=
Corollary 6.1.8.
Ifvis an inner product space, then for u,v € V, |||u|| — ||v||| < [|lu — v||.
Proof.
|ul| = |[(w —v) + || < ||u—v| + ||v|], by triangle inequality.
Hence, [ul| — [Jo]] < [[u —v]|.

Interchanging v and v in above inequality, we get
ol = Jlull < flo = ull = l(~1)@ = )l = | = 1l @ = )l = Jju o).
This shows that £(||u|| — ||v]]) < ||u — v]||. Hence, |||u]] — ||v]|| < ||lu—v|. ©O

Theorem 6.1.9 (Parallelogram law).
Let V be an inner product space. Then ||u — v||? + ||u + v||* = 2(||u||? + ||v||?) for all u,v € V.



Proof.
|u —v||*= (u—v,u —v) = (u,u) — (v,u) — (u,v) + (v,9) and
w + v||*= (u+v,u +v) = (u,u) + (v,u) + (u,v) + (v,0).
Adding above two equations, we get
|u —v||? + ||u + v||*= 2(u,u) + 2(v,v) or,
lu — ol + [lu+ o]|*= 2(JJul|® + [[o]|*).

Thus, the parallelogram law states that the sum of areas formed by lengths of the four sides of a
parallelogram equals the sum of areas formed by diagonals. O

Example 6.1.10.

Letz = (a1,a2,...,a,)andy = (=, =,..., ), where a; # 0 V1 < i < n bein R". Then

11170,2,

by the Cauchy-Schwarz inequality,

(@, )] < llIlyll,

In particular, for a1, as # 0, (@ + a2) (5 + &) > 4.

2
aj a;

Further, if x = (y/a1,+/a2,...,+/an) and y = ( \/%1_1 , \/1(1_2 yeens \/%) where a;)0 Vi, then
n? <31 a; Y"1 Inparticular, for aj,as > 0,4 < (a3 + az) (= + 1),

=1 gq ax a2

Below, we recall the definition of a metric space and then we shall show that every inner
product space is a metric space.

Definition 6.1.11.

Let X be a set. Then a function d : X X X — R is called metric or distance on X if it satisfies the
following conditions:

(i) d(z,y) > 0andd(z,y) =0 <z =y Va,y € X.
(ii) d(z,y) = d(y,z) Vz,y € X.
(iii) d(z,z) < d(z,y) + d(y, 2) Vx,y,z € X.

The set X with the metric d denoted by (X, d) is called a metric space.



Theorem 6.1.12.
Let V be an inner product space. Then (V, d) is a metric space with the metric d defined by
d(z,y) = ||z — y||, where (z,y) € V x V.

Proof.
(i) d(z,y) = ||z — y|| > 0, by the property of norm.
Also, d(z,y) =0< |lz—y| =0 z—y=0=2=y.
(ii) d(z,y) = |lz —y|| = [(=D)(y —2)| = | = 1ly — 2| = [ly — z|| = d(y, z).

(iii) d(z,2) = ||z — 2| = [[(z —9) + (y = 2| < |z =yl + lly - 2] = d(=, ) + d(

Hence, d(z, 2z) < d(z,y) + d(y, 2) Vz,y,z € X. O

Thus, an inner product space is a metric space but a metric space may not be a vector space,
which is clear from the following example.

Example 6.1.13.

(a) Let X = {1,2,3,4,5,6}.Thenthemap d : X x X — R, defined by
0, ifx=y,
d(z,y) = :
1, ife#y
is @ metric space but X is not a vector space, and hence not a normed space.
(b) The set {z € R™ : ||z|| = 1} being a subset of a metric space R" is a metric

space but not a vector space, hence not a normed space.

Thus, the concept of a metric space is a generalization of the normed vector space.
Example 6.1.14.

Letv = (1+1i,1—14,2i) € C*.If ||av|| = 1 for a € C, then
1

vl =1 = |al = W T il m \/(1+i)(1—i)+(11—i)(1+i)—0—2z’(—2z’) - V2j2+4 -
. Hence, ais in a circle of radius —= in C.
2v2
Exercises
(6.1.1) Letv; = (1,—2,3,—1) and vy = (4, —3,2, —1) be two vectors in R%.
Then find all &1 and az in R such that [|ayv1|| = 1 = ||agus||.
(6.1.2) Letvy = (1 +14,2¢,1 —24,2) and v = (1 — 4, —4,4,1 + 37) be two
vectors in C%. Then find all a; and o in C such that
larvy|| = [|gva = 1.
(6.1.3) Let V = C* be the vector space with the standard inner product. If

z=(1+1¢1-4,2,3)andy=(1—14,1,1424,—1+¢) areinV, then
compute (z,y), y|| and ||z + yl|2. Also, verify Cauchy’s and triangle
inequality.

I

(6.1.4)



(6.1.5)

(6.1.6)

(6.1.7)

(6.1.8)
(6.1.9)

(6.1.10)

(6.1.11)

(6.1.12)

(6.1.13)

Let f(z) = 1+ 2 and g(z) = e® be the vectors in C(R!>!)). Then using

the inner product (£, g) = [3 f(z)g(z)dz, find || f||. ]|, (f,g) and
| f + gl|%. Also, verify Cauchy’s and triangle inequality.

Let V' = M 5(C) with the inner product (A4, B) = tr(B*A).If

I

ll—z’ 141

| ] and B:{Z —3—|—2z],
—2+1 —3

2 43

then find (A4, B), ||A
triangle inequality.
Let V be an inner product space over R. Then show that

(z,y) = L(|z + yl|* — |z — y||?) Vz,y € V. Also, verify for z = (1,2)
and y = (—1,3) in R2.

For the inner product space V over C, show that

B|| and ||A + B||?. Also, verify Cauchy’s and

’

1 : : : :
(@y) = 7 (= +ull* = llz — yI* +ille + iyl* — illz - igll®) Va,yeV.

Also, verify for ¢ = (1 +4,—¢) and y = (1 — 4,4) in C2.
For (z,y) € R?, showthat ||(z,y)|| =max {|z|,|y|} is a norm on R2.
Prove that the following are norms on the given vector space V:
(i) V= Mmm(F), ||AH =max |aij\ VA = [a,-j] eV.
(ii) V = C(R™), || f|| =max,cp1 |f(z)|, and

£l = Jg | f(z)ldz Vf € V.

Let z = (z1,2) and y = (y1, y2). Then show that:

(i) (z,y) = 1y1 + 2202,
(ii) (x,y) = 2z1y1 + bx2ys2, and
(iii) (z,y) = 4z1y1 — T1y2 — T2y1 + 22292,

are inner products on R, If z = (1,0) and y = (1, 1), then compute ||z
lyll, [z + y|| and verify Cauchy’s and triangle inequality with respect to
the above norms.

Show that (z,y) = > " ; ¢;x;y; is an inner product on R”, where

’

z=(z1,22,---,Zn), Y= (Y1,Y2,---,Yn) € R"and c1,ca,...,cy are
positive real numbers.
For the real numbers 1, s, ..., Z,, show that

(z1+ 22+ +25)° <n(e? + 22+ +22).

Let (V1,();) and (Va, (),) be inner product spaces. Then prove that the
vector space Vi X V3 is an inner product space with the inner product
defined as ((z1, 2), (y1,¥2)) = (z1,y1); + (z2,2),, where

(z1,22), (y1,92) € V1 x Va.

6.2 Orthogonality and the Gram-Schmidt process

We begin this section by introducing the notion of angle between two vectors of a real inner
product space. Let V be a real inner product space. Then by the Cauchy-Schwarz inequality, we

have



|(u,v)| < |Jull]lv]|, forallu,veV.

If u and v are nonzero vectors, then [(w,v)] <l=-1< {u,0) <1.
IIUIIIIUII IIUHIIvH

In view of the bijective map cos 6 : [0, 7] — [—1, 1], we have that far each real number
Hfjﬁ \7\?)\\ there exists a unique 6 € [0, 7] such that cos 6 = IIS\L\’ITZH . Thus, we have the following

definition.

Definition 6.2.1.

If u and v are two nonzero vectors in a real inner product space V, then the angle 8 between v and
(u,v)

vis defined as cos 8 = .
vl

If (u,v) = 0,thencos § =0 =6 = % In this case, we say that v and v are perpendicular to
each other. Generalizing this concept for real or complex inner product spaces, we have the
following definition.

Definition 6.2.2.

Let V be an inner product space. Then two vectors u and v are said to be orthogonal if (u,v) = 0,
and we denote u L v.

Note that, since (0,v) =0VYv € V,0 L v Vv € V. Conversely, ifu L v Vv € V, then
(u,u) = 0 = u = 0. This shows that u € V is orthogonal to every vector in Vif and only if
u = 0.

Theorem 6.2.3 (Pythagoras theorem).

In an inner product space Vif u,v € V such that u L v, then
2 2 2 2

lu+ )| = lu = of|* = [lu|* + [Jo]|*

Proof.

= (u+v,u+v)
= (u,u) + (u,v) + (v,u) + (v, v)
= (u,u) + (v,v)

= [lull* + lloll*.
Hence, = |Jul|® + ||Jv]|2.
If we replace v = —v in the above equality, we get ||u — v||2 = ||u|? + || — v||? = ||ul|® + ||v]|?.
0

In the following remark, we discuss about the converse of the above result.

Remark.

Suppose ||u + v||? = ||u||* + ||v||?. We have that

lu+ vl = (u+v,u+v) = [Ju]* + [[v]|* + (,v) + (v, u). Then

|u +v||2 = [Ju+v]|* + (u,v) + {(u,v) = (u,v) + (u,v) = 0 = 2R{u,v) = 0.1f Vis a real
inner product space, then 2R(u,v) = 0 = (u,v) = 0 = u L v, butin a complex inner product




space this is not true. Thus, in a real inner product space V, u L v if and only if
lu+ vl = JJull® + [[v]|>.

Definition 6.2.4.
Let S be a nonempty subset of an inner product space V. Then S is called an orthogonal set if all

vectors in S are mutually orthogonal. That is, (u,v) = 0 Vu # v € S.
An orthogonal set S is called orthonormal if ||u|| = 1, for all u € S. Thus, the set

S = {v1,v2,...,v,} C Visan orthonormal set if
_ 1, ifi=j,
v 0, ifi#j.

Theorem 6.2.5.
An orthogonal set of nonzero vectors is linearly independent.

Proof.

Let S be an orthogonal set of nonzero vectors in an inner product space V. Then for distinct
elements vy, v2,...,v, in Sandscalars a1, az, ..., a,, suppose a1v1 + azv2 + -+ - + arv, =0
.Thenfor1l <r <n,

<CL11)1 + agv2 + -+ + ApUp, Ur) = <0) vr)
= ay(vr,v,) =0
= a,|lv,||* = 0.
Sincev, Z0V1 <7 <mn,a, =0Vr.
Thus, every finite subset {v1, va, ..., vn} of Sis linearly independent. Hence, S is linearly
independent. O
Definition 6.2.6.

A basis of a vector space, which is also an orthonormal set is called an orthonormal basis.

Example 6.2.7.

(a) Let S = {ey,es,...,e,} be the standard basis of R™. Since ||e;|| = 1 and
(e;,e;) = 0V1 < 14,5 <n,Sisan orthonormal set, and hence an orthonormal
basis of R™.

(b) Theset § = {%(1, 1,1), %(—2, 1,1), %(0, —1,1)} is an orthonormal basis

of R3. Every proper subset of S is an orthonormal set in R3 but not an
orthonormal basis of R3.

(c) Let V = C(R[=™™) be the vector space of continuous functions with the inner
product defined by (f, g) = [.™ f(z)g(z)dz. Then the set
{1, cos z, cos 2z, cos 3z, .. .,sin z, sin 2z, sin 3z, ...} is an orthogonal set in
V.

Theorem 6.2.8 (Bessel’s inequality).



Let S = {vy,v3,...,v,} bean orthonormal set in an inner product space V. Then for v € V,
" (v, v;)|* < ||v]|* and equality holds if and only if S is an orthonormal basis.

Proof.

Since (v, v;) € F Yu; € S, the linear combination

n

Z(v, vi)v; € V.

1=1

Then by the definition of inner product on V,

<v — i(v, Vi)V, U — i(v, vi>vi> >0, or

i=1 i=1
<v,v - Z(v, vi>vi> + <— Z(v, Vi)Vi, U — Z(v, vi>vi> >0, or
=1 i—1 i—1
<’U, ’U) - Z <Ua ’Ui><’0, Ui> - Z<v’ ’Uz‘><’Ui,’U> + <Z<v’ ’Ui>’Ui, Z<U’ ’Ui>’Ui> > 0.
i—1 i—1 i—1 i—1
Since the set Sis orthonormal, (v;,v;) = 1 and (v;,v;) = 0 Vi # j.
Then
n 9 n n
||U||2 - Z ‘<U7 vl>| - Z(’U,’U@)(’U UZ) + <’U, Ui><v7vi> >0, or
i=1 =1 =1

n
ol> =3~ [{v,03)|* > 0, or
=1
Zn :
ol >3 (v, v3)]
=1

Now suppose S is an orthonormal basis of V. Then v € V can be written as
v = a1vi1 + av2 + - - - + anv, for some scalars a1, a2, ..., an.

Now (v, v;) = (@1v1 + a2v2 + - -+ + anvn, v;) = a; Vi gives that

v =2 aivi = D, (v, vi)vi.

Hence, (v — Y7 (v,v;)v;,v — D% (v,v;)v;) = 0.

On expansion given as above, we have

loll* = Zl v, Vi)

Conversely, suppose [[v]|? = 3" | |[(v,v;)|* Vv. Since S being an orthonormal set is linearly
independent, it is sufficient to show that every vector v € V' can be written as linear combination

of elements of V:



n

v — Z(v, Vi) V;

i=1
n n
= <U - Z<va vi>via V= Z<va ’Uz>’01>
i=1 1=1
- 2
= Jloll* = > [ v, v3)]
i=1
n 9 n
= Z |<’U7'Ui>‘ - Z |<'Uavz>‘
i=1 i=1
=0.
This shows that v — Y7, (v, v;)v; = 0. Thatis, v = > | (v,v3)v; = v = Y | a;v;, where
a; = (v,v;) Vi. O
Corollary 6.2.9.
Let V be an n-dimensional inner product space and let S = {v1,v2, ..., v} be its orthonormal

subset. Then (v,v;) = 0V1 < i < mnifandonlyifv = 0.
Proof.

Since dim (V') = n and S'is linearly independent, S is an orthonormal basis of V. From Bessel's
inequality, we have

n
> =" [w,v)|* VoeV.
i=1

Then

(v,v;) =0Vi = ||v]|>=0=v=0.
Ifv=0,then }."  [(v,v;)]* = 0= [{(v,v)|>? =0 = (v,v;) =0Vv;. O
Definition 6.2.10.

Let S be a subset of an inner product space V. Then S+ = {v € V : {(v,u) = 0 Vu € S} is called
an orthogonal complement of Sin V.

Example 6.2.11.

(a) Let V be an inner product space. Then {0}~ = V and {V}* = {0}.
(b) Let V = R3.Then for S = {(1,1,0),(0,1,—1)},



St={(z,9,2) € R*: ((2,,2),(1,1,0)) = 0 and ((=,, 2), (0,1, —1)) = 0}
:{wya )€R3 $+y—0andy—z_[)}
_{ 1_17_1 QSGR}

=({@-1-1}).

Thatis, S+ is a vector space generated by (1, —1,—1) € R3,

Theorem 6.2.12.
Let S be a subset of an inner product space V. Then S is a subspace of V.

Proof.

Since0 € S+, S+ £ ¢. Let v1,v9 € S*.Thenfor a;,as € F,
(a1v1 + agua,u) = ay{vy,u) + az(ve,u) =0 VYu € S.
This shows that a1v1 + asvs € S+. Hence, S+ is a subspace of V. O

The following theorem and example illustrate the importance of an orthonormal basis in an
inner product space.
Theorem 6.2.13.
Let V be an inner product space and let B = {v1,v2,...,vn} be its orthonormal basis. Then for any
v=> ", a; a; = (v,v;) Viand hence v =Y (v, v;)v;.

Proof.

Giventhat v = )" | a;v;. Then (v, v;) = (O 1 aivi, vi) = ai(vi, vs) = a;i|lvil|?> = a;
V1 <i<mn.Hence,v=> ", a;v; =" (v,v0)v;. O

Example 6.2.14.

Let V. =R3and B = {v; = %(1, 1,1),vy = %(—2, 1,1),v3 = %(O, —1,1)} bean

orthonormal basis of V. If v = (3,2, —4) € R3, then v can be expressed as
U = a1v1 + a2v2 + a3zvs. From the above theorem,

a1= (v,v1) = <(3,2,—4), (1,1,1)> - %

8

as= (v,vy) = <(3,2,—4), (—2,1,1)> =,

as= (v, v3) = <(3,2, 1), -2 (0,1, 1)> _

SRR
Slus

Hence,



(3,2, —4)= ;3 f(l 1,1) +

1
= 1,1,1
S(,1,1)+

-8 1 —6
%%(—2,1,1“77( —1,1)
68( 2,1,1) + 26(0,—1,1).

Thus, in case of an orthonormal basis, obtaining coefficients of a vector to express as a linear
combination of the basis vectors is easier than the expression in the form of basis.

Now we provide an algorithm to obtain an orthonormal basis from a given basis of a finite-
dimensional inner product space called Gram-Schmidt process.
Theorem 6.2.15 (Gram-Schmidt).
Let {vl, V2,. .., vn} be a basis of an inner product space V. Then there exists an orthonormal basis

{ui,u2,...,un} of V.
Proof.

To prove the theorem, we use the following construction process.
Let u; = ﬁ Then w4 is a unit vector.

Define wy = v — (vg,uy)u. Then

(w2, u1)= (v2 — (va, ur)ur,u1) = (va,u1) — (va, u)(u1, u1)

= (v2,u1) — (v2,u1)

=0.
Hence, we L wuj.Also, wy # 0. For if ws = 0, then vy = (v, u1)u; = (vz,u1>ﬁ = avq,
where a = <T|2U’f“1> € F'. This implies that the set {v1, vy} is linearly dependent, and hence the
set {vy,vs,...,v,} is linearly dependent, which is a contradiction. So, let us = HWH . Then
{u1,us} is an orthonormal set.
Now, let wg = vg — (v3,u1)u; — (v3, us)us. Then

(w3, u1) = (w3, u) =0 and w3 # 0.

For otherwise, {v1, vs, v3} is linearly dependent, a contradiction. Letting ug = ﬁ
{u1,us,us} is an orthonormal set.
Proceeding as above by induction, define w;, = vy, — Z’;;}@k, ug)ug. Then uy = Tanl k“ and
(ug,u;) = 0V1 <i<k— 1. Hence, {ug,us,...,ur} is an orthonormal set. Thus, by induction
we get orthonormal set {uy, usg, . . ., U, } Which is a basis of V. O
Remark.
Using the Gram-Schmidt process, every linearly independent subset {v1, vs, . .., v,} of an inner
product space V can be converted into an orthonormal set {uy, us, . .., u, } such that

span{vy, Vs, ..., v, } = span{uy, us, ..., U }.



Example 6.2.16.

Let S = {v1 = (1,0,1),v2 = (1,2, —2),v3 = (2,—1,1)} be a basis of the inner product space
R3. We apply the Gram-Schmidt process to convert S to an orthonormal basis {u1, us, us}.

_ U _ (17071) _ L
Then u1 = .1 = e = v5 (L0 1)
Let

Wo= V2 — <v27u1>u1

1 1
—(1,2,-2) - <(1,2, -2, = (10 1)>ﬁ(1’0’ 1)
:(1,2,-2)-(&5— jﬁ \}5(1,0,1)

1
=(1,2,-2) + 5(1, 0,1)

— <§,2,__3>_
2 2

Then
wa (%71%3)
U Twall > >
VEr+204+()
L (352)
\/3—4 27 ) 2
1
:—_(3,4,—3)
V34
Let

ws= vz — (v3,U1)uU1 — (U3, U2)U2

1 1
—(2,-1,1) — <(2, ~1,1), (1,0, 1)>E(1’0’ 1)
_<(2, 1), 13,4, —3)>L(3,4, _3)

34 V34
3\ 1 -1 1
- (2’ -1, 1) o <$> E(la 0, 1) - <ﬁ) ﬁ(3,4, —3)
- (2’ _]" 1) - %(1707 1) + 3%(3’47 3)
1
= - (20,-30,~20)
5

=—(2,-3,-2).
17(’ )



Then

S sl ;
w3 2 TR 1012
VAL (52 1 (5
_ %(2,—3,—2)
25
17
1
:—(2,—3, 2)
17

Hence, the set {%(1, 0,1), ﬁ(B, 4,-3), %7(2, —3,—2)} is an orthonormal basis of R3.

Example 6.2.17.

Let V = C(R[O’”) be the inner product space with the inner product defined by

g = / F(2)g()da
0

Then we find the orthonormal basis of the subspace W generated by the basis
{f1(z) = z, fo(z) = 2°, fa(z) = =°}.

Let uy(z) = ”}clg 3” where

1 1 ) - 1
If@)l = \/(£u(@), Fi(@)) = /fl(w)fl(x)da:— O/a: o= o

ws(@)= fo(z) — (fa(2), w1 (2))u (z)
\/3m>\/3m

(z?
o (/ Wmdx)fx
(
3s
4

_m—

\/§m3d:r:) V3z



2_3 2&
4

Th = ) S = 1% = 80z* — 60z.
en u2( ) ||'w2 :B fl )2d;1: \/[&(m“—%m?’—i—l%m?)dm % T X
Let
ws(z)= f3(z) — (f3(2), u1(@))ui(z) — (fa(z), ua(z))usz(z)
=x° — <:1:3, \/§w>\/§x — <ac3, 80z% — 60w>80:1r:2 — 60x
1 1
=3 - </ \/§w4da:> V3z — (/w3 (803/:2 — 60w)da:) (80:02 — 60:0)
0 0
T (802> — 60z)
5 3
=% — 33&3:24— %w—FSOx
B 3 5
PUt w3(w) 3 320 $2+ 403 3 320 CL‘Z+ 403 \/ﬁ 5 3 9 403
us() = Ty = N 2+403m) =z ¢@ = Jisags (2@ — 80027 + ).
Thus, {V/3x, 2> — 3z, Jl/g%( — 80022 + 42z)} is an orthonormal basis of W.

Example 6.2.18.

Let V = C3 be the inner product space and let W be the subspace of V generated by the basis
{vi =(1-14,0,%),v2 = (1,1 +¢,0)}. Now we use the Gram-Schmidt process to find the
orthonormal basis of W.

v (1-4,0,4) _ (1-4,0,4) _ (1-i0a) (L
f[oall VI(1=4,0,1),(1—4,0,4)) V(1=3)(1+4)+0-0+i(—7) V3 V3

— 1

Let uy = —
1 V3’

7%)

Let
W2= Vg — 172, U1

(1,1+1,0) —

<11+20 <\;§ \;5 Z3>><\;3 \;30\;_)
(1,1+14,0) — (1 ( ‘ >+ (1+74) - 0+0><;§—\;§,0,\j§>
( .
(5o

V3
i () (550
|

1
V3

2 —1+z
3

11+z()

Y

B 1 143 1—1
- 3’ Z? 3 '

Then put



wo (3,144,455

L14i ), (5144 3) /Lt -g)+

5
=

3 <1 14i 1—i> ( 1 3+3 1—i>
=\ 5 ,— | = — ) .
V21 \3 3 V2l V21 V21
1 i i 1 343i 1-i\y ,
Thus, the set {( 7 =0, \/5), ( RN m)} is an orthonormal basis of W.

Theorem 6.2.19.

If U'is a subspace of a finite-dimensional inner product space V, then V.= U & U . That is, a finite-
dimensional inner product space can be written as the direct sum of a subspace and its orthogonal
complement.

Proof.

Since U is finite-dimensional, there exists an orthonormal basis {u1,u2,...,u,} of U.Letv € V.
Then

i=1

<v - zr:(v, uz)uz,uz>

by the property
( > 1, ifi=yj,
Uiy Us) =
v 0, ifi##j.

This shows that v’ = v — YT, (v, u;)u; is orthogonal to each u;, 1 < i <.
Foru = aju; + asus + - -+ + a,u, € U,

<v’, u>: <v', aiul + asug + -+ arur>
CE_1<U/,U1> + a‘2<v',u2> +oeee dr<v,7ur>
0.

Thus, v’ L u Vu € U. Hence,v' € U+,

Now, v = v — Y7 (v,us)u; = v + D7 (v,u;)u; = v, where v’ € U+ and

St (v,ui)u; € U.Hence, V=U+U" .

Now, let v € U NU*. Then (v,v) =0 = v = 0. Thatis, U N U+ = {0}. This proves that
UoULt=V. O

The above result is not true for infinite-dimensional inner product spaces. For more detail and
examples, one can refer any good book of functional.



From the above theorem, it is clear that if U is a subspace of a finite- dimensional inner
product space V, then every vector v € V can be expressed uniquely as v = u1 + uy, where
up € Uanduy € U™,

In this case, u is called the orthogonal projection of v on U and u, is called the orthogonal
projection of von U+ denoted by Proj;;(v) and Proj . (v), respectively. Then
v = u1 + uz2 = Projy(v) + Projy. (v). Thus, from v = Projy (v) + (v — Projy(v)),

v — Projy(v) is called the complement of v orthogonal to U.

Theorem 6.2.20.

If U is a subspace of a finite-dimensional inner product space V and {uy, us, ..., upy} isan
orthonormal basis of U, then for any vector v € V,

Projy(v) = (v,u1)uy + (v, ug)ug + -+« + (U, Uy ) Upp,.

Proof.

Given that v € V. Then v can be written as v = Projy(v) + Projy . (v), where Projyr(v) € U.
Since {u1, u2, ..., uUmn} is an orthonormal basis of U, Proj;;(v) can be expressed as:

Projy(v) = forojU(v), Ui YUy

i=1

Since Proj; . (v) is orthogonal to U, (Projy.(v),u;) =0,V1 <i < m.

Then
m
Projy(v) Z<PI‘Q]U Ui U
i=1
m
= Z(<PI‘O_]U( ), U; > + <PI'OJUL( )s ul>)uZ
i=1
m
= 2<ProjU(v) + Projy (v), ui)u;
i=1
m
= Z(v, Ui Uy
i—1
O
Corollary 6.2.21.
If U is a subspace of a finite-dimensional inner product space V and {u1,us, ..., un} is an
orthogonal basis of U, then for any vector v € V, Projy(v) = <U‘|’le|>|gl + <1|)|’322‘>‘1;2 +-- 4 <U|’|Z"‘>H1;m .
Proof.
Given that {u1, u2, ..., un} is an orthogonal basis of U. Then { -~ mar + Hu2H +F ﬁ} is an

orthonormal basis of U. Hence, from above theorem we have



. Ui Ui U2 U2 Um Um,
Projy(v)= <v —> +<v —>—+---+<v >
el / Cuall / flue| "l /[l

_ <’U,U1>U1 <U’ ’LL2>U2 . <’U, um>um

(5 [[es2]|? [ |

O
Example 6.2.22.

Let U be a subspace of the vector space R3 with the orthonormal basis

{(L 7 \/3 \/_) (0, \_/—; =1 )} Then the orthogonal projection of the vector (1,2,3) € R3 on U

is

—~~

i (149 (G 55)) (s )

oo (035 5)) 0% )
-5 f) 7 (OQ; )
SKONER)
()

The component of (1,2,3) orthogonal to U is

Proj;.(1,2,3)= (1,2,3) — Projy(1,2,3)

3 5 11
- (1a2’3) - <2a§7§> - <_17§a§)-

It is easy to see that Proj; 1 (1,2,3) = (-1, 3, 1) is orthogonal to basis elements of U, and
hence orthogonal to U.

Theorem 6.2.23.

Let V be an inner product space. Then for the subsets S, S1, Sy of V:

(i) S; C Sy = S5 C St

(ii) St =(s)*.

(iii) (S) C S+ and equality holds if V is finite-dimensional.

Proof.

(i) Letv € Sy .Then (v,u) = 0 Vu € Sy.Since S; C Sy (v,u) = 0 Vu € Sy. This

shows that v € Si", and hence S5 C Si-.
(ii) From (i), S C (§) = (S)* C S*.Now, letv € S*. Then (v,u) = 0 Yu € S.



Also, for w = ) a;u; € (S), where a; € F and u; € S,
(w,w) = (v, Y au;) = 3 a@;(v,u;) = 0. We have v € (S)" and hence
St C (S)™. This proves that S+ = (S)*.

(iii) Let v € (S). Then, for w € ()" = S, (w,v) = 0. Since wis an arbitrary
element, v is orthogonal to every element of S+. Hence, v € S*+. Thus,
(S) C S++.

Let V be a finite-dimensional inner product space. Then (S), being a subspace of V
satisfies (S) @ (S)" = V. Hence, dim (S) =dim V— dim (S)".

Also, (S)™" is a subspace of V, we have (§)" & (S)"" =V, and hence

dim (S)"" =dim V— dim (S)".

This shows that dim (S) =dim (S)"". Since (S) is a finite- dimensional vector
space, (S) = (S)"*.

But (§) C S+ = (S)"" givesthat (S) = ().

From the above proof, it is clear that if Wis a subspace of a finite-dimensional
inner product space, then W = W+, o

Exercises
(6.2.1) Find the angle between z = (1,0) and y = (0, 1) with respect to the
following inner products:

(i) (z,y) = 191 + 2T2Y2,

(ii) (z,y) = 2@1y1 + 5T2y2, and

(iii) (z,y) = 4z1y1 — T1Y2 — Toy1 + 222y,

defined on R2.

(6.2.2) Find an orthonormal basis of P2(IR) where the inner product is given by

(f,9) = 11 f(z)g(z)da.

(6.2.3) Find an orthonormal basis of P3(IR) where the inner product is defined by

(f,9) = I f(@)g(x)dz.

(6.2.4) Show that the following sets of vectors are orthogonal and determine a
corresponding orthonormal set:

(i) {(2,-1,1),(1,1,-1),(0,1,1)} C R3;

(ii) {(1,0,2,1),(-1,1,1,-1),(1,3,-1,1)} C R4,

(6.2.5) Show that the set of vectors:

(i) {(1+4,1—14),(1 —4,1+14)}in C?is orthogonal and
find the corresponding orthonormal set.

(ii) {1 —-14,1+14,2),(—3+ 3i,2+ 2i,21),(0,4,1 —4)} is
orthogonal in C? and find the corresponding orthonormal
set.

(6.2.6) Find the orthonormal bases of R? corresponding to the following bases:

(i) {(0,1,2),(1,2,3),(3,1,1)}

(ii) {(1,3,3).(1,4,3),(1,3,4)}.

(6.2.7) Find the orthonormal basis of R* corresponding to the following bases:

(i) {(1,1,-1,-2),(1,2,0,1),(0,2,1,3),(-1,1,2,6)};

(i) {(1,2,3,1),(1,3,3,2),(2,4,3,3),(1,1,1,1)}.

(6.2.8) Find the orthonormal basis of the subspace generated by the basis

{(1,2,3,2),(0,1,1,3)}.



(6.2.9) Find the orthonormal bases of C3 corresponding to the following bases:

(i) {(1,0,0),(0,%,0), (1,1,2)};

(ii) {(3—1,2+2i,4), (2,2 + 4i,3), (1 — 4, —2i, —1)}.
(6.2.10) Find the orthonormal basis of C? from its basis {(1, 27), (1,7)}.
(6.2.11) In the inner product space C(R[%!) find the corresponding orthonormal

basis of the subspace generate by the following set of vectors:

(i) {1, 22, 2%};

(ii) {1 + 2%, 23, z°}.
(6.2.12) In the inner product space C(R[="1)) find the corresponding orthonormal

bases of the subspace generated by the set of vectors:

(i) {z, 22, 23};

(ii) {1 — 2% 23,2},
(6.2.13) In the vector space R?, find

(i) Siif 81 = ((1,0,0));

(ii) S if Sy = ((—1,1,2));

(iii) S3-if s3 = ({(0,1,2),(—1,2,0)});

(iv) Si‘ if Sy = <{(1a171)a(0a_1a1)}>
(6.2.14) In the vector space R*, find

(i) Siif S1 = ({(1,2,3,0),(0,3,2,1)});

(ii) Sy if Sa = ({(1,1,1,1),(1,-1,0,0)});

(iii) Siif S5 = ({(1,1,1,1),(1,1,-1,0), (1, —1,0,0)}).
(6.2.15) Let V = IR3 be the inner product space. Then find Proj;;(v) and

Proj; . (v) for each of the following:

(i) U= (37 _274)'U: <{(%7_%7%))(%7%7%)}>'

(i) ’U:(l,—3,6),U:<{(%,_—z,%),(%,%,0)}>,

i) v=(-1,1,10,U = {(1,2,-2), (3, %, )}

(iv) v=(1,2,3).U=({(1,1,-2),(% %, %)}
(6.2.16) In the inner product space R*, find Proj;(v) and Projy;. (v) for each of

the following:

(i) v=(1,2,-1,2),

U= < (%7 %a %7 %)1 (%1 %a %17 %1)}>
(ii) v=(1,0,2,3),
12 - 1 1
U= q(%a %am %)a ( B 0,0, E)D
(iii) v=(1,2,3,4),U = ({(1,-1,2,-1),(-1,1, %, 1)});
(iv) v=1(3,2,1,0), U = ({(1,-1,2,-1),(1,2,0,—1)}).

6.3 The adjoint of a linear operator

By a linear operator, we mean a linear transformation that takes the vector space V to itself. Linear
transformation T' : V' — F', where Vis a vector over the field Fis called a linear functional.

Definition 6.3.1.

Let T : V — V be a linear operator on an inner product space V. A linear operator T* : V — V
is called the adjoint of Tif (T'(u),v) = (u,T*(v)), forallu,v € V.



Now, we discuss about the existence and uniqueness of the adjoint operator T'*.
Theorem 6.3.2.
Let f : V — F be a linear functional on a finite-dimensional inner product space V. Then there exists a
unique vector w € V such that f(v) = (v,w) forallv € V.

Proof.

Let dim (V') = n. Then by the Gram-Schmidt orthogonalization process, we can find an
orthonormal basis {vy,vs, ..., v,} of V.Since {vy,vs,...,v,} is an orthonormal basis, every
v € V can be written as v = (v, v1)v1 + (v, v2)v2 + - - - + (v, V)V, Then

f(v) = (v,v1) f(v1) + (v,v2) f(va) + - - - + (v,v,,) f(vy,). Since f(v;), 1 < i < n arescalars
from the property of inner product we have

f(v)= <U7 f(vl)?)1> + <U, f(v2)122> + e+ <v, f(vn)vn>
= <U, f(vi)vi + f(v2)va + -+ -+ mvn>.

Take w = f(v1)vy + f(va)vs + - - - + f(vn)vy,. Then we have f(v) = (v,w) Yv € V.
For uniqueness, suppose for some u,v € V,

f(v) = (v,w) = (v,u) YveV.
Then
(v,w) — (v,u) =0 YveV
= (v,w—u)=0 YveV.
Take v = w — u. Then
(w—uvw—u)=0=2w—-—u=0=w=u.
0

This is called the Riesz representation theorem for finite-dimensional spaces. The above result
is not necessarily true for an infinite-dimensional inner product space.
From above theorem, it can be remarked that if (v, w1) = (v, w2), Yv € V, then w1 = ws.

Example 6.3.3.

Let P(z) be the vector space of all polynomials over R with the inner product defined by

1

<p(a:),q(a;)> = /p(a:)q(a:)dw, where p(z), g(z) € P(z).

0

Since P(x) is an infinite-dimensional vector space, in this example we shall show that above
result is not true.

Let f: P(z) — R be afunctional defined by f(p(z)) = p(0). In particular, if

p(z) = 22 — 2z + 1, then f(p(x)) = p(0) = 1. Similarly, f(z"p(z)) = 0p(0) = 0.
Suppose f(p(z)) = (p(x),r(x)), where r(x) is any fixed polynomial in P(z).



Then f(p(z)) = p(0) = fol p(x)r(z)dz, for all p(z) € P(x).
Hence,

= (z"r(z),z"r(z)) =0

2
= Hm"r(:c)“ =0
= z"r(z) = 0.

Since ™ # 0,7(z) is a zero polynomial. Then

f(p(@)) = (p(z),7(x)) = (p(x),0) =0 Vp(z).

This shows that f is a zero functional, which is a contradiction that f is a nonzero functional. Thus,
there is no r(z) € P(z) such that f(p(z)) = (p(x),r(x)).

Theorem 6.3.4.
Let T : V. — V be a linear operator on a finite-dimensional inner product space V over F. Then T'*
exists and is unique.

Proof.

To complete the proof, we need to find a unique linear operator T* : V' — V such that
(T(u),v) = (u, T*(v)) Yu,v € V. Consider the composite function f, 0T : V — F, where
fv 1 V — F defined by f,(u) = (u,v) is a linear functional. Then

fooT(u) = fu(T(u)) = (T(u),v). Hence, f, o T being the composition of linear
transformations is a linear functional for all v. Then from above theorem, there is a unique

element € V/, such that fooT(u) = (u, 1‘1) Thatis, (T'(u),v) = (u, 1‘)) forallu e V.
Define T* : V — V by T*(v) = 3. Then (T'(u),v) = (u, T*(v)), Yu,v € V. Now, we shall
show that T'* is linear. Let v1,v2 € V and a1,a2 € F.Then
<u,T*(a1v1 + a2v2)>: <T(u),a1v1 + a2v2>

= a_1<T(u), v1> + a_2<T(u), '02>

= ar(u, T*(v1)) + az(u, T*(v2))

= (u,a1T*(v1)) + (u,a2T*(v2))

= (u,a1T*(v1) + a2T*(v2)) VYu e V.

Hence, T*(a1v1 + agv2) = a1T*(v1) + a2T*(v2) and so T* is linear.
For uniqueness, suppose



(u, T{ (v)) = (u, Ty (v)), forallu,veV.
Hence, T (v) = T (v) Yvandso Ty = T5. O

Theorem 6.3.5.
Let T and T’ be linear operators on a finite-dimensional inner product space V and k is an scalar.
Then:

(i) (Ty+ T)" =Ty + Ty,
(i) (kTy)* = KT},
(iii) (T1T2) = TyTY,
(iv) (TH* =Ty,
(v) I* = I, where I is the identity transformation,
(vi) 0* = 0, where 0 is the zero transformation.
Proof.
(i) Let u,v € V.Then
(u, (T{ +T5) (v))
- <’U,, Tl U) + T ( )>
:<u,T1 )>+<u T2 >
= (T1(u),v) + < ),v)
= (T1(u) + To(u >
= < (Th + T2)( >
Since u, v are arbitrary, we have (T} + Ty)" = T} + T .
Similarly,
(i) _

(u, KTy (v))= k{u, T} (v)) = k(T (u), v)
= (kT1(u),v) = (u, (kT1)"(v))
= (kTy)* = KT}

(iii) (u, Ty Ty (v))= (Ta(u), Ty (v)) = (TiTa(u),v))
= (u, (T1T2)*(v))
= (Tsz)* = T;Tl*.
() (Ty(u),v)= (u, T} (v)) = (T} (v),u) = (v, (T}) "w)
= ((1y) “u, v)
= (T})" = Th.

(v)



(u,v)= (I(u),v) = (u, I*(v))
= (u,v) = (u, I*(v))

= <u,I(v)> = <u,I*(v)>
=I*"=1.

(vi) (u,0%(v))= (0(u),v) = (0,v) = 0 = (u,0)
= (u,0(v))

= 0" =0.
O
Definition 6.3.6.

A linear operator T': V' — V on a finite- dimensional complex inner product space Vis called

e self-adjoint or Hermitian (symmetric in case of real inner product) if T* = T,

e skew-Hermitian (skew-symmetric in case of real inner product) if T* = —T,
e unitary if T*T = TT* = I (orthogonal in case of real inner product) and normal if
T*T =TT*.

It is clear from the definition that Hermitian, skew-Hermitian and unitary operators are normal.

Theorem 6.3.7.
Let T : V — V be a linear operator on a finite-dimensional inner product space V and let
B = {v1,vs,...,v,} be an orthonormal basis of V. Then [T'*] 5 5 = [T 5 That is, the matrix of

the adjoint of T is the adjoint (tranjugate) of the matrix of T.
Proof.

Since B is an orthonormal basis of V, any vector v € V can be writtenas v = > . ; (v, v;)v;.
Hence, T'(v1) € V can be written as

T(v1)= (T(v1),v1)v1 + (T(v1),v2)v2 + - -+ + (T(v1), Vn)vn,

T(v,)= <T(vn), v1>v1 + <T(vn), 112>v2 4ot <T(vn), vn>vn.

Then
(T'(v1),v1) (T'(vn),v1)
(T(v1),v2) (T(vn), v2)
[T] BB —
(T(v1),v5) -+ (T(va),vn)

Thus, the ij-th entry of [T'| g 5 = (T'(v;),v;). Similarly, ij-th entry of [T*] 5 5 = (T"*(v;), vi).



Now, (T*(v;),vi) = (vi, T*(v;)) = (T'(v),v;), the complex conjugate of ji-th entry of [T p.
Hence, [T*|p 5 = [T];,B.

Corollary 6.3.8.

Let T and S be linear operators on a finite- dimensional inner product space V and let
B = {v1,v,...,vy,} be an orthonormal basis of V. Then [T'| g g = [S]} g implies that T = S*.

Proof.

From above theorem, [T] 5 5 = [S]5 5 = [S*] 5 5- Since matrix representation of linear
operators Tand §* on V with respect to same bases areequal, T' = S*. O

Corollary 6.3.9.

Let T be a linear operator on a finite- dimensional inner product space V. Then for the orthonormal
basis B, we have:

(i) T is Hermitian if and only if [T'] g g is Hermitian,

(ii) T is skew-Hermitian if and only if [T'| g p is skew-Hermitian,

(iii) Tis unitary if and only if [T'| g g is unitary,

(iv) T is normal if and only if [T'| 5 g is normal.

Proof.

(i) Let T is Hermitian. Then T' = T'*, and hence from Theorem - 6.3.7,

Tpp=I[T"pp= [T]};,B' Thatis, [T'| g 5 is Hermitian.
Conversely, suppose [T] B,p is Hermitian. Then from Corollary -6.3.8,

[T]E,B =[T]pp=T"=T.
Similarly, remaining parts follow and left as an exercise. O

The following result establishes a beautiful connection between the notion of adjoint of a
linear transformation with that of adjoint of a matrix.

Corollary 6.3.10.

Let A be an m X n matrix with entries in a field F. Then L’y = L 4~ and (AX,Y) = (X, A*Y)
VX,Y € F".

Proof.

We have that L4 and L 4+ are linear transformations on F'". Also, if B is an standard basis of F'",
then [L4lpp = A and [L4:|p p = A", where A* is the tranjugate of the matrix A.

Now from Theorem -6.3.7,

[Ljﬂ BB — [LA]*B,B = A" = [LA*]B’B, and hence L% = Ly-.



For column vectors Xand Yin F'™,
<LA(X)7Y> = <X> LZ(Y)> = <X7 LA*(Y)>'
Since L(X) = AX and L4+(Y) = A*Y,wehave (AX,Y) = (X, A*Y)VX,Y € F". O

By replacing operators T3 and T with n-square matrices A and B, respectively, we obtain
Theorem - 6.3.5 in matrix form. That is:

(i) (A+ B)" = A* + B*,

(ii) (kA)* = kA*,

(iii) (AB)* = B*A*,

(iv) (A*)* = A,

(v) I = I,,, where I, is the identity matrix,
(vi) 0* = 0, where 0 is the zero matrix.

Theorem 6.3.11.
Let T': V' — V be an operator on a finite- dimensional inner product space V over the field F. Then the
following statements are equivalent:

(i) T is unitary (orthogonal),

(ii) (T'(u), T(v)) = (u,v), forall u,v € V,
(iii) IT(uw)|| = ||u|| Vu € V.

Proof.

(i) = (ii)

Since Tis unitary, TT* = T*T = I. Hence,
(T(u),T(v)) = {(u, T*T(v)) = (u,I(v)) = (u,v), forallu,veV.
(i) = (i)
lrl* = (Tw), 7)) = (uyu) = ffull?
= @l = )| vuev.
(iii) = (i)
lr@ll” = jul? = (T(), Tw) = (w,u)

= (u, T*T(u)) = (u,I(u)) Vu
=TT =1.

Since Vs finite-dimensional TT"* = I.Hence, Tis unitary. 0O
If Ais an n-square unitary (orthogonal) matrix, then from Corollary - 6.3.10,
(AX,AY) = (X,A*AY) = (X,Y) VXY € F".

Hence, from above theorem we have the following.



Corollary 6.3.12.

Let A be an n-square matrix. Then the following are equivalent:

(i) A is unitary (orthogonal).
(i) (AX,AY) =(X,Y)VX,Y € F".
(iii) |AX]| = | X|| VX € F™.

Theorem 6.3.13.
Let V be a finite-dimensional inner product space. Then a linear operator T' : V' — V is unitary
(orthogonal) if and only if it takes an orthonormal basis of V into an orthonormal basis.

Proof.
Let {v1, Vs, ..., v, } be an orthonormal basis of V. If T is unitary, then
(T(vi), T(vy)) = (vi,v5) = byj.

Hence, the set {T'(vy), T'(va), - - ., T'(v,,) } forms an orthonormal basis of V.
Conversely, suppose that {vy, vs, . .., v, } and {T(v1),T(vs),...,T(v,)} are orthonormal
bases of V. Then for u,v € V,

(T(u), T(v))= <T (Z a) T (Z b) >
= <z:l: a;T(vs), z:l: biT(vi)>,

where a; = (u,v;) and b; = (v, v;).
Since {T'(v1),T(vs),...,T(v,)} is an orthonormal basis,

(T(vi),T(vj)) = &ij.

Hence, (T'(u), T(v)) = 37 | a;b;.
Also, (u,v) = (-7 avi, o7 bivi) = 3" a;b;. Thus, (T(u), T(v)) = (u,v) implies that T
isunitary. O

Corollary 6.3.14.

Any two n-dimensional complex inner product spaces are isomorphic as inner product spaces.

Proof.

Let U and V be two complex inner product spaces of dimension n. Then there exist orthonormal
bases {u1,u2,...,un} and {v1,v2,...,v,} of Uand V, respectively. Define an isomorphism
T : U — V such that T'(u;) = v; Vi. Then from the proof of the above theorem, we get that T
preserves the inner product. Hence, Tis an inner product space isomorphism. O

Since C" is an n-dimensional complex inner product space, we have the following corollary.



Corollary 6.3.15.

An n-dimensional complex inner product space is isomorphic as an inner product space to C".

Theorem 6.3.16.
Let A be an n-square matrix. Then the following statements are equivalent:

(i) A is an unitary (orthogonal) matrix.
(ii) The columns of A form an orthonormal set of vectors.
(iii) The rows of A form an orthonormal set of vectors.
Proof.
(i) < (i)
Let A = [X; X5 --- X,], where X; are column vectors in F'™. Then

X7 X7 X1 XX,

X5 X5 X1 X5X,

A = | and A*A=
X X X1 X)X

XX,
XX,

XX,

Thus, A*A = I, ifand only if X X; = §;;. Hence, A is unitary if and only if columns of A form an

orthonormal set of vectors.
(i) < (i)

Since A*A = I, implies AA* = I,,, we have (i) < (iii). O

Example 6.3.17.

(a) Let T : R? — R? be a linear transformation defined by T'(z,v) = (z,z + ).

Let us workout what T* : R2 — R2 js.

Let (s, t) be any vector in R2. Then (T'(z,y), (s,t)) = {(z,y), T*(s,t)), for all

(z,y) € R%
<(:B,£E + y)? (Svt)>: <(£L‘,y),T*(S,t)>,
s + ot + yt= ((z,9), T"(s,1)),
(s +t)z +yt= ((z,9),T"(s,1)),
<(m,y), (3 +t, t)>: <(:L‘,y),T*(S,t)>

Hence, T*(s,t) = (s + t,1).

, forall (z,y) € R

Let B be the standard orthonormal basis of R2. Then the matrix

1 0

M=,y wd [,

Thus, we have [T*]B7B = [T];,B = [T]fB,B'

(b)

Let T : C2 — C? be a linear transformation defined by

b

T(z,y) = (3z + 5iy, iz — 2iy). Let (s,t) € C? be any vector such that



_f_f(m,y), (5,8)) = {(z,9), T*(s,¢)) V(z,y) € C°.

<(3a: + biy, iz — 2iy), (s, t)>

= (3z + 5iy)s + (iz — 2iy)t

= (35 +it)z + (5is — 2it)y
z(3s + it) + y(5is — 2it)
x(3s —it) + y(—bis + 2it)
((z,9), (3s — it, —bis + 2it))
= ((z,y),T*(s,t) V(z,y) € C*).

Hence,
T*(s,t) = (3s —it, —bis + 2it) or T*(z,y) = (3z — iy, —bix + 2iy).
If B is the standard basis in C2, then

o, [P0 $ |3
BE= | g BBE= | 5 9|

Thus, [T*]p 5 = [T -

Note that to compute T'* for a given linear operator T it is easy to compute the
matrix [T'] 5  with respect to standard orthonormal basis B and then compute

T* using the matrix [T]*B,B'
Example 6.3.18.
Let Ty : C® — C3 be a linear operator defined by

Ti(z,y,2) = (x + (1 — i)y + 22, (1 + i)z + 3y + 32, 2z — iy). Then the matrix of T; with
respect to the standard basis B of C3 is

1 1—1¢ 2
[Tl]B,BZ 144 3 7
2 — 0

is Hermitian. From the result that T is Hermitian if and only if the matrix [T]B’B is Hermitian, we
have that T} is Hermitian.

Similarly, the operator T5 on C? defined by Ts(z, y, z) = (iz, iz, iy) is skew-Hermitian and
unitary both. The operator T3 on R? defined by

T3(z,y, 2) = (x + 2y + 32,2z + y + 4z, 3z + 4y) is symmetric. The operator Ty on R3
defined by Ty(z,y, z) = %(m + 2y + 22,2z + y — 2z, —2x + 2y — z) is orthogonal.

Theorem 6.3.19.
Let T be an operator on a complex inner product space V. Then T is Hermitian if and only if
(T(v),v) e RVveV.



Proof.

Suppose Tis Hermitian. Then (T'(v),v) = (v, T*(v)) = (v, T(v)) = (T'(v), v). This shows that
(T(v),v) e RVYve V.

Conversely, suppose that (T'(v),v) € R Vv € V.Then (T(v+ w),v + w) € RVv,w € V.
Hence,

(T(v+w),v+w)= (T(v) + T(w),v + w)
= (T(v),v) + (T(v),w) + (T(w),v) + (T(w),w) € R VYo,we V.
Since (T'(v), v), (T(w),w) € R, we have
(T(v),w) + (T(w),v) ER Yv,weV. (6.1)
Again, since v + iw € V, we have (T'(v + iw), (v + iw)) € R. Then

(T(v + iw), (v + iw))
= (T(v),v) + (T(v), iw) + (iT(w),v) + (iT(w), iw)
= (T(v),v) — (T (v),w) + i(T(w),v) + zz<T(w w)
= (T(v),v) + (T(w),w) +i((T(w),v) = (T(v),w)) € R.
Since (T'(v),v) + (T'(w),w) € R, i({T(w),v) — (T'(v), w)) € R. This implies that
(T(w),v) — (T(v),w) Yv,weV (6.2)

is purely imaginary.

Notice thatif 21 = @1 + 2y1 and 22 = x2 + 1y2 are two complex numbers such that

z1 4+ z2 € R and z1 — 23 is purely imaginary, then

zi+z2t+i(y1 +y2) ER=y1+y2=0=y1 = —y2 and 1 — x2 + i(y1 — y2) purely
imaginary = 1 —x9 = 0 = 1 = ,.

Hence, 21 = x1 +1y1 and 2o = &1 — 1y; = 21 = 29.

Thus, from equations (- 6.1) and (- 6.2) we have (T'(v), w) = (T'(w), v) = (v, T(w)) Yv,w € V
. Hence, Tis Hermitian. 0O

Corollary 6.3.20.

Let T be a Hermitian linear operator on a finite-dimensional complex inner product space V. Then:

(i) I + 3T is invertible;

(i) I — iT is invertible;

(iii) (I +4T)(I —iT) " is unitary.

Proof.

(i) Since Vis a finite-dimensional inner product space, it is sufficient to show that

I 4 T is injective. Let v € Ker(I + ¢T"). Then
(I +:T)(v) = I(v) +iT(v) = v+iT(v) = 0 = v = —iT(v). Since
(v,v) € R,



(ii)
(iii)

Exercises

(6.3.1)

(6.3.2)

(6.3.3)
(6.3.4)

(6.3.5)

(v,v) = (=T (v),v) = —i(T(v),v) € R.

Since T is Hermitian, from the above theorem we have that (T'(v),v) € R

Vv € V. Hence, —i(T(v),v) € R = (T'(v),v) = 0.Then (v,v) = 0, and so

v = 0.Thus, Ker(I 4 ¢T") = {0}. Hence, I + ¢T is invertible.

As in part (z), we get (I —iT')(v) = 0 = v = iT(v) and (v,v) = i(T'(v),v) Vv.
Hence, Ker(I —iT") = {0}.

Since I + @1 and I — T are operators, we have

*

(I +4T)I —4T) ") = (I —4T) ") (I +iT)" = (I —4T)")~
= ((I* —iT*)) " (I" +iT*) = (I +iT) (I — iT).

NI +4iT)"

Then
((I+4T)(I —4T) ™) (I +4T)(I —iT) = (I +4T) (I —iT)(I +iT)(I -
= (I+iT) (I +iT)I —iT)(I —

It is easy to verify that (I —3T")(I +¢T) = (I + ¢T)(I — iT'), which is used in
the above step.

similarly, (I +4T)(I —iT) (I +4T)(I —iT)™Y)" = I. Hence,

(I +iT)(I —iT) ' is unitary.

Find the adjoint of 7' : R® — R?® defined by:

(i) T(z,y,2) = (. +2y — 2z,—2x + z,z + 3y — 52),
(ii) T(z,y,2) = (z+ 4,y +2,2+2),

(iii) T(x,y,2) = (z+y+z,z—y—2z3y),

(iv) T(z,y,2) = (2,y,x).

Find the adjoint of T : C3 — C3 defined by:

(i) T(z,y,2) = (iz, —iy, 2),

(ii) T(z,y,2) = (x+ (1 +i)y—iz, (1 —d)y+ (1 +17)z iz — i
(i) T(z,y,2) = (1 + 20)x + y+ 2iz, —iz + (3 + 44)z, —iy + i
(iv) T(ac, Y, 2) = (x + iy, ix + 21z, biy).

If Tis an invertible operator, then show that (T~1)* = (T*) .

Show that the operator T': C3 — C3 defined by

T(z,y,2) = 2z + (3 + 2i)y — 42, (3 — 24)x + by + 6iz, —4x — 6iy + 32)
is Hermitian and ¢7" defined by ¢T'(z, y, z) = T'(iz, iy, i2) is skew-

Hermitian.

Show that the operators T; and T5 on C? defined by

Ti(z,y) = 5 (iz + v/3y,v/3z + iy) and

Ty (z,y) = %(m + (1 +4)y, (1 — i)z — y) are unitary.



(6.3.6)

(6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)
(6.3.11)

(6.3.12)

(6.3.13)

Show that the operators T; and Ty on R? defined by

T\ (z,y,2) = (—2x + by + 42,5z + Ty + 52,4z + 5y + 3z) and
Ty(z,y, 2) = (2y + 5z, —2z — 3z, —5x + 3y) are symmetric and skew-
symmetric, respectively.

Show that the operator T on R3 defined by

T(e,,%) = (3 + 3u+ 2z 2o+ 4 — 32— 2a+ 2y La)s

orthogonal.

Let V be a real inner product space. Then show that (i) the set of symmetric
operators on V and (ii) the set of skew- symmetric operators on V form a
subspace of the vector space of linear transformations on V.

Let V be a complex inner product space. Then show that (i) the set of
Hermitian operators on V and (ii) the set of skew-Hermitian operators on V
are subgroups but not subspaces of vector space of linear transformations
on V.

Show that T is Hermitian if and only if 7" is skew-Hermitian.

Show that for a Hermitian linear operator T, kT is Hermitian if and only if k
is real.

Show that for a skew-Hermitian linear operator T, kT is skew-Hermitian if
and only if k is purely imaginary.

If Tis a skew-Hermitian operator on a finite-dimensional complex inner
product space, then show that I + 7" and I — T are invertible.



7 Determinant, eigenvalues and diagonalization of
matrices

In this chapter, we delve into the fundamental concepts of determinants, eigenvalues and
diagonalization of matrices, which have broad applications in mathematics, physics and
engineering.

7.1 Determinant of a matrix

The determinant of an n-square matrix A is a number, which depends in a complicated way on the
entries of A. The determinant of A is denoted by det (A) or |A|. Despite the complicated
definition, the determinant of a matrix has some very remarkable properties, especially with
regard to matrix multiplication, and row and column operations. Since the topic determinant is a
part of the subject something called exterior algebra, which is beyond the scope of this book, we
will not be able to give the proof of many of these remarkable properties here. So, we will write
some results without their proofs.

The determinant of any square matrix is defined recursively, that is, the determinant of a large
matrix is defined in terms of the determinant of smaller matrices. Before defining the
determinant of a matrix, we give the definition of a submatrix.

Definition 7.1.1.

Let A = [a;;] be an n-square matrix. Then the matrix A;; of order (n — 1) X (n — 1) obtained
from A by removing the i-th row and j-th column of A is called a submatrix of A.

For example, let

1 2 3
A= -1 0 2,
3 2
be a 3-square matrix. Then
[0 2] -1 2 -1 0
A= ) A = 5 Az = )
11 4 2] 12 '3 2] 13 l?’ 4}
2 3] 1 3 1 2
Ao= Aoy = Aoa =
21 4 2_, 22 3 2}, 23 {3 4]»
2 3] 1 3 1 2
Agz= o0 2] Asy = 1 2] and Az = l—l 0]

are submatrices of the matrix A.
Now, we define the determinant of a square matrix.



Definition 7.1.2.

Let A = [a;;] be an n-square matrix. Then

(i) forn =1, A = [a11] and det (A) = a11, and
(i) forn > 2,det (4) =37, (=1)"ay; det (Ay;).
For example, if A = [6], then det (A) = 6.
If
4 lan a12],
az Qa2

then det (A) = (—1)1+1a11 det (AH) + (—1)1+2a12 det (Alg) = a11Q99 — A12G91. That s, if

4 la b]
c d
is any 2x2 matrix, then det (A) = ad — be.
If
1
A= -3 5 )
6
then

det (A)= (—=1)"ay; det (A11) + (=1) a1, det (A12) + (—1) ays det (A13)

W) det(B [2)D+(—1)(2) det(l_;’ [2)}>+(1)(4) det({—; ZD

= ()M (=4) + (=1)(2)(-12) + (1)(4)(-36)
= —124.

The definition of the determinant is given by using the expansion along the first row of the
matrix but the determinant of the matrix can be computed by expanding along any row or
column of the matrix. That is clear from the following theorem whose proof is omitted.
Theorem 7.1.3.

Let A = [ai;] be an n-square matrix. Then

det (A)= Z (=1)"a;; det (A;j) (expansion along i-th row)
=1

n
= Z (=1)"a;; det (A;) (expansion along j-th column).
i=1
The above theorem provides an amazing thing that the determinant of a matrix can be

obtained by expanding along any row or column. In the following example, the determinant of the
given matrix is computed along first row expansion and along third column expansion both.



Example 7.1.4.

Let
2 0 -1
A= 3 2 1
-2 3 4

Then the determinant of the matrix along:

(a) The first row expansion is

det (4)= (—1)""(2) det qg ﬂ) +(=1)"7%(0) det (Ez ﬂ)

(1) (—1) det <[_32 gD
= (1)(2)(5) + 0+ (1)(—1)(13)

= -3.
(b) The third column expansion is
13, 3 2 243 2 0
det (A)=(—1)""°(—1) det ([_2 3]) +(=1)""(1) det <l_2 3])

+(=1)*"3(4) det (E gD
n

= (D)(=1)(13) + (=1)(1)(6)
= —3.

From Theorem - 7.1.3, the following result immediately follows.

Corollary 7.1.5.

Let A be an n-square matrix. Then det (A) =det (A").

Example 7.1.6.

(a) Let A = [a;;] be an n-square matrix whose i-th row is zero. Then det (A) = 0.
By expansion along ith row, det (A) = Y7 | (—1)"a,; det (4;;). Since i-th

row of A is zero (a;; = 0) Vj,

n

det (4) = (—1)"7(0) det (A;;) = 0.

=1

Similarly, det (A) = 0 if j-th column of A is zero.
Thus, the determinant of an n-square matrix A is zero if its at least one row or
column is zero.



(b)

(c)

Theorem 7.1.7.

Let
aiz; Qa2 a3 - Qip
0 azp axsy -+ az
A= O 0 as -+ a3 |
0 0 0 - au

be an upper triangular matrix. Then to evaluate det (A) we use expansion along
first column. Since there is only one nonzero entry in the first column

det (A) = (—1)'"aq; det (A11) = a11 det (A1), where

@z @3 Q-+ a
0 a3z az -+ asy

Ay= 0 0 ay -+ asw —pB (say),
O O 0 ¢ a/nn

is an upper triangular matrix. Then det (A11) = ag2 det (Bi1), where By is
again an upper triangular sub matrix of A11, and hence

det (A) = ai1a9 det (Bll)-

Proceeding in this fashion, we get det (4) = a11a22 - - ann.

In particular, let

w W
—

A—

Then det (A) =2 x 3 x 5 = 30.

If A is a lower triangular matrix, then A? is an upper triangular. In this case,
det (A) =det (A*) = Product of diagonal entries of A.

Thus, the determinant of an upper triangular matrix, lower triangular matrix or
diagonal matrix is equal to the product of diagonal entries of the matrix.

If I, is the identity matrix, thendet ([,) =1 x 1 x1x---x1=1.

If B is the matrix obtained from an n-square matrix A by interchanging any two rows or columns, then
det (B) = — det (A).

Proof.

To prove the result, we use the principle of mathematical induction on n.

Forn = 2, let

A— lall 6112].

az1 a22



Then

B— [021 021.
ail ai2
NOW, det (A) = aj11Q9 — 12421 and det (B) = a12091 — A11A29 = —(CL11(122 — 0,120,21).
Hence, det (B) = — det (A). Thus, the result is true for n = 2.

Suppose the result is true for all I-square matrices. Let A be a (I 4+ 1)-square matrix and let B be
the matrix obtained by interchanging any two rows or columns of A. To compute the determinant
of B, we use the expansion along an unchanged k-th row of B. Then

det (B)= Y  (~1)""ay; det (By;)

= (—1)*a det (Bi) + (—1)"ayy det (Bra) + -+ + (—=1)* "Vay, det (By

Since By; are I-square submatrices of B, which are equal to I-square submatrices Ay; in the form

of interchanged rows for all 7 = 1,2,...,l+ 1. Then by the induction hypothesis
det (Bk]) = — det (Ak])
Hence,

det (B)= (—1)""ap(=1) det (A1) + (—1)"2ara(—1) det (Azg) + - --
H(=1) a0 (—1) det (Aggy)

(1+1)

(~1) 3 (-1 ay; det (Axy)

=1
= — det (A).

Thus, the result is proved for n = k 4 1. Hence, by the method of mathematical induction, the
theorem is proved.
Similarly, the theorem can be proved for column interchanged matrices. O

For proper understanding the proof of the above theorem consider the matrix

1 2 3 5 1 2
A= 2 4 -1 andthematrix B= 2 4 -1 ,
5 1 2 1 2 3

which is obtained by interchanging the first and third rows of A. Since the second row of B remains
unchanged, meaning the second rows of both matrices A and B are identical, we use the
expansion along this row to calculate the determinant of B. Then



det (B)= (—1)*"(2) det (Ba1) + (—1)*"2(4) det (Bss) + (—1)*"(—1) det (Bas)

(=1)*"(2) det (B g]) + (—1)*"2(4) det (ﬁ 2]) 4 (—1)2(<1) det qf

ey an (2 3]) ey an (D)
+(—1)2"3(=1)(=1) det (ll 2})

5 1
= (=1)*"1(2)(—1) det (Az1) + (—1)*"2(4)(—1) det (Ag) + (—1)*"*(=1)(—1) det (
= —[(~1)*"1(2) det (A21) + (~1)*"2(4) det (A22) + (—1)*"*(—1) det (Aa3)]
= — det (4).

Thus, det (A) = —63 and det (B) = 63.
Corollary 7.1.8.
Let A be an n-square matrix with two identical rows (columns). Then det (A) =0.
Proof.

Suppose r-th and s-th rows (columns) of matrix A are identical. If we interchange r-th and s-th
rows (columns) of A, A remains unchanged but from above theorem det (A) = — det (A).
Hence, det (4) =0. O

For example, if

4 -3 2
A= 2 1 0,
4 -3 2

then det (A) = 0.

Theorem 7.1.9.

Let A be an n-square matrix and let B be a matrix obtained from A by multiplying each entry of i-th row
(column) of A by a scalar s. Then det (B) = s det (A).

Proof.

The determinant of B along the i-th row expansion is

det (B) = (—1)""say; det (Bj;) = s> _ (—1)""a;; det (By).
j=1 j=1

Since rows of A and B except i-th row are equal, B;; = A;; Vi.
Then det (B) = s Z’J?Zl (—1)"7a,; det (A;;) = s det (A). The proof in the case when Bis
obtained from A by multiplying s in a column of Ais similar. O

For example, let



Then

1
det (B) =12 = 6 det (l
3 8

D = (6)(2) = 12.
Hence, det (B) = 6 det (A).

Corollary 7.1.10.

Let A be an n-square matrix. Then det (sA) = s™ det (A), where s is an scalar.

Proof.

The matrix sA is obtained by multiplying all the rows of A with s. Hence, from above theorem,

det (sA) = (s)(s)---(s) det (A) = s™ det (A). O

For example, let

2 0 -1
A= 3 2 1
-2 3 4

Then det (A) = —3 and det (5A4) = 53 det (A) = 125(—3) = —375.

Example 7.1.11.

Let
a1 a2 ais ai a2 a3
A= ay ayp ay and B= (ayn +lay) (ax+lap) (axs+las)
asy G32 0as3 asi as2 ass

be obtained by multiplying / in first row and adding it to second row of A.
Then the determinant of B along the second row expansion is



det (B)= (—1)*""(ag1 + la11) det (Bay) + (—1)°"*(ass + layy) det (Byy)
+(—1)*" (a3 + lai3) det (Bas3)
= [(—1)ax det (Ba) + as det (Ba2) + (—1)(azs det (Bas)] +1[(—1)ai; det (Ba)
+ai2 det (Ba2) + (—1)(a13 det (Bas)]

= {(—1)(121 det (lam alg]) + a9 det <{a11 alﬂ)
a3z ass asyr ass
a a
asr as2
+1 [(—1)041 det ( |:a12 a13:| ) + a9 det < lall 013] )
a3y Qass aszy ass

e de ([ 7))

ann G2 aig

=det (A) + [ det a1l a2 ais along second row expansion
asr as2 ass

=det (A) +1(0)

=det (A).

The following theorem is the generalization of the above example.
Theorem 7.1.12.
Let A be an n-square matrix and let B be the matrix obtained from A by multiplying a row (or column)
by a scalar | and then adding it to another row (or column). Then det (B) =det (A).

Proof.

Suppose B is obtained by multiplying / in r-th row and adding it to s-th row of A = [a;;]. Then the
s-th row of B will be

(asl + larl) + (a52 + lar2) +---+ (a'sn + larn)a

and remaining rows will be same as of A.
Computing det (B) along the s-th row expansion, we get

det (B)= Z (—1)**b,; det (B,;)
=1
= " (=1)*"(ay; + la,j) det (Bs;).
j=1

Since remaining rows of B are the same as rows of A, st = AS]- for all .
Then



(—1)*"(asj + lar;) det (Asj)
1

(—l)s+ja5j det (ASJ) —+ ZZ (—1)s+ja7«j det (ASJ)
j=1

det (B)

J

j
=det (A) + [ det Ay,

where A; is obtained from A by replacing s-th row of A by r-th row. Then det (A1) = 0. Hence,
det (B) =det (A).
Similarly, the theorem can be proved for column cases, also. O

In the following examples, we use above results to compute the determinant of matrices.

Example 7.1.13.

Let

We compute the determinant of A by converting into the upper triangular matrix, using
elementary row operations.
Then



-2 0 1
det (A)=det
3 -2 -1
4 1 2 6
1 3 -2 -1
9 -2 0 1
= — det (from (R; <> R3) and Theorem 7.1.7)
-2 3 0 1
4 1 2 6
1 3 -2 -1
—29 18 10
= — det

0 9 —4 -1
0 —-11 10 10
(from Ry — Ry — 9Ry, R3 — R3 + 2Ry, R4 — R4 — 4R, and Theorem 7.1.12)

1 3 -2 -1
0 1 —18 10
= (—1)(—29) det 2 29
(=1)(=29) 0 9 -4 -1
0 —-11 10 10
(from Ry +— ;—;Rz and Theorem 7.1.9)
1 3 -2 -1
01 3
= 29 det 16 61 (from R3 — R3 — 9Ry, R4 — R4+ 11R»)
0 0 9 29
92 180
0 0 55 59
1 3 -2 -1
0 1 =18 =10
= 29 det Zg ?1) (from Ry — Ry — 2R3)
0 0 59 35
58
00 o0 B
46 58
=29 X1 X1X — Xx— =292

29 29



Example 7.1.14.

1 a 1 b
a 1 b 1
det
1 b1 oa
b 1 a 1
24+a+b 24+a+b 24+a+b 24+a+b
1 b 1
—det ¢ (from Ry — Ry + R + R3)
1 b 1 a
b 1 a 1
1 1 1 1
a 1 b 1
=(2 b) det
(2+a+b)de L b 1 a
b 1 a 1
1 1 1 1
0 1-a b—a 1—a
=(2 b) det
@ratb)det o o 41
0 1-b a—b 1-0b

(fI‘OIIl Ry — Ry — CLR1,R3 — R3 — Rl, Ry — Ry — bR1)
l-a b—a 1-a
=(24+a+b)det b—-1 0 a—1 (by expansion along the first column)
1-b a—b 1-b
l-a -1 1-a
=2+a+b)(a—b)det b—-1 0 a-1 (from Cy — —15C5)
1-b 1 1-0b
2—a—-b 0 2—a—-0»

=(2+a+0b)(a—0)det b—1 0 a-1 (from Ry — Ry + R3)
1-b 1 1-b
1 0 1
=@2+a+b)(a—b)(2—a—b)det b—-1 0 a—1 (from Ry — w1 Ry)
1-b 1 1-b

2+ a+b)(a b)(2—a—b)(—1)3+2(1)det(lbil ailb

= (

(by expansion along C?)
=2+a+b(a-b2-a-b)(-1){(a—1)— (b-1)}
= (a—b)’(a+b+2)(a+b—2).



Example 7.1.15.

In this example, we compute the determinants of the three possible elementary row (column)
matrices.

(a) Let E; be the elementary row (column) matrix obtained by interchanging any two
rows (columns) of I,. Then det (E;) = — det (I,) = —1.

(b) Let E be the elementary matrix obtained by multiplying scalar / in the i-th row
(column) of I,,. Then det (E2) =l det (I,) = (1) = 1.

(c) If E3 is the elementary matrix obtained by multiplying r-th row (column) of I,, by

I and adding it to s-th row (column) of I,,, then by Theorem -7.1.12,
det (E3) =det (I,) = 1.

Thus, the determinants of elementary matrices are nonzero.

Theorem 7.1.16.
If A is an n-square matrix and E is an n-square elementary matrix, then det (EA) =det (E) det (A)

Proof.

We prove the result for all of the three types of elementary row matrices. Let E; be the
elementary matrix obtained by interchanging two rows of I,,. Then E; A is the matrix resulting
from interchanging the corresponding two rows of A. Hence,

det (E1A) = — det (A) = (—1) det (A) =det (E;) det (A).

Let E5 be the elementary matrix obtained by multiplying scalar / to the r-th row of I,,. Then E5 A
is the matrix resulting from multiplying / to the r-th row of A. Hence,

det (EyA) =1 det (A) =det (E3) det (A).

Finally, let E'5 be the elementary matrix obtained by multiplying r-th row by / and adding it to s-th
row of I,,. Then E3A is the matrix resulting from multiplying r-th row by / and adding to s-th row
of A. Hence, det (E3A4) = (1) det (A) =det (E3) det (A).

Similarly, we can prove the result for all three elementary column matrices, and hence the
theorem is proved for all elementary matrices. O

Theorem 7.1.17.
An n-square matrix A is singular if and only if det (A) = 0.

Proof.

Let A be an n-square singular matrix and let B be the matrix, which is the reduced row echelon
form of A. Then

B=FE.E, 1E, 5---FEsF1A, where F1,FE>,...,E, are elementary row matrices.
Hence,

det (B):det (ETET_lE,«_z ce EzElA)
=det (E,) det (E,_1) det (E,—2)--- det (E2) det (E1) det (A).

Since A is singular and B is the reduced row echelon form of A, B must contain some zero rows.
Hence, det (B) = 0.



Also, a determinant of elementary matrices are nonzero, and we have that
0 =det (E,) det (E,_1) det (E,_5)--- det (E3) det (E;) det (A).

Hence, det (A) = 0.

Conversely, suppose that det (A) = 0. We shall prove the contrapositive. Suppose A is
nonsingular. Then by elementary row operations, A can be reduced to the identity matrix I,.
Suppose there exist elementary matrices E, Es, ..., FE,_1, E,, such that

EE, ,---EyE1A=1,.
Then
det (EsE; 1--- EsE1A) =det (I,,),
det (E;) det (Es_1)--- det (E3) det (E,) det (A) = 1.
Since the determinant of elementary matrices is nonzero,

1
det (E;) det (Es—1) - -- det (E2) det (E1)

det (A) = # 0.

This proves that Ais singular. O

Equivalently, we have that an n-square matrix A is invertible if and only if det (A) # 0.
Theorem 7.1.18.
Let A and B be n-square matrices. Then det (AB) =det (A) det (B).

Proof.

We prove the theorem by satisfying the result for both of the cases, singular and nonsingular of A.
Suppose that A is a singular matrix. Then det (A) = 0. Since A is singular, AB is singular. Then
det (AB) =0 = (0) det (B) =det (A) det (B).

Now, suppose that A is a nonsingular matrix. Then by the Gauss-Jordan method, we have

I,=E,E, |---EyFE{A, where Eq,E,,...,E, are elementary matrices.
Then
A=E'E;'--- B
Since the inverse of an elementary matrix is also an elementary matrix,
det (AB)=det (E;'E,"---E;'B)
=det (E; ') det (E,")--- det (E, ") det (B)
(By

=det (E;'E,"---E;") det (B)
=det (A) det (B).



Definition 7.1.19.
Let A = [ai;] be an n-square matrix. Then Cy; = (—1)""7 det (Aj;) is called the cofactor of a;;.

Example 7.1.20.

Let
2 0 -1
A= 3 2 1
-2 3 4
Then
1+1 2 2 1
011: (—1) det (All) = (—1) det 3 4 = 5,
1+2 3 3 1]
012: (—1) det (A12) = (—1) det 9 4 = —14,
143 4 3 2]
Ci3= (—1) det (A13) = (—1) det 9 3 =13,
241 3 [0 —1]
021: (—1) det (Agl) = (—1) det 3 4 = —3,
242 4 [ 2 -1
C22: (—1) det (.A.22) = (—1) det 3— _9 4 6,
2+3 5 [ 2 0]
023: (—1) det (A23) = (—1) det _9 3 = —6,
3+1 4 [0 —1]
Cs= (—1) det (A31) = (—1) det 5 1 =2,
3+2 5 2 —1]
032: (—1) det (Agg) = (—1) det 3 1 = —5,
3+3 6 2 0
Cy3=(—1)""" det (A33) = (1) det 3 ol )= 4,

are cofactors of A.

Let

ailz Qa2 a3
A= a2 axn a2
az; asz agzs

be a 3-square matrix.

Then the expression



(—1)* M ag dgr + (—1)*Pagdsy + (—1)*Pags Asg
= a21C21 + a22C% + a23Cs3,

represents the det (A), obtained by expansion along the second row.

In the above expression, if we replace a21, a22, a23 by ai1, a12, a13, respectively, we get
(=1)*a11 49 + (—1)°Pa1dan + (=1)* a3 A,

which is the determinant of the matrix

ai; a2 a3
A= an a2 ais ,

az; asz ass

computed along the second row. Since first and second rows of matrix A; are identical,
det (A1) = 0. Hence,

0= (—1)2+1‘111A21 + (—1)2+2a12A22 + (—1)2+3a13A23
= a11021 + a12C% + a;13C53.

Similarly, we get

23: c {det (4), ifi=j,
aikC ik = oo - .
] ! 0, if 1 # 7.

In view of above discussion, we have the following theorem.
Theorem 7.1.21.
Let A = [a;;] be an n-square matrix. Then

(a) n {det (4), ifi=yjy,
#Cik = A
kzz;ak ” 0, if i # j,

in case of expansion along a row,

(b) e
det (A), ifi=j

ariCrj = { A
; 0, if i # j,

in case of expansion along a column.
Definition 7.1.22.

Let A = [a;j] be an n-square matrix. Then transpose of the matrix



C’11 C’12 to C’ln
C’21 022 to C2n

Cnl Cn2 e Cnn
where C;; are cofactors of A is called the adjoint of A, denoted by adj(A). Thus, adj(A4) = [C’ij]t.

Example 7.1.23.

Consider the matrix

2 0 -1
A= 3 2 1
-2 3 4

given in Example -7.1.20. Then

adj(A)= Cxn Co2 O3

C31 Cs Cs

5 —14 13 °
= -3 6 —6

2 -5

5 -3 2
= —-14 6 -5 .

13 -6 4

Theorem 7.1.24.
Let A = [ai;] be an n-square matrix. Then A adj(A) = adj(A)A =det (A)I,.

Proof.

Given that A = [a;;], an n-square matrix. Then

Cii Ciz -+ Cin ' Cu Cun - Cm

021 022 Tt CZn 012 022 e Cn2
adj(4) = | =

Cnl Cn2 te Cnn Cln C2n et Cnn

Hence,



a1z Qa2 -+ Qip Cnu Oy
Qg1 Q2 -+ Q2p Ci2 COx
Aadj(A)=
anl Qan2 e QAnn Cln C2n
> 71010 X% a1;05;
d51a2iChy D70 a0
Y1 aniCry Y00 aniCoj
det (A) 0 0
0 det (A) 0
0 0 det (A)
0
1 0
=det (A)
o0 --- 1
=det (A)I,.

Similarly, we can prove that adj(A)A =det (4)I,. ©

Corollary 7.1.25.

Ifdet (A) # 0, then A s invertible and A~! = ﬁm)adj(A).

Proof.

From the above theorem, we have A adj(A) =det (A)I,.Since det (A) #0, A

Hence, A~! = ﬁm)adj(A). O

Example 7.1.26.

Consider Example - 7.1.23. Then
2 0 -1

A= 3 2 1 and adj(4) =

-2 3 4

Hence, from the result A~ = madj(A), we have

n . .
Zj:l a1;Cn;
n . .
Zj:l a2jChj

Cnl
Cn2

CTL’IL

n . .
> j=1 an;jCnj

adj(4)
dei(A) = In.




-5 —2
L, 5 82 3 1 5
-1 _ _ 14 5
Al=— -1 6 5 = 2
13 -6 4 18 9 4
3 3

where det (4) = —3.

Theorem 7.1.27.
If A and B are n-square matrices such that AB = I, then BA = I,.

Proof.

Since det (AB) =det (A) det (B) =1, det (A) # 0, det (B) # 0. Hence, Aand B are
invertible matrices. Since B is an invertible matrix, there exists a matrix C such that BC = I,,.
Now, BA = (BA)I,, = (BA)(BC) = B(AB)C =BI,C=BC=1,. O

Thus, from the above theorem it is clear that to prove that a matrix B is the inverse of a matrix
A, it is sufficient to show that AB = I,, except AB = BA = I,,.

Example 7.1.28.

If A and B are n-square similar matrices, then det (A) =det (B).

Since A and B are similar matrices, there exists a nonsingular matrix P such that A = P~ BP.
Then

det (A) =det (P 1BP) =det (P !) det (B) det (P) =det (B) det (P~!) det (P) =det (B

Example 7.1.29.

If Ais an n-square invertible matrix, then:

(i) det (adj(A)) = (det (4))" ', and
(ii) adj(adj(A)) = (det (A))"2A.
(i) From Theorem - 7.1.24, we have
det (4) 0 -~ 0
0 det(4) --- 0
Aadj(A) = adj(A)A =det (A)I,, = .
0 0 .-~ det(A)

Hence,



det (A(adj(A)))=det (A) det (adj(A))

det (A) 0 0
0 det (4) --- 0
=det
6 0 - det (4)
= (det (A))".

Thus, det (adj(A4)) = (det (4))" .
(ii) Denote adj(A) = B. From Theorem -7.1.24, we have

adj(B)B =det (B)I,
which implies
adj(B)BA =det (B)I,A
= adj(B) adj(A)A =det (B)A
= adj(B)(det (A)I,) =det (B)A
—det (A)adj(B) =det (adj(A))A4 = (det (4))" " A.
Therefore, adj(B) = (det (A4))" %A, and hence

2

adj(adj(A4)) = (det (4))" " A.

Example 7.1.30.

Let A be an n-square skew-symmetric matrix. In this example, we discuss the determinant of A.
Since A is skew-symmetric, A* = —A.
Thus,

det (A*) =det (—A) = (—1)" det (A).
Since det (A?) =det (A), from the above equation we have
det (4)(1 - (-1)") =0.

Thus, either det (A) = 0, or (—1)" = 1. In other words, the determinant of a skew-symmetric
matrix is 0 whenever its dimension is odd.

If the dimension of a skew-symmetric matrix is even, then we cannot say anything about its
determinant.

Exercises

(7.1.1) Find the determinants of the following matrices:






(7.1.7)

(7.1.8)

(7.1.9)

(7.1.10)

(7.1.11)

(7.1.12)

(7.1.13)
(7.1.14)
(7.1.15)

(7.1.16)

(i) A (i) B (iii)34 -5B (iv) AB (v) BA (vi) A’B(vii)AB>.
Let A = [a;;], where a;; = (—1)"" and

1, if i+ jiseven,
B =[bl, whereb;; = {0 otherwise

be matrices of order 4x4. Then find the determinant of the following
matrices:

(i) A (i) B (iii)34 5B (iv)AB (v) BA (vi) A’B (vii)AB%.

Find all the values of t such that the matrix

1 0 4
A= 0 4+t -2
0 1 t

is nonsingular.
Find all the values of a so that the matrix

a 2 0
A= a2 3 -1
1 1 1

is singular.

Prove that the determinant of an n-square real skew-symmetric matrix is
zero if nis odd.

Let A and B be n-square matrices. Test whether

det (A + B) =det (A)+ det (B) is true. If so, then give a proof. If not,
then give a counterexample.

Find the cofactor, adjoint and also the inverse of the following matrices:

3 -1 -2 1 3 0
A= 0 0 -1, B=0 5 1
3 -5 0 4 -1 2

If the matrix A is invertible, then show that adj(A) is also invertible. Is the
converse true? Support your finding.

Suppose that A is a 3-square invertible matrix with determinant 5. Find the
det (adj(4)).

Suppose that A is a 4-square invertible matrix such that det (adj(A4)) = 27
. Find the determinant of A.

Show that the determinant of an orthogonal matrix is +1.



7.2 Eigenvalues and eigenvectors (of linear transformations and
matrices)

Eigenvalues and eigenvectors provide a powerful framework for understanding the properties
and behavior of matrices and linear transformations. They offer valuable insights into stability,
dynamics and structural properties, making them indispensable tools in the study of linear
algebra and its applications.

Understanding eigenvalues and eigenvectors is foundational in linear algebra and has broad
implications across diverse fields.

Definition 7.2.1.

Let V be a vector space over a field Fand let T' : V' — V be a linear transformation. A scalar

A € Fis called an eigenvalue of T if their exists a nonzero vector € V such that T'(z) = Az.
If A is an eigenvalue of T, then any nonzero vector € V satisfying T'(z) = Az is called an
eigenvector of T associated to A.

Eigenvalues are also called characteristic values or characteristic roots or latent roots or proper
values.

Example 7.2.2.

(a) Let I : V — V be the identity linear transformation. Then I(z) = z, Vz € V.
This shows that 1 is the only eigenvalue of I and all nonzero vectors of V are
eigenvectors associated to eigenvalue 1.

(b) The zero linear transformation 0 : V' — V' is defined by 0(z) = 0 = 0. z,

Vx € V. Hence, 0 is the only eigenvalue of the zero linear transformation and
every nonzero vector of Vis eigenvector associated to 0.

(c) Let T : R?2 — R? be a linear transformation, which rotates every vector
counterclockwise by 4. This rotation in R? moves every vector in such a way that
no vector is taken to a scaling of itself. In this case, T has no eigenvalue, and hence
no eigenvector. In general, rotation linear transformation is defined as
T(z,y) = (x cos  — ysin 0, z sin 6 + y cos 6).

Theorem 7.2.3.
Let V be a vector space over a field Fand let T' : V' — V be a linear transformation. Then:

(i) forall k # 0, kx is an eigenvector of T associated to eigenvalue A if x is an eigenvector
of T associated to A;

(ii) eigenvalue A, associated with an eigenvector x is unique;

(iii) A € Fisan eigenvalue of T if and only if T' — I, where I is the identity linear
transformation is singular;

(iv) T is singular if and only if one of its eigenvalue is zero.

Proof.

(i) T(kx) = kT (z) = kAx = A(kz). This implies that kx is an eigenvector of T
associated to eigenvalue A.

(ii) Suppose T'(xz) = A1x = Asx. Then

0=T0)=T(z—z)=T(x) —T(x) = Mz — Aoz = (A1 — A2)xz = A1 — Ay



or x = 0. Since x is an eigenvector, x # 0. Hence, A1 — Ay = 0 = A\; = Ao.

(iii) If A is an eigenvalue of T, then there exists a nonzero vector € V such that
Tx)=Xx=M(z)=T(x) - M(z)=0=(T—-A)(z)=0=T—-Xis
singular.

Conversely, suppose that T' — AI is singular. Then there exists a nonzero vector
z € Vsuchthat (T — A)(z) =0=T(z) — AI(z) = 0= T(z) = \z.
Hence, A is an eigenvalue of T.

(iv) It follows from (iii) by taking A = 0. O

It is shown in Theorem - 5.3.2 that if A = [a;] is an n-square matrix with entries in a field F,
then there exists a linear transformation L4 : F — F™ defined by L 4(X) = AX such that
[LA]B,B = A, where B is the standard ordered basis of F'". Suppose A € F'is an eigenvalue of
L 4, then there exists a nonzero column vector X € F™ such that L4(X) = AX = \X.
Accordingly, we have the following definition.

Definition 7.2.4.

Let A be an n-square matrix with entries in a field F. Then scalar A € F'is called an eigenvalue of A
if there exists a nonzero column vector X € F" such that AX = AX.

For an eigenvalue A, any nonzero column vector X satisfying AX = AX is called an eigenvector
associated to A.

If X is an eigenvector of A associated to eigenvalue A, then A(kX) = kAX = kAX = A\(kX),
and shows that kX is also an eigenvector associated to A, k = 0 € F'. Also, every eigenvalue A of
A associated with an eigenvector is unique.

Theorem 7.2.5.
Let A be an n-square matrix with entries in a field F. Then the scalar A € F' is an eigenvalue of A if and
only if |[A — AI,,| = 0, where | A — A\I,,| denotes the determinant of the matrix (A — AI},).

Proof.
Since A € F'is an eigenvalue of A, there exists a nonzero column vector X € F'" such that
AX = AX.Then AX = AX = A],(X) = (A — A\I,,) X = 0, a homogeneous system of n

equations in n variables. This system has a nontrivial solution X if and only if |A — AI,| = 0.
Hence, A is an eigenvalue of Aifand only if |[A — AI,| = 0. O

Definition 7.2.6.

Let A = [a;;] be an n-square matrix. Then

ap — A a2 T A1n
a1 Ay — A - A2p
|A—AI,| =
anl an2 ce Ann — )\

is an n-degree polynomial in A. This polynomial is called the characteristic polynomial of A and is
denoted by P4()\). By the characteristic equation of A, we mean the equation P4(\) = 0.



From above theorem, it is clear that the eigenvalues of A are the roots of the characteristic
equation. Thus, an n-square matrix may have at most n distinct eigenvalues.
From the properties of determinant, we have the following result.
Theorem 7.2.7.
Let A be an n-square matrix. Then the characteristic equation of A is given by
PiA) = A" —a A" P+ a2+ (=)@, A" 4 -+ (—1)"a,, = 0, where a, is the
sum of principal r-minors of A.
Theorem 7.2.8.
Similar matrices have the same characteristic polynomial, and hence the same eigenvalues also.

Proof.

Let A and B be similar n-square matrices. Then there exists a nonsingular matrix P such that
B=P AP
Hence,

Pg(A\)=|B—M,|= P 'AP -\, = P'AP - AP 'P = P 'AP- P '\P
= P YA—-A,P = P '|A—\L||P| = |A—\,| = Ps(N).

Since P4(A\) = 0 and Pgp(\) = 0 are characteristic equations and eigenvalues are roots of
characteristic equations, A and B have the same eigenvalues. O

Since matrices representing a linear transformation T on a finite-dimensional vector space V
with respect to different choice a bases are similar, the above theorem enables us to define the
characteristic polynomial of T.

Definition 7.2.9.

Let T be a linear transformation on a finite-dimensional vector space V over a field F. Then the
characteristic polynomial of T is defined as the characteristic polynomial of any matrix
representing T.

Example 7.2.10.

Let the matrix

2 11
A= 1 2
0 01

Then the characteristic equation of Ais |A — AI3| = 0.
2-) 1 1
1 2-2 1 =0=@1-N(@-)N"-1)=0
0 0 1-A
=1-NA+X-A-1)=0=(1-A)A-3)(A-1)=0
=MX=-3)(A-1)%=0.



Since eigenvalues of a matrix are the roots of its characteristic equation, 1, 1, 3 are the
eigenvalues of the matrix A.
Alternatively, from Theorem -7.2.7,

PA()\) = )\3 - al)\2 + CLQ)\ —as = 0,
where

a1= a1 + ax + a3z = tr(4) =5,
= th f 2-mi fA—2 1+2 1+2 1—2+2+3—7 d
ay= the sum of 2-minorsof A= = + =+, = =7, an

a3= the sum of 3-minors of A = |A| = 3.

Then PA(A\) = A —=B5X24+7A—3=0= (A—3)(A—1)>=0.
Thus, the characteristic equation of a matrix can be obtained by anyone method from the above
two.

Example 7.2.11.

Let

is a real number. Then

)k
A -\, = =0= XN +Ek=0.
| 2| B +

If A is representing the linear transformation T’ : R? — R? with respect to the standard ordered
basis of R?, then T has no eigenvalues. But if A is representing the linear transformation

T : C? — C? with respect to the standard ordered basis of C2, then T has 3-ki eigenvalues. This
shows that A has no eigenvalues in R but has the two eigenvalues ki and —ki in C. Therefore,
we must be careful about the field involved during the calculation of eigenvalues of a matrix.

Theorem 7.2.12.
Let A be an n-square matrix with entries in o field F. Then the following properties hold:

(i) Ais singular if and only if zero is an eigenvalue of A.

(ii) A is nonsingular if and only if all the eigenvalues of A are nonzero. If A is an eigenvalue
of A then A~ 1 is an eigenvalue of A~1.

(iii) If A is an eigenvalue of A, then the polynomial

A) = aol, + a1A + ayA? + - -+ + a, A", which is an n-square matrix has

I q
f(A) = ag + a1 X+ aA? + -+ + a,\", as an eigenvalue, where
ag,a1,Q9,...,0, € F.

(iv) The sum of the eigenvalues of A is equal to tr(A) and the product of eigenvalues of A
is equal to |A|.

(v) Aand At have the same eigenvalues.



Proof.

(i)

(ii)

(iii)

(iv)

(v)

If A is singular, then the homogeneous system of linear equations AX = 0 has a
nontribal solution. Then there exists a nonzero column vector X such that

AX; =0=0.X;.Hence, 0is an eigenvalue of A.

Conversely, if 0 is an eigenvalue of A, then there exists X # 0 such that

AX = 0X = 0. That is the homogeneous system AX = 0 has a nontrivial
solution. Hence, |A| = 0 and so A is singular.

Suppose A is a nonsingular matrix. Then from (i) it is clear that if A is an eigenvalue
of A, then X # 0 if and only if A is nonsingular. If A is an eigenvalue of A, then
there exists a nonzero vector X such that AX = AX. Since A is nonsingular, A~}
exists. Then

AX =XAX=2>ATAX =A"DX = X=X "X = A1X = 21X Thatis,
A~1is an eigenvalue of A71,

Let A be an eigenvalue of A. Then there exists a nonzero vector X such that

AX = AX.Then A2X = A(AX) = ADX = \(AX) = D\X = A2X. This
shows that A? is an eigenvalue of A?, Similarly, A" X = A" X,

kAX = kAX = (kX)X and eigenvalues of identity matrix is 1. Hence,

f(A)X=aol, X + a1AX + asA’X + -+ +a,A"X
=aoX +aAX +aa’X + -+ a N X
= (ag +adFas 4+ a,.)\r)X
= f(AN)X.

This proves that f() is the eigenvalue of f(A).

From Theorem - 7.2.7, the characteristic equation of A is

PiA) =A"—at A" T+ aad" 2+ oo+ (1) @ A" "+ -+ (=1)"a, = 0.
Since eigenvalues of A are the roots of its characteristic equation, the sum of the
roots of P4(A) = 0 = the sum of the eigenvalues of
A=—(—a1)=a1=ai1+an+- -+ an = tr(4).

Similarly, the product of roots of equation P4(\) = 0 = product of eigenvalues
of A= (-1)"a, = a,,ifnisevenand —(—1)"a,, = a,, if nis odd, where

a, = |A|.

|A — MI,,| = |(A — \I,)*| = |A* — \I,,|. This shows that the characteristic
polynomials of A and A? are the same, and hence A and A? have the same
eigenvalues. O

Example 7.2.13.

Let

1
A= 1
2

NN O
—_

Then the characteristic equation P4(A) = 0 gives



2-2 1 =0=X-6A2+11A-6=0=>A-1)(A—-2)(A—3)=0.

2 3—A
Thus, the eigenvalues of A are 1, 2, 3.
Let
I
X = 9
T3

be the eigenvector associated to eigenvalue A of A. Then

1-X 0 -1 T 0
(A—AI3)X =0, or 1 2—-A 1 g = 0 .
2 2 33— z3 0

Now, we put A = 1,2 and 3 in the above equation and find associated eigenvectors of A.
For A =1,

0 0 -1 = 0
1 1 1 z2 = 0 .
2 2 T3 0

Then

—x3=0, z1+xz2+23=0, 2x;+222+23=0, or
£B3:O, $1—|—$2:O.

Take £1 = k. Then x5 = —k.

Hence,
1 k 1
Ty = -k =k -1 .
I3 0 0
Thus,
1
-1
0

is an eigenvector corresponding to eigenvalue A = 1.
For A = 2,



-1 0 -1 =z 0
1 01 =z = 0.
2 2 1 x3 0

Then
—x1—x3=0, x1+x3=0, 2x;+2x2+2x3=0, or
1 +x3=0, 2x1+42x5+x3=0.
Take £3 = k.Then ;1 = —k and x5 = %
Hence,
I = % = k %
3 k 1
Thus,
-1
1
2
1

is an eigenvector corresponding to eigenvalue A = 2.

For A = 3,
-2 0 —1 T 0
-1 1 o = 0
2 I3 0
Then
—2r1 —23=0, x1—2x9+2x23=0, 2x,+2x,=0, or
Toa— —T1, r3 = —2:131.
Take 1 = k.
Hence,
L1 k 1
ro = —kt = ki -1
T3 —2k —2
Thus,
1
-1



is an eigenvector corresponding to eigenvalue A = 3.

Example 7.2.14.

Let

A=

S =N

11
2 1
0 1
Then the characteristic equation P4(A) = |A — AI3| =0'is

2-X 1 1
1 2-X2 1 =0=(1-X%B-X)=0.
0 0 1-2A

Hence the eigenvalues of A are 1, 1, 3. To find the eigenvector associated to eigenvalues of A, we
need to solve the following equation for A = 1, 3:

2— A 1 1 T 0
1 2— A 1 rg = 0 .
0 0 11—\ x5 0
For, A=1,wehave i + 9+ 23 =0= 23 = —x; — 5. Take 1 = k1 and z5 = ko. Then
I kl 1 0
Lo = kz = kl 0 -+ kz 1
I3 —kil — kiz -1 -1
Thus,
1 0
and 1
-1 -1

are eigenvectors associated to eigenvalue 1.
Similarly, for A = 3 we have

—x1+x2+2x3=0, x3=0, or
1= T2, I3 = 0.

Take 1 = k.

Then
L1 k 1
I3 0 0



Hence,

O = =

is an eigenvector associated to eigenvalue A = 3.
Example 7.2.15.

Let
1 11
A= 0 1 1
0 0 1
Then the characteristic equation [A — M3 =0= (1-X)*=0= A =1,1,1.

Now, we find the eigenvector of A associated to eigenvalue 1. Then

0 1 1 =z 0
0 01 =z = O
0 0 0 =x3 0
=>xy+x3=0,23=0= 21 =k, 22 = 0,23 =0.

Hence, eigenvectors of A associated to eigenvalue 1 are of the form

k 1
0 =k 0
0 0

In this case, eigenvalue 1 is repeated three times but there is only one linearly independent
associated eigenvector.

Example 7.2.16.
(a) Let

a1 a2 ais
A= 0 ax» ax
0 0 ass

be an upper triangular matrix. Then the characteristic equation

ai — A a2 a3
PA()\) = 0 a9y — A as3 = (0,11 — )\)((122 — )\)(0,33 — )\) =0=
0 0 ass — A



Thus, in general if A is an n-square triangular matrix, then all the diagonal
elements of A are its eigenvalues.

(b) Let
do 0 O
D= 0 dy O
0 0 ds

be a diagonal matrix. Then
Pp(A) = (di — A)(d2 — A\)(d3s — A) = 0 = X = di,ds, ds are eigenvalues of
D. Vectors e; = (1,0,0), e2 = (0,1,0) and e3 = (0,0, 1) are eigenvectors
associated to eigenvalues d1, d2 and ds, respectively.
Similarly, for an n-square diagonal matrix D = diag(d1,ds, . ..,dy), eigenvalues
aredi,ds,...,d, and e, e, ..., e, are associated eigenvectors, respectively,
where e; = (0,0,...,0,1,0,...,0) V1 < i < mn.

(c) Let A be an idempotent matrix. Then A? = A.IfAisan eigenvalue of A, then
there exists a nonzero vector X such that AX = AX. Also,
A2X = A(AX) = AOX) = M\(AX) = \2X.
Hence, A2X = AX = A2X =AX = (A2 - X)X =0.Since X #0,
A2 — X =0= X=0,1.Thus, eigenvalues of an idempotent matrix are 0, 1.
Similarly, it is easy to prove that the eigenvalues of a nilpotent matrix are 0.

(d) Let A = [a;;] be an n-square matrix with entries in a field F such that
2?21 a;j =k, forall1 <7 < n.Then k will be an eigenvalue of A and

will be its associated eigenvector.

Example 7.2.17.

Let A be a matrix of order 3x3 such that |A — 2I3] = 0, tr(A4) = 10 and |A| = 30. Then we find
the eigenvalues of A.

From Theorem - 7.2.5, we have that A € F'is an eigenvalue of A if and only if |A — AAI,,| = 0.
Hence, |A — 2I3| = 0 = 2 is an eigenvalue of A. Let \; = 2, A9, A3 be the eigenvalues of A.
Then

A+ A2+ A3 = tI‘(A)
=2+A+A3=10
= A+ A3 =28
= A3 =8 — A2, and
Ao d3 = |A| = 22203 = 30 = A A3 = 15.

Substituting A3 = 8 — Ay, in AgA3 = 15 we get



A2(8 — Ag) = 15

= A3 -8\ +15=0

= ()\2 - 5)()\2 - 3) =0

= Ay = 5,0r 3.
If Ay = 5,then A3 =8 — 5 = 3.If Ay = 3, then A3 = 8 — 3 = 5. Thus, eigenvalues of A are 2, 3,
5.
Alternatively, we have the following. Let A1, Ao, A3 be the eigenvalues of A. Then from Theorem
~7.2.12(iii), A1 — 2, s — 2, A3 — 2 will be eigenvalues of matrix A — 21I3. Since |A — 213| = 0,

at least one eigenvalue of A — 215 will be zero. Suppose A; — 2 = 0, then A; = 2. Hence,
A1A2A3 = 30 and A1 + Ag + A3 = 10 give the result.

Example 7.2.18.

Let
1 -2 3
A= 0 -2 4
0 O —1

Then find the eigenvalues of 243 + 542 — 34 + 2I;.
Since Ais an upper triangular matrix, eigenvalues of A are 1, -2, -3, the principal diagonal of A.
Then from Theorem _ 7.2.12 (iii), eigenvalues of 243 + 542 — 34 + 21 are

2(1)* +5(1)* = 3(1) + 2 x 1=6,
2(—2)° +5(—2)* —3(—2) +2x 1=12, and
2(-1)* +5(-1)* —=3(-1) +2 x 1=8.

Example 7.2.19.

Let A and B be n-square matrices with entries in a field F. Then AB and BA have the same
eigenvalues.

If A = 0 is an eigenvalue of AB, then AB is singular. Hence, 0 = |AB| = |BA| = BAisa
singular matrix. Then A = 0 is an eigenvalue of BA, also.

Now, let A # 0 be an eigenvalue of AB. Then there exists a nonzero column vector X such that
ABX = )\X.

Again, (BA)(BX) = B(ABX) = BAX = A\(BX) implies that A is an eigenvalue of BA with
the associated eigenvector BX # 0.

If BX =0,then ABX =0= AX =0.Since A #0, A X =0 = X = 0, whichis a
contradiction that X is an eigenvector.

Example 7.2.20.

Let



1 2 1
A= 1 5 =2
2 -3 5

Then find the eigenvalues of A.

Since the sum of each row is 4, 4 is an eigenvalue of A.

Now, suppose A1 = 4, A2, A3 are eigenvalues of A. Then

tI‘(A) =AM+ X+A3=>11 =4+ X+ A3 => Ao+ A3 =T,
Also, A1 A3 = ‘A‘ = 4Xo)X3 = 3.

Solving the above two equations, we get Ay = HT\/ﬁ and A\ = T-y/3T

Example 7.2.21.

Let
1 r 72 3
0 r r2 3 ot
A= 0 0 2 3 ot |
00 0 3 o
00 0 0 7

where r = e'¢ is afifth root of unity. Then we calculate the trace of the matrix Is + A + A2 with
the help of the eigenvalues of A.
2 .3

Since A is an upper triangular matrix, eigenvalues of Aare1,r, 72, 73, r*. Hence, eigenvalues of
Ii+A+A%arel1+1+1=3,1+r+r 1+r2+rY 1+ +rfand1+r*+ 18
Now, trace of (I + A + A?) = sum of the e|genvalues Hence,
tr(Is+ A+ A%)=3+ (L+r+r°) + (L+r+r) + (1 +7° +7%) + (1 + 7' + )
_3+(1+r+r +r3 )+ (T+r? + 7t + 78+ 18) 42
=54+ Q+r+r+r+r) + 1+ +rt +r+0°).

Since ris the fifth root of unity, 1 + r + r2 + 13 + r% = 0. Hence, from the above equation,
tr(l5 + A+ A%) =5.

Exercises
(7.2.1) Determine eigenvalues and their associated eigenvectors of the following
matrices:
1 0 -1 3 10 5 6 -2 2
A=12 1 , B= -2 -3 -4, C= -2 3 -1.
2 2 3 3 5 7 2 -1 3

(7.2.2) Let



A= -2 3 -1

Then find the eigenvalues of

(1) A> (i) 5A°% (i) (A — 313)% (iv) 34%° — 242+ A — I3
(v) 5A* +4A4% —6A4% + 24 —7I; (vi) AL

(7.2.3) For the matrices A, B, C given in exercise (7.2.1), find tr(A%), tr(B%) and
tr(C'19).

(7.2.4) Let A be a 3-square matrix such that |24 — 613 = 0, tr(A) = 15 and
|A| = 105. Then find the sum of squares of eigenvalues of A.

(7.2.5) Let A be a 3-square matrix such that |A — I3| = 0, tr(A) = 13 and
|A| = 32. Then find the eigenvalues of A.

(7.2.6) Consider A as an eigenvalue of square matrices A and B, both of size n,

corresponding to the common eigenvector x. Show that: (a) 2\ is an
eigenvalue of A + B corresponding to x, and (b) A2 isan eigenvalue of
AB corresponding to x.

(7.2.7) Suppose that 1, -1, 2, -2 are eigenvalues of a 4-square matrix A. If
B = A* — 342 + 314, then find det (A + B), det (A — B), det (B?),
tr(A + B), tr(A — B) and tr(B?).

7.3 Diagonalization

We know that any computation involving diagonal matrices is quite simple in comparison to other
matrices. For a given linear transformation T on a finite-dimensional vectors space V, the existence
of an ordered basis B for V, such that [T'] 5 g is a diagonal matrix is called a diagonalization

problem. In this section, we deal with this problem.

Let T : V — V be a linear transformation and let B = {vy,vs, ..., v,} be a basis of V, such that
T(vi) = \ivi, 1 < i < n, where \; are scalars. Then

T(v1)= A1v1 = A\v1 + Ovg + Ovz + - - - + Oy,
T(v2): Aoy = Ovy + Agvg + Ovg + - - - + Ovy,,

T(vp)= Apv, = 0vy 4 Ovg + Qvg + - - - + Apuy,

and hence
A0 0 0
0 X O 0
[T BB —
0 0 0 M

is a diagonal matrix.



Since all v;, 1 < ¢ < n, being basis elements are nonzero vectors, all A\;, 1 < ¢ < n are
eigenvalues of T and v; are there associated eigenvectors.

Thus, from this illustration it is clear that the concepts of eigenvalues and eigenvectors
discussed in the previous section are naturally attached with diagonalization problems. Thus, we
have the following definition.

Definition 7.3.1.

Let V be a finite-dimensional vector space over a field F. Then a linear transformation 7' : V — V
is said to be diagonalizable if there is a basis of V with respect to which the matrix of Tis a
diagonal matrix.

Or equivalently, T is diagonalizable if and only if eigenvectors of T form a basis of V.

In Corollary - 5.2.4, if we replace Vby F'", Tby L 4, where A is an n-square matrix and basis
B, by standard ordered basis of F'"*, then we get the result that A is diagonalizable if and only if
L 4 is diagonalizable. In view of this result, we have the following definition for a matrix.

Definition 7.3.2.

An n-square matrix A with entries in a field F is said to be diagonalizable if it is similar to a diagonal
matrix. Or equivalently, A is diagonalizable if and only if eigenvectors of A form of basis of F'".

Theorem 7.3.3.

The set {1, 2, ..., Tk} of eigenvectors associated to distinct eigenvalues A1, Az, . .., Ak, of linear
transformation T on a finite-dimensional vector space V is linearly independent. Or equivalently,
eigenvectors associated to distinct eigenvalues of a matrix A are linearly independent.

Proof.

To prove the result, we use the method of mathematical induction on the number of distinct
eigenvalues of T.

Suppose T : V' — V has only one eigenvalue A;. Then there exist a nonzero eigenvector x
associated to A. Since « # 0, {z} is linearly independent. Thus, the result is true for k = 1.

Suppose that the statement holds for k = r distinct eigenvalues. Let {z1, Z2, ..., Tr, Tri1}
represent the set of eigenvectors corresponding to the distinct eigenvalues A1, Ao, ..., Ay Apiq.
Now, for the scalars {a1, ag, ..., ar, a1}, assume that
a1z, + asry + -+ + ap Ty + arp12,11 = 0. (7.1)
Then
T(a1xq + asxs + -+ - + apxy + api12,041)= T(0), (7.2)

a1T(z1) + aoT(x2) + - -+ + a;T(xr) + ar1T(2r41)= 0,
a1 ATy + @Ay + -+ + A A Tr + A1 Ar1Z1= 0.

Applying (7.2) — Ar+1(7.1), we have
a1(A1 — Arp1)zr + a2(A2 — Aps1)z2 + - - + ar(Ar — Apy1)zr = 0.

It is assumed that {z1, z2, ...,z } are linearly independent,



a1(A1 — A1) = a2 A2 = Apj1) = - - = a (A — Apyr) = 0.

Since all A\, are distinct, a; = a3 = - -+ = a,, = 0. Then from (- 7.1), a, 12,11 = 0. Since
Zri1 # 0, a,11 = 0.Hence, the set {z1, xs, ..., T, .1} is linearly independent. Thus, by the
induction hypothesis the result is true for all distinct eigenvalues. O

With the help of this result, we obtain the following important corollary related to
diagonalization of a linear transformation or equivalently, diagonalization of a matrix.

Corollary 7.3.4.

Let V be an n-dimensional vectors space over a field F. Then the linear transformation T : V — V
having n distinct eigenvalues is diagonalizable.

Proof.

Suppose z1, 2, .. ., Xy are n eigenvectors associated to distinct eigenvalues A1, Aa, ..., A, of T.
Then from the above theorem the set {z1, z2,...,x,} C V is linearly independent. Since

dim (V') = n, the set of eigenvectors of T form a basis of V. Hence, T is diagonalizable. Also, from
T(z;) = Aizi, 1 < i < n, the matrix of T related to the basis {1, z2, ..., Zy} is the diagonal
matrix diag(A1, A2, ..., Ap). O

For example, the matrix

oS O =
S NN
= O ot

is diagonalizable.
Remark.

Converse of the above result is not true. Since I3 is a diagonal matrix but 1 is the only eigenvalue
of I3 repeated 3 times.

The fundamental theorem of algebra states that every polynomial has a root in the field of
complex numbers. Thus, the characteristic equation |A — AI,| = 0 has n roots, including
repetition, over the field of complex numbers. That is, if A1, A2, ..., A, are distinct roots of the
characteristic equation, then

0=[A—AL,|=A—=2)"A=A)®---(A=A)", wherea; +as+--++ a, =n.
We call a1, @, . . ., o, the algebraic multiplicities of A1, Ao, ..., A, respectively.
Definition 7.3.5.

The algebraic multiplicity of an eigenvalue A is the number of times A is repeated as a root of the
characteristic polynomial. We use the notation Mul, () for algebraic multiplicity of A.



Definition 7.3.6.

Let A be an eigenvalue of linear transformation ' : V' — V. Then

V(A) ={z € V: T(z) = Az}, the set of all eigenvectors associated to A including zero vector is
a subspace of V, called the A-eigenspace.

The dimension of the A-eigenspace V() is called the geometric multiplicity of the eigenvalue A
and is denoted by Mul,(A).

Equivalently, if A is an eigenvalue of an n-square matrix A with entries in a field £, then F™(\) =
the set of all eigenvectors associated to A with the zero column vector is a subspace of F'", called
the A-eigenspace.

Hence, the geometric multiplicity,

Muly(A) =dim (F™())) =dim (N(A — AI,)) = n — rank(4 — AL,).
Example 7.3.7.

Consider Example —7.2.14. We have Mul, (1) = 2 and Mul,(3) = 1.
Now,

1 11
rank(A—I3)=rank 1 1 1 =1
0 00

Hence, Muly(1) = 3 — rank(A — I3) = 2.
Similarly, Mul,(3) = 3 —rank(A — 3I3) =3 -2 =1.
Now, let

B =

o O =
S NN
w

Then |B — Al3| = (1 — A)(2 — A\)* = 0.

Here, Mul,(1) = 1 and Mul,(2) = 2.

Now,
Muly(1)=3 —rank(B—1I3) =3—-2=1, and
Muly(2)=3 —rank(B—2I3) =3 —-2=1.

Thus, the algebraic multiplicity of an eigenvalue A may not be equal to its geometric multiplicity.
Note that if Mul,(A) = 1, then Muly() = 1 (see Corollary -7.3.10).

Theorem 7.3.8.
Let T be a linear transformation on an n-dimensional vectors space V and let X1, Aa, ..., A\, be its
distinct eigenvalues. Then T is diagonalizable if and only if

Mul, (A1) + Muly(Ag) + -+ - + Muly(Ag) = n.

Proof.

Suppose Mulg(A1) + Mulg(Az) + - - - + Muly(Ax) = n. Then we have



dim (V(A\1))+ dim (V(A2)) + -+ + dim (V(M\)) =n
=V)eV)e- oV =V.

That is, Vis the direct sum of eigenspaces of T.

If B; denotes the basis of A;-eigenspace for all i, then B = Ule B; is a basis of V consisting of
eigenvectors of T. Hence, T is diagonalizable.

Conversely, suppose T is diagonalizable. Then eigenvectors of T form a basis of V. Hence, in view of
the result that the associated eigenvectors to distinct eigenvalues are linearly independent,

V()\1) @ V()\z) ®©---D V()\k) =V.

Therefore, Muly(A1) + Muly(Ag) + -+ +Mul,(A\x) =n. O

Equivalently, the above result can also be proved for a matrix.
Theorem 7.3.9.

If A is an eigenvalue of a linear transformation on a finite-dimensional vector space, then
Mul, (M) < Mul,(A).

Proof.

Let T be a linear transformation on an n-dimensional vectors space V and let A be an eigenvalue of
geometric multiplicity r. Then dim V(X)) = r.

Suppose {v1,v2,...,v,} is a basis of V(). Extending it to a basis of V, let

B = {v1,v2,...,Vr,VUrq1,...,Vn} be an ordered basis of V. Then matrix of T related to the basis

B is a block matrix
M, A
T = .
[ ]B,B [ 0 B:|

Then the characteristic polynomial P[T]BB(t) = P1,(t)Pg(t) = (A — t)" Pp(t), where Pp(t) is

a polynomial of degree n — r. It follows that the algebraic multiplicity of A is greater than or equal
to r. Hence, Muly(A) < Mul,(A). ©

Corollary 7.3.10.
If algebraic multiplicity of an eigenvalue A is one, then Muly(A) = Mul,(A\) = 1.
Proof.

Since eigenvector x associated to an eigenvalue A is nonzero, dim (V' (\)) > 1. Hence,
Mulg(A) > 1.But 1 < Muly(A) < Mul,(A) =1=1 < Muly(A) <1= Mul,(A\) =1. O

Corollary 7.3.11.

Let V be an n-dimensional vector space. Then the linear transformation T' : V' — V is diagonalizable if
and only if for every eigenvalue A of T, Muly(X) = Mul, (A).

Proof.

Let A1, Az, ..., Ak be distinct eigenvalues of T such that Mul,(A;) = Mulg(A;) V1 < i < k.
Then Y%  Mul,(A;) = YK, Muly(A;) = n. Hence, the result follows from Theorems -7.3.8



and -7.39. O

Example 7.3.12.

Recall the matrix

A=

S =N

1 1
2 1
0 1

given in Example -7.2.14. Then P4(\) = (1 — )\)2(3 —A) = 0= X =1,3 are eigenvalues of A.
Also, A has three linearly independent eigenvectors, hence A is diagonalizable.

Alternatively, from Example —7.3.7 we have Mul,y(1) + Muly(3) = 2+ 1 = 3. Hence, A'is
diagonalizable.

Next, recall the matrix B in Example -7.3.7,

B =

o O =
S NN
N W W

Then Pp(A) = (1 — A)(2 — A)®> = 0, and Mul,(1) + Muly(2) = 1+ 1 = 2 # 3. Hence, B s
not diagonalizable.

Note that an n-square matrix A is diagonalizable if the sum of the geometric multiplicities of its
eigenvalues equals n. If this sum is not equal to n, then A is not diagonalizable. Thus, determining
whether A is diagonalizable does not require computing all of its eigenvectors.

We have that if A is a diagonal matrix, then A is similar to a diagonal matrix. That is, there exists a
nonsingular matrix P such that P~ AP = D. The following theorem provides the solution of the
problem of determining such a matrix P.

Theorem 7.3.13.
Let A be an n-square diagonalizable matrix and let P be a matrix whose columns are eigenvectors of A.
Then P71 AP = D is the diagonal matrix whose diagonal elements are eigenvalues of A.

Proof.

Since A is diagonalizable, A has n linearly independent eigenvectors.

Let X1, Xo,..., X, be the eigenvectors associated to eigenvalues A1, Ag, ..., A, of A,
respectively.
Let P = [X; X5 --- X,,]. Since columns of P are linearly independent, P is invertible.
Now,
AP=[AX, AX, -+ AX,]=[MX1 XXz -+ X,
At O 0 --- 0
0 X O --- O
= [Xl Xy - Xn]
0 O 0 A

= PD.



Then AP =PD = P 'AP=D. O

Remark.

1.

2.

Ld

If x is an eigenvector, then kz is also an eigenvector where k 7 0. Hence, the

matrix P is not unique.

Eigenvalues A1, A2, ..., Ay need not be distinct.
To visualize above computation of matrix product, consider the matrix

ailz a2
A= azn ax
as; asp
and let
1 Y1
Xi= zo, Xo=
I3 Y3

a3
a23

ass

) X3

21
Z2

<3

be the eigenvectors associated to eigenvalues A1, Ay, A3 of A, respectively.

Then

P=[X; X,

Now,

ai;] a2 a3 T1 Y1 21
AP= a3 az a3 T2 Y2 22
azy asgz agzz T3 Y3 =23
ai1r1 +aizr2 + aizrs
= G211 + A22T2 1+ a23%3
a31T1 + Az + as3Ts

Note that
ai; aiz ais T
AXl = Q21 Az ass o =

asr a3z2 a3z T3

1 Y
T2 Y2
T3 Y3

a11y1 + a2y + aisys
a21Y1 + a2y2 + a23y3
a31y1 + asys2 + assys

z21
¥2)
Z3

ai1z1 + aizz2 + ais
Q2121 + Q2222 + Q23

a31z1 + azz2z2 + ass

a1y + a9 + a13T3

211 + A22T9 + A23T3

as31xri1 + asz2xr2 + as3rs

is equal to the first column of the matrix AP. Similarly, AX2 and AX3 are the

second and third columns of AP.
Hence, AP = [AX; AX, AXj3|.
Again,



AMT1 Ayr Aszg 1 y1 21 A1 0
MiX1 AXe As3Xs]= AMza Ays 322 = x2 ya 22 0 A
A1z A2ys  Aszs r3 y3s z3 0 O

Example 7.3.14.

Let

2 1
A= 1 1 .
1 2

N W N

Then the characteristic equation of Ais A3 — 7A%2 + 11\ — 5 = 0, and hence A = 5,1, 1 are
eigenvalues of A.
Eigenvectors associated to eigenvalues 5, 1, 1 are

1 1 2
Xi= 1, Xo= 0 , Xs= -1,
1 ~1 0

respectively.
Since the number of linearly independent eigenvectors of 3-square matrix A is 3, matrix A is
diagonalizable.

Consider
1 1 2
13::[)(1 X5 )(3]__ 1 0 -1,
1 -1 0
then
1 1 1
4 2 4
-1 1 1 -3
P~ = 5 3 T
1 -1 1
4 4 4

Hence, P"'AP = D, where

is the diagonal matrix.
P1AP=D= A= PDP !
Then

A* = (PDP')(PDP') = PDP'PDP' = PDI,DP' = PD*P .



Similarly, A" = PD"pP-1,

Hence,

1 1 2 125 0 0 %5 3 1
A=pp’P7'=1 0 -1 0 10 5 3
1 -1 0 0 01 1 =1 1
32 62 31
= 31 63 31 .
31 62 32

Example 7.3.15.

(a)

(b)

Let

The characteristic equation of Ais (A — 5)* = 0. Since

Mul,(5) = 3 # Muly(5) = 1, Ais not diagonalizable.

Alternatively, if A is diagonalizable, then there exists an invertible matrix P such
that

5 0 0
P1AP= 0 5 0 =5I;.
0 05

Then A = P5I3P~! = 5I3PP~! = 515, which is a contradiction. Hence, A is not
diagonalizable.

Let A be an n-square matrix with entries in a field F. Then A is diagonalizable if and
only if A + kI, is diagonalizable for all k € F'.

If A is diagonalizable, then A = PDP !, where D is a diagonal matrix and P is
invertible.

Now,

A+ kI, =PDP~!+klI,=PDP '+ kI,PP'=P(D+kl,P!= PDi
, Where D=D + kI, is a diagonal matrix.

Conversely, if A + kI, is diagonalizable, then

A+kI,=PDP = A=PDP ! kI,=PDP ! kI,PP!'!=P(D—

,where D = D — kI, is a diagonal matrix.

Example 7.3.16.

Let A be an n-square matrix. If A\; and A5 are eigenvalues of Aand X; and X are associated
eigenvectors of A1 and Ay, respectively, then we shall show that
A"(c1 X + c2X3) = c1 N[ X + c2 A X5, where ¢; and ¢, are scalars.



We have AX; = A1 X;.Then

A’Xy = A(AX,) = A(X1) = M(AXT) = (A X)) = A2 X

Similarly, A" X; = AT X5 and A" X5 = A\[ X.

Hence, A”(chl + C2X2) = ClATX1 + C2A.TX2 = Cl>\;X1 + Cg)\gXQ.

In particular, if A is a 3-square matrix and -2 and 3 are eigenvalues with associated eigenvectors

1 0
2 and 1,
0 -1
respectively, then we can compute
-1
A* 0
-2
Suppose
0
Xlz 2 and X2: 1
-1
Then
-1 1 0
0 =(-1) 2 +2 1 =(-1)X;+2X,.
-2 -1
Hence,
—1
A' 0 =AY((-1)X1 +2Xs)
—2

(—1)A4X1 + 2A4X2
(—1)(-2)*X1 +2(3%) X,

1 0 —16
=-16 2 +162 1 = 130
0 -1 —162

Example 7.3.17.

Let/ be a 21-square matrix with all the entries equal to 1. In this example, we shall show that J and
J — I5; are diagonalizable matrices.

We have rank(J) = 1 # 21, hence 0 is an eigenvalue of J.

Also, since row sum of J is 21, 21 is an eigenvalue of J.



Mul,(0)= 21 — rank(J — 0I3;) = 21 —rank(J) =20 and
Mul,(21)= Mul,(21) = 1.
Thus, Mul,(0) + Mul,(21) = 21, and hence J is diagonalizable.
Also, we have Mul,(0) = 20 and Mul,(21) = 1. This implies eigenvalues of / are 0,0,...,0 (20
times), and 21.
Hence, eigenvalues of J — I are -1,-1,...,-1 (20 times), and 20.
Muly(—1)= 21 — rank[(J — I21) — (—=1)I21] = 21 — rank(J) =20 and
Muly(20)= Mul,(20) = 1.
Thus, Mul,(—1) + Mul,(20) = 21, and hence J — I; is diagonalizable.

In general, the n-square matrix J/ with all the entries equal to 1 is diagonalizable, and hence
J — I, is diagonalizable.

Exercises
(7.3.1) Show that a strictly upper triangular matrix is nondiagonalizable.
(7.3.2) Let P be an n-square matrix and Q be a m-square matrix. Then show that
the block diagonal matrix
R P 0
= s 0
is diagonalizable if and only if P and Q are diagonalizable.
(7.3.3) Find eigenvalues and their eigenvectors of the differential linear
transformation D : P3(x) — P3(z), where P3(z) is a polynomial space
over R.
(7.3.4) Show that any triangular matrix with distinct principal diagonals is
diagonalizable.
(7.3.5) Check whether the following matrices are diagonalizable or not:
2 11 2 -2 2 1 1 0
A= 2 3 2, B=1 1 1 , C= 01 0,
3 3 4 1 3 -1 0 0 1
-3 -7 -5 0 1 1 1 1 1
D= 2 4 3 , E= 101, F= 11 1.
1 2 2 1 1 0 1 11
(7.3.6) In the above example, if any matrix A is diagonalizable, then find the matrix
P such that P~ AP becomes a diagonal matrix.
(7.3.7) Find the matrix P such that PAP 1lisin diagonal form, where
1 1 1
A= 0 2 1.

-4 4 3



(7.3.8)
(7.3.9)

(7.3.10)

(7.3.11)

(7.3.12)

(7.3.13)

(7.3.14)

Hence, calculate A°,

Let A be a 3-square singular matrix such that 2 and 3 are eigenvalues of A.
Then show that the matrix A% + 24 + I3 is diagonalizable.

Let A be a 3-square singular matrix. If 2 and 5 are eigenvalues of A, then
show that A% — 24 + I is diagonalizable.

Let -3 and 2 be two eigenvalues and

1
Xi= -1 and X, =
2

S = N

are associated eigenvectors, respectively, of a matrix A of order 3x3. Then
compute A3Y, where

is the linear combination of X; and X5.

Let A be a 4-square matrix. If -1 and 3 are eigenvalues and
0

0
2

-1

X, = and X, =

N O = =

are associated eigenvectors of A, respectively. Then compute A3Y’, where

is the linear combination of X1 and X5.

If A1, A2,..., A, aredistinct eigenvalues and X1, Xo,..., X, are
associated eigenvectors of an n-square real matrix A, respectively. Then
show that A" X can be computed for any X € R", even A is unknown.
Find geometric multiplicities of each eigenvalues and a basis for each
eigenspace of the matrix

1 1
A= 2 1
0 1

S =N

Suppose that A is a diagonalizable matrix. If
Pa(A) = A(A — 2)*(A + 3)*(A — 5)* is the characteristic polynomial of A,
then find the size of A and the dimension of eigenspaces V(2) and V (5).



(7.3.15) Suppose that A is a diagonalizable matrix. If
Ps(A) = XA — 1)°(A — 2)*(A — 3)° is the characteristic polynomial of A,
then find the size of A and the dimension of eigenspaces V(2) and V/(3).

(7.3.16) Let A be a 5-square real matrix with trace 21. If 3 and 4 are eigenvalues of A,
each with algebraic multiplicity 2, then show that A is invertible.
(7.3.17) Let/ be a 31-square matrix with all the entries equal to 1. Then show that

the matrix J — I3; is invertible and diagonalizable.

7.4 Eigenvalues and eigenvectors of some special matrices

Recall that if
T a1
2 Y2
X= and Y =
:L"n yn

are column vectors in C”, then the inner product

t
(X,Y)=z1y1 +22ys + -+ 2y, =YX, whereY* =Y .

Also, an n-square matrix A € M,,(C) is called Hermitian if A* = A.

Now, we prove some remarkable results on eigenvalues and eigenvectors of Hermitian, skew-
Hermitian and unitary matrices.
Theorem 7.4.1.
All the eigenvalues of a Hermitian matrix are real.

Proof.

Let A € My (C) be a Hermitian matrix. Then A* = A.
If A is an eigenvalue of A, then there exists a nonzero column vector X, such that AX = A X.
Now,

AX*X = X*AX = X*(AX) = (X*A)X = (X*A")X = (AX)*X = (AX)*X = AX*X.
Since X # 0, X*X = || X||? # 0.
Hence, A|| X||? = A||X||? = A = A = Xisarealnumber. O

It is known that not every real matrix necessarily has an eigenvalue, but the following result
shows that every symmetric matrix does have at least one eigenvalue.

Corollary 7.4.2.
All the eigenvalues of a symmetric matrix are real.
Proof.

The result follows from the fact that every symmetric matrix can be considered as a complex
Hermitian matrix. O



Corollary 7.4.3.
All the eigenvalues of a skew-Hermitian matrix are either zero or purely imaginary.
Proof.

Let A be a skew-Hermitian matrix and A be its eigenvalue. We know that A is skew-Hermitian if and
only if 74 is Hermitian. Hence, A is an eigenvalue of A if and only if ¢ is an eigenvalue of ¢A. This
shows that ¢ is real. It follows that A is zero or purely imaginary. 0O

Corollary 7.4.4.

There is no nonzero eigenvalue of a real skew-symmetric matrix.

Proof.

Let A be an n-square real skew-symmetric matrix. Then A is complex skew-Hermitian, and hence
all the nonzero eigenvalues of a are purely imaginary. A is an eigenvalue of A is equivalent to say
that A is an eigenvalue of the linear transformation L4 : R® — R™. Then L4(X) = AX is
possible only when A € R. Thus, there is no nonzero eigenvalue of A. O

Theorem 7.4.5.
If Ais an eigenvalue of an unitary matrix U, then |A| = 1.

Proof.

From Corollary -6.3.12, we have
(UX,UX) =(X,X)
= (AX,\X) = || X|?
= MX, X) = || X|?
= [APIIX? = [1X)2.
Since X # 0,

A2 = 1. Hence,

A=1. o
Corollary 7.4.6.
If A is an eigenvalue of an orthogonal matrix O, then A = +1.

Proof.

Since every orthogonal matrix is an unitary matrix, |A| = 1.But A € R, and hence A = £1. O

Theorem 7.4.7.
Let A € M, (C) and let A1, A2 be distinct eigenvalues of A. Then their associated eigenvectors X1,
Xy are orthogonal if:

(i) A is Hermitian;
(ii) A is skew-Hermitian;
(iii) Ais unitary.



Proof.

(i)

(ii)

(iii)

If Ais Hermitian, then A* = A and eigenvalues A1, A2 are real. Hence,

)\1XIX2: ()\1X1) Xy = (}\1X1)*X2 = (AXl)*Xz
— XTA* Xy = XTAXs = XA Xo = A X1 Xs
= ()\1 — Az)Xsz =0=> A — XA = OOI'Xisz =0.
Since A\; 7é Ao, XikXQ = 0. That s, <X2,X1> = 0.

If A is skew-Hermitian, then A* = —A and all the eigenvalues of A are either zero
or purely imaginary. Since Ay # Ao, at least one is nonzero. Suppose A; # 0.

Then Ap is purely imaginary, and hence \; = — ;.
Now,

AMX;Xo= (MX1) Xo=—-(\X1)"Xa = —(AX1)" Xy = —X;A* X,
= X7 (—A) Xy = X7AXs = X{ A2 X2 = XM XX
= ()\1 — )\Q)XTXQ =0= X;XQ =0.
If Ais an unitary matrix, then (AX;, AX2) = (X1, Xa).
Hence,

(X1, X2) = (MX1, A2X2) = MA2(X1, X2) = (1 — AiA2) (X1, X2) =0.

Since [A| =1= A\ =1= A= X1, wehave
AL # X2 = 35 # 1= MA, ! # 1= Ahs # 1. This shows that (X1, Xa) = 0
O

We have that Hermitian, skew-Hermitian and unitary operators are normal operators, and we
discuss here some nice results and properties related to eigenvalues and eigenvectors of normal

operators.
Theorem 7.4.8.

Let T be a normal operator such that T'(v) = Av. Then T*(v) = Av, where v is a vector and A is a

scalar.

Proof.

LetT': V — V be a normal operator. To prove the result, we have to show that
|7 (v) — Avf| = 0.

Consider



(T*(v) — v, T*(v) — Av)
= (T*(v), T*(v)) + {(=Av,T*(v)) + (T*(v), —=Av) + (= v, —Av)
= (v, TT*(v)) — Mv,T*(v)) — X(T*(v),v) + AX(v,v)
= (v, TT*(v)) — XMT(v),v) — Xv,T(v)) + AX(v,v)
= (v, T*T(v)) — MAv,v) — A, Av) + A\ (v, v)
= (T (v), ) — AX(v,v) — AX(v,v) + AX(v,v)
= A\ (v, v) — A\ (v, v)
=0.

Then
2
T*(v)—Av =0= T*(v)—Av =0=T"(v) —Av=0=T"(v) = \v.

In particular, we have the following.
If Tis Hermitian, then 7' = T*, and hence T'(v) = T*(v) = Av = Av = (A — A)v = 0. Since

v#0, A== Aisreal

If Tis skew-Hermitian, then T* = —T'. Hence,

T*(v) = —T(v) = Av=—Av = (A+ A)v =0 = X = —A. This shows that A = 0 or purely
imaginary.

Similarly, if Tis Unitary, then TT* = T*T = I. Hence,

T*(v)=A=TT"(v) =T(M\) = I(V)=AT(v) =v=AMv=(1-A\)v=0
=M=1=N’=1=|)\=1
0

Also, we have that the linear operator L 4 is normal if and only if matrix A is normal. Replacing
Tby L 4 in the above theorem, we obtain a similar result for normal matrices.

Corollary 7.4.9.
Eigenvectors associated to two distinct eigenvalues of a normal operator are orthogonal.
Proof.

Let v; and vy be associated eigenvectors of distinct eigenvalues A\; and Ay of a normal operator
T, respectively.

Then T'(v1) = Ajvy and T'(v2) = Agvs. Also, from the above theorem, T*(v1) = Ajv; and
T*(Ug) = )\2’02. Then

)\1(’01,’02> = <)\1’U1,’02 < 2)1),’02> = <Q)1,T*(2)2)> = <v1,)\2v2> = )\2<’U1,’U2>.

This implies (A1 — A2)(vy,vg) = 0.
Since A\; — Ay # 0, (v1,v2) = 0. Hence, v; and v, are orthogonal. O



Accordingly, this result is also true for all Hermitian, skew-Hermitian and unitary operators
(matrices).

Note that if B is an orthonormal basis consisting of eigenvectors of an operator T, then the
matrix [T 5 p is diagonal. Since a diagonal matrix is normal, [T] 5 p is normal, and hence Tis a
normal operator.

We now prove an important theorem known as spectral theorem for normal operators that
the converse of the above discussion is also true.

Theorem 7.4.10.
Let T be a normal operator on a finite-dimensional complex inner product space V. Then T is
diagonalizable.

Proof.

We prove the result, using the method of mathematical induction on the dimension of V. Let
dim (V) = n.If dim (V) = 1, take any nonzero vector v € V and then B = {v;}, where
v = HTUH is an orthonormal basis of V. Since dim (V) =1, V = {av : @ € C}. Hence, vis an

eigenvector of T. Thus, the set of eigenvectors of T form an orthonormal basis of Vand so T is
diagonalizable. Hence, the result is true for dim (V) = 1.

Suppose the result is true for all normal operators on vector spaces of dimension less than n.
Since T has at least one eigenvalue A; in the case of a complex inner product space, let us take a
unit vector v1 € V such that T'(v1) = A1v1.

Let U be the subspace of V generated by the eigenvector v1. Then V. =U @ U~ . Since

dim (U) =1, dim (U+) =n — 1.

Now, we shall show that the restriction of Tand T'* on U~ are also operators on U+ and T'* /71
is an adjoint of T'/ 1.

Let vy € UL. Then (T'(vs),v1) = (vy, T*(v1)) = (va, Ayv1) = A1(va,v1). Since (vq, v1) = 0,
(T(v2),v1) = 0. This shows that T'(vs) € U+.

Similarly,

(T*(va),v1) = (v2, T(v1)) = (v2, \1v1) = A1{va,v1) =0 implies T*(v2) € U+t

Also, since UL C V, T/ and T* /71 are adjoint to each other. Since dim (U+) =n — 1, by

the induction hypothesis U+ has an orthonormal basis {v2,vs,...,v,} consisting of
eigenvectors of T'/y1. Clearly, these eigenvectors are also eigenvectors of T. Then adding v; to
this basis, we get {v1,v2,v3,...,vn}, an orthonormal basis of V. Since each v;,1 < i < nisan

eigenvector of T, and T is diagonalizable. O
Corollary 7.4.11.

Hermitian, skew-Hermitian and unitary operators on a finite-dimensional complex inner product space
V are diagonalizable.

Proof.
All the operators are normal, and hence diagonalizable. O
Corollary 7.4.12.

Hermitian, skew-Hermitian and unitary complex matrices are diagonalizable.



Proof.

Let A be an n-square Hermitian (skew-Hermitian, unitary) matrix. Then A is Hermitian (skew-
Hermitian, unitary) if and only if the linear operator L4 : C* — C™ is Hermitian (skew-Hermitian,
unitary). Hence, the result follows from the above corollary. O

We have proved that the normal operator on a finite-dimensional complex inner product
space is diagonalizable. Now, we provide an example of a normal operator on a real inner product
space, which is normal but not diagonalizable.

Example 7.4.13.
Let T : R® — R3 be an operator defined by T'(z, ¥y, z) = (—y — 22, — 3z, 2z + 3y). Then

T*(z,y,2) = (y+ 2z, —x + 3z, —2x — 3y), and hence TT* = T*T (verify).
Now, we shall so that T is not diagonalizable. Let B be standard basis of R3. Then

0 -1 -2
Tlpp= 1 0 -3
2 3 0

The characteristic equation of T' = Characteristic equation of the matrix [T'] BB = A +14X =0
. Then 0, +i4/14 are eigenvalues of 7. We have Mul,(0) = 1 but there is no vector

(z,y, 2) € R? such that T(z, vy, z) = +iv/14(z,y, z) € R3. Thus, the set of eigenvectors of Tis
not a basis of R3. Hence, Tis not diagonalizable. However, if Tis defined on the complex inner
product space C3 by T'(z,y,2) = (—y — 2z, — 3z, 2z + 3y), where (z,y,2) € C3.Then T
has distinct eigenvalues 0, +iv/14 and so T is diagonalizable.

By noting that all the eigenvalues of a Hermitian operator are real, and hence its characteristic
equation splits over the reals, we prove the spectral theorem for Hermitian operators defined on a
real or complex inner product space.

Theorem 7.4.14.
A Hermitian operator and a finite-dimensional inner product space (real or complex) is diagonalizable.

Proof.

Let dim (V') = n. We use the method of mathematical induction on n. If n = 1, then we get an

orthonormal basis {v} of V, where v = T for any nonzero vector u € V. That s eigenvector v

forms an orthonormal basis of V. Hence, the Hermitian operator T on Vis diagonalizable.

Now suppose that the result is true for dim (V') < n. Since all the eigenvectors of a Hermitian
operator are real, we can find a real eigenvalue A; and a nonzero eigenvector v;. Also, T* = T.
After that, repeating the rest of the proof of the spectral theorem for normal operators we obtain
the proof of this theorem. O

Corollary 7.4.15.

Every Hermitian and symmetric matrix is diagonalizable.



Proof.

Let A be an n-square matrix. Then we have that A is Hermitian if and only if L4 : C* — C" is
Hermitian and A is symmetric if and only if L 4 : R® — R" is symmetric. Hence, the result follows
from above theorem. O

Corollary 7.4.16.

Let A be a Hermitian matrix. Then there exists an unitary matrix U such that U* AU is a diagonal
matrix. Similarly, if A is a symmetric matrix, then there exists an orthogonal matrix O such that O* AO
is a diagonal matrix.

Proof.

Let A be an n-square Hermitian matrix. Then the linear transformation L4 : C* — C" is
Hermitian. From Theorem -.7.4.14, there exists an orthonormal basis { X1, X2, ..., Xy} of C",
where each column vector X; € C", 1 < i < nis an eigenvector of L 4. That is,

L4(X;) = AX; = M\ X; for some A; € C™. Define the matrix U = [X1 X2 - -+ X,], where
eigenvectors X1, Xo,..., X, are as columns of U. Since all the column vectors are orthonormal,
Uis an unitary matrix.

Then



X{

X;
UAU= = AX; X, - X,

X5
X7
X5

= . [AX; AX, --- AX,)]
X5
Xi
X3

= [MXr XXy oo X
X5
MXTXT XXy - ANX{X,
MX5XT AXoXs -0 AMX5X,
MXoX1 AXrXy oo ANXEX,
A 0 0 - 0
0 X O --- O
0 0 0 - Ay

where X X represents the standard inner product in C". Since X1, X, ..., X, are

orthonormal, X X; = d;;.

Similarly, if Ais symmetric then L 4 : R — R" is symmetric. We get an orthonormal basis
{X1,Xs,...,X,} of R?, and hence the orthogonal matrix O = [X; X5 --- X,,]. Since

X; € R" Vi, the inner product is defined as (X;, X ;) = X;Xi. Then we get O*AO a diagonal
matrix. O

Since O is an orthogonal matrix O = O~!, and hence O'AO = O~ AO = D, a diagonal
matrix containing corresponding eigenvalues in the diagonal. This special type of diagonalization
for symmetric matrices is called orthogonally diagonalization.

Remark.

Once we have identified the unique eigenvalues, we proceed to determine their associated
eigenspaces. Using the Gram-Schmidt process, we construct an orthonormal basis for each
eigenspace. Consequently, this yields an orthonormal basis containing eigenvectors. Notably, this
method extends to the diagonalization of both Hermitian and real symmetric matrices.



Exercises

(7.4.1) Find orthogonal matrices O, P, Q and R such that the matrices O* AO,
P'BP, Q'CQ and R!'DR are diagonal, where
—6 2 1 -3 2 -4
A= 2 -6 1 , B= 2 -6 -2,
1 -5 -4 -2 -3
-1 —4 -3 2 -4
cC= 6 -2 2 , D= 2 -6 -2
-4 2 3 -4 -2 -3
are real symmetric matrices.

(7.4.2) Using the properties of eigenvalues show that the determinant of a
Hermitian matrix is always real.

(7.4.3) Let A be a 101-square skew-Hermitian matrix. Using the properties of
eigenvalues of A, show that the determinant of A is either 0, or it is purely
imaginary.

(7.4.4) Let A be a 100-square skew-Hermitian matrix. Using the properties of
eigenvalues of A show that the determinant of A is purely real.

(7.4.5) Let A be an n-square Hermitian matrix. Then using the properties of
eigenvalues of A show that i, + A is invertible.

(7.4.6) Let A be an n-square skew-symmetric (skew-Hermitian). Then using the
properties of eigenvalues of A show that I,, + A is invertible.

(7.4.7) Show that all eigenvalues of A* A are real, and A* A is diagonalizable.

(7.4.8) Let A be a real matrix. Show that A®A is diagonalizable.

(7.4.9) Show that for every real matrix A, there exist an orthogonal matrix O such

that AA® = ODO?, where D is a diagonal matrix.

7.5 Cayley-Hamilton theorem and the minimal polynomial

The celebrated Cayley-Hamilton theorem is one of the most fundamental results in basic linear
algebra. Before stating and proving this important theorem, we explain some elementary ideas
used in the proof.

Let

be a 3-square matrix. Then

and



A2 —4)\—6 220 +1 3A+4

adj(A —AI3)= —X+4 X2 —BX+4 2X-5
-3 30 —3 A2 A +2
1 00 -4 2 3 -6 1 4
=X2010 +X-1 -5 2 4+ 4 4 -5
0 0 1 0 3 -1 -3 -3 2

= A2By + AB1 + Bq,

where By, B, By are above 3x3 matrices.

Here, we observe that the elements of adj(A — AI3) are cofactors of the matrix A — AI3,
and hence are polynomials in A of degree at most 2 and adj(A — Al3) is written as
A2B, + AB; + By, where By, By, By are 3x3 matrices, which are independent of A. This shows
that if A is any n-square matrix with entries in a field F, then
adJ(A - )\In) = )\n—an_l + )\n_ZBn_z + -+ )\Bl + BO where Bn—la Bn_z, ce ,Bl, BO
are n-square matrices with entries in Fand free from A.

Now, we are ready to prove our celebrated result.
Theorem 7.5.1 (Cayley-Hamilton theorem).
Every square matrix satisfies its own characteristic polynomial. That is, if A is a square matrix and
P4() is its characteristic polynomial then P4(A) = 0.

Proof.

Let A be an n-square matrix. Then
PsA) = (D" A"+ an1 A" +an oA 2 + - + a1\ + ao).
Also, we have that

(A—\,)adj(A— AI,)=|A— \,|I,, or
(A — M) adj(A — ALn)= Pa(\) .

From the earlier discussion, we have that
adj(A — AI,) = B, A" '+ B, A" 2+ ... + Bi)\ + By,

where B,,_1, B,,_o, ..., By, By are n-square matrices independent from A.
Then from above equation,

(A= AL) (B A" ' + By 2A" 2 + -+ + BiA + By)
— (_1)71,()\77, + G/n_1>\n_1 _|_ a/n_QAn_2 + N _|_ al)\ + aO)In,
or

_anl)\n + (Aanl - Bn72))\n_1 + (AanZ - Bn73))\n_2 + -+ (ABl - BO))\ + ABO)
= (—D)"(A" + an1 A"+ an A" 2+ -+ ard + ag) L.

Now, equating the coefficients of corresponding powers of A, we get



(_1)n-[n: —B,, 1,
(_1)nan—1-[ = ABn—l - Bn—27
(_1)nan—2-[n: ABn—2 - Bn—37

(—1)"a1I = ABl — B(),
(—1)"aOIn: ABO

Multiplying above equations from first to n-th by A™, A"‘l, ..., A and I, respectively, we get
(—1)"A": —A"B,_1,
(_1)nan_2An—2: An_an_g o An—QBn_?”

(—1)na1A: A2Bl - AB(),
(—1)"aol,= ABy.

Adding the above equations, we get
(—1)”{A” +a, A" +a, AV 4. L g A+ aOIn} =0, or Py(A)=0
That is, A is a root of its characteristic polynomial P4(A). O
The Cayley-Hamilton theorem is applicable to find the inverse of an invertible matrix.
Example 7.5.2.
Let

2 1
A= 1 1.
1 2

N W O

Then the characteristic polynomial of Ais Pa(A) = —A3 + 7A%2 — 13X + 7.
From the Cayley-Hamilton theorem, we have



Py(A)=0= —A*+7A* —13A+ 713 =0

= %(A?’ —TA* +134) = I;

= A%(Az —TA+13L;) =1,

I (A% —7TA +1313)

7
1 13
= A2 A+ T
7 Tl
5 2 4 20 1 10 0
1 13
26116 - 131 +2010
6 10 7 1 2 2 00 1
4 2 3
T 7T 7
1 3 1
A G 4
1 -4 6
T 7T 7

Note that if the characteristic polynomial of a matrix A does not contain the constant term, then A
is not invertible. For example, suppose P4(A) = —A% + a1 A2 + ay\ is the characteristic
polynomial of any matrix A. Then

PyA)=0= -X3+a; A2+ asA =0= A(—=A2+a; X +a3) = 0.Thatis, A = O is an
eigenvalue of A. Hence, A is noninvertible.

From the Cayley-Hamilton theorem, it is clear that for any given n-square matrix A there exists an
n degree polynomial P(x) such that P(A) = 0. But the question is that, “does there exist any n-
square matrix A and a polynomial P’(z) such that deg (P’(z)) < n and P'(A) = 0.” The
answer of this question is positive. Hence, we discuss about the existence and uniqueness of such
a monic polynomial m(z) of degree less than or equal to n such that m(A) = 0. Recall that a
polynomial P(z) = anz™ + an—12™ 1 + -+ - + a1z + ay is called monicif a, = 1.

Definition 7.5.3.

Let A be an n-square matrix with entries in a field F. Then the least degree monic polynomial
m 4(z) satisfying m4(A) = 0 is called the minimal polynomial of A.

Theorem 7.5.4.
There exists a unique minimal polynomial of any n-square matrix A.

Proof.
Consider the set:
A = {deg (P()) : P(z) is a nonzero polynomial satisfying P(4) = 0}.

From the Cayley-Hamilton theorem, if P4(z) is the characteristic polynomial of A, then

P4(A) = 0. Hence, Ais a nonempty subset of N. By the well-ordering principle, there exist a
smallest natural number k in A. Then without loss of any generality, we can assume a monic
polynomial m(z) such that deg (m(z)) = k and m(A) = 0. Since all the polynomials P(x) of



degree k such that P(A) = 0 will be of the form P(z) = aym(z) where a, # 0 € F, m(x) is
unique, and hence minimal polynomial of A. O

Theorem 7.5.5.
Let A be an n-square matrix and let P(x) be a polynomial such that P(A) = 0. Then the minimal
polynomial m 4(z) divides P(z).

Proof.

By division algorithm, there exist polynomials g(z) and r(z) such that

P(z) = ma(z)g(x) + r(x), with r(z) = 0 or deg (r(z)) <deg (m(z)). Since P(A) = 0 and
ma(A) = 0, from above equation we have 0 = P(A) = m4(A)q(A) + r(A) = r(A) = 0. But
m4(z) is the least degree monic polynomial satisfying m4(A) = 0, r(z) cannot be nonzero
polynomial with 7(A) = 0 and deg (r(x)) <deg (ma(z)). Hence, r(z) = 0. It follows that
P(z) = ma(z)g(x). Thus, ma(x) divides P(z). O

Corollary 7.5.6.

If Pa(z) and m 4(x) are characteristic and minimal polynomials of a matrix A, respectively, then:

(i) m(x) divides Ps(x) and

(ii) every eigenvalue of A is a root of m 4(z).

Proof.

(i) Since P4(x) is a polynomial satisfying P4(A) = 0, from the above theorem we
have that m 4 () divides P (z). That is, every zero of m,) is a zero of Py(x),
also.

(ii) Let A be an eigenvalue of A and X be its associated eigenvector. Also, we have that

if P(z) is any polynomial then the eigenvalue of matrix P(A) is P()), that is,
P(A)X = P()\)X. Hence, for the minimal polynomial m 4(x) we have
mA(A)X = my(A)X = 0X = 0. Since Xis an eigenvector, X # 0, hence

m 4(A) = 0. This proves that A is a root of minimal polynomial m 4(z). That is,
every zero of P4(x) is also azero of ma(z). O

Thus, from the above corollary it is clear that the characteristic polynomial and the minimal
polynomial of a matrix have the same zeros.
Theorem 7.5.7.
Similar matrices have the same minimal polynomial.
Proof.

Let A and B be similar matrices. Then there exist an invertible matrix P such that B = P~ 1 AP.
Let f(z) = 2% + ar_12* 1 + ar_92* 2 + - - - + a1x + ag, be any polynomial. Then

f(B) = f(P7'AP) = (P'AP)" + a4 1 (P'AP)" ' 1 ap (P 'AP) P 4.y ay (P

Since (P~1AP)" = (P"'AP)(P~'AP)--- (P 'AP) = (P 'A"P), we have



f(B)= P 'A*P + aj_P'A* P+ aj_yP'A* 2P + ... + a1 P AP + agl,
=P (A + a1 AF  +ap 2 AP 4+ a1 A+ agl,) P
=P 'f(A)P.

Thus, f(A) = 0 ifand only if f(B) = 0.
Hence, A and B have the same minimal polynomial. O

Example 7.5.8.

Consider the matrix

NN O
—_

The characteristic polynomial of A is

Ps(A) = |A— A3l = = X3+ 6A2 — 11X +6 = —(A — 1)(X — 2)(\ — 3). By Corollary ~7.5.6,
we have that minimal polynomial contains all the eigenvalues of the matrix and divides the
characteristic polynomial. Hence, the minimal polynomial is either —(A — 1)(A — 2)(A — 3) or
(A —1)(A = 2)(X\ — 3). Since the minimal polynomial is the monic polynomial,

ma(A) = (A =1 =2)(A=3).

Example 7.5.9.
Let
3 2 -1
A= 3 8 -3
3 6 -1

Then Pa(A) = —A3 4+ 10A2 — 28X\ + 24 = —(A — 2)*(\ — 6).

The minimal polynomial of A will be either (A — 2)(A — 6) or (A — 2)*(A — 6). Now,
1 2 -1 -3 2 -1 0 0 O
(A—2I3)(A—63)= 3 6 -3 3 2 -3 =0 0 0.
3 6 -3 3 6 -7 0 0O
Hence, the minimal polynomial of Ais (A — 2)(A — 6).
Exercises
(7.5.1) Verify the Cayley-Hamilton theorem for the following matrices:

1 2 3 31 4
A= 0 -1 2 , B= 2 3 1.
0 0 -2 1 2 5






8 Bilinear and quadratic forms

In this chapter, we explore bilinear and quadratic forms. Bilinear forms are linear transformations
that are linear in more than one variable, extending our understanding of linear phenomena.
Although the field Fis initially general, we will focus specifically on F' = R or C.

8.1 Bilinear forms

Definition 8.1.1.

Let V be a vector space over a field F. A function f : V x V' — F'is called a bilinear form on Vif it
satisfies the following conditions:

(i) flau + bv,w) = af(u,w) + bf (v, w);
(ii) f(u,av + bw) = af(u,v) + bf(u, w)

foralla,b € F and u,v,w € V.

In the first part of the definition, fix w and denote f(u,w) = f,(u) forall uw € V. Then we have
fw(au + bv) = flau + bv,w) = af(u,w) + bf(v,w) = af,(u) + bfy(v).

This demonstrates that f,, : V' — F'is a linear functional. Similarly, in the second part, fix u and
define f,(v) = f(u,v) forallv € V.Then f, is also a linear functional. Therefore, the bilinear
form fon Vis linear in each variable when the other variable is fixed, which is why it is termed
bilinear.

It is evident that if f and g are bilinear forms on V, then (f + g) and kf, defined by
(f + 9)(u,v) = f(u,v) + g(u,v) and (kf)(u,v) = kf(u,v), where k € F are also bilinear
forms. Thus, B;(V), the set of bilinear forms on V, forms a vector space over F,

Example 8.1.2.

(a) Let V be a vector space over a field F. Thenthe map f : V x V — F defined by
f(u,v) = 0, called a zero map, is a bilinear form on V.

(b) Let V be a vector space over the field of real numbers R. Then from the definition

of inner product on Vthe map f: V x V — R defined by f(u,v) = (u,v) is a
bilinear form.
In particular, f : R® x R™ — R defined by

f(z,y) = (z,y) = z1y1 + T2y2 + - - + TpYn,

where x = (21, Z9,...,2,),y = (Y1,Y2,---,Yn) € R™is a bilinear form on R

Thus, an inner product on a real vector space is a bilinear form.

If Vis a complex vector space, thenthe map f: V x V — F defined by
f(u,v) = (u,v) is not a bilinear form.

This is because

fu, av + bw) = (u,av + bw) = alu,v) + blu, w) = af(u,v) + bf(u,w) # aj



Example 8.1.3.

Let V be a vector space over a field Fand let f; and f, be linear functionals on V. Then the map

f:V xV — F defined by f(u,v) = f1(u)fo(v) is a bilinear form on V.

Let u,v,w € V andlet a,b € F.Then

flau + bv,w)= fi(au + bv) f2(w) = (afi(w) + bf1(v)) f2(w) = afi(u) f2(w) + bfi(v) fo(w)
= af(u,w) + bf(v,w).

Similarly,

f(u, (av + bw) = fi1(u) f2(av + bw)) = fi(u)(afz(v) + bf2(w)) = afi(u)f2(v) + bf1(u) f2(v

Example 8.1.4.

Let A be an n-square matrix with entries in a field F. Then the map f : F" x F'* — F defined by
f(X,Y) = XtAY, where X and Y are column vectors in F'", is a bilinear form on F™.
Let X,Y,Z € F"and a,b € F.Then
f(aX +bY,Z)= (aX +bY)' AZ
= (aXt + bYt)AZ
=aX'AZ +bY'AZ
= af(Xa Z) + bf(Y7 Z)
Similarly,
f(X,aY +bZ)= X'A(aY +bZ)
= X'AaY + X' AbZ
=aX'AY +bX'AZ
= CLf(X, Y) + bf(Xa Z)

In particular, if

-1 0
A:l } and F = R.
1 2

Then the bilinear form f: R?2 x R2 — Ris f(X,Y) = XtAY.
If

X = l’“] and Y = [yl}
p) Y2

then



an-xm-i )

= [—:El + x9 2:32] |:y1]
Y2

= —x1y1 + 291 + 2z2y2.

In the next example, we explore all possible bilinear forms on a two-dimensional vector space.
Example 8.1.5.

Let V be a 2-dimensional vector space over the field Fand let B = {v1,v3} be an ordered basis of
V.
Suppose f: V x V — F'is a bilinear form.
Then for u,w € V, u = kiv1 + kovy and w = lyv1 + lyv9 and so
f(u,w)= f(kiv1 + kava, w)

= k1f(v1,w) + ka f(v2, w)

= k1 f(v1,l1v1 + l2va) + ko f(v2, Liv1 + lav2)

= k1 (l1f(v1,v1) 4 laf(v1,v2)) + k2 (i f(v2, v1) + L2 f(v2, v2))

= kili f(v1,v1) + kilaf(v1, v2) + kali f(v2,v1) + kalaf(v2,v2)

) S

k l
'l and !
k> Iy
are coordinate vectors of u and w in column form denoted by [u] 5 and [w] g, respectively.
If [f] 5 p denotes the matrix

where

oy T

then f(u, w) = [u]p[f] 5 p[w] p-

Thus, fis completely determined by the matrix [f] 5 p whose ij-th elements are f(v;,v;).

Building on the previous discussion, we define the matrix associated with a bilinear form and
extend the result to an n-dimensional vector space.

Definition 8.1.6.

Let f be a bilinear form on an n-dimensional vector space V over a field Fand let
B = {v1,vs,...,v,} be an ordered basis of V. Then the matrix of f with respect to the basis B is
defined as



f(vlavl) f(’01,’02) f(UhUn)
[f]B,B:

f(vmvl) _f(’Un,’Ug) e f(vnavn)

Similar to matrices associated with linear transformations, we can describe the relationship
between the matrices of bilinear forms and coordinate vectors.
Theorem 8.1.7.
Let V be an n-dimensional vector space over a field F and let B = {v1,vs,...,v,} be an ordered
basis of V. Then:

1. Every bilinear form f on V is completely determined by its matrix [f] g g
2. For every n-square matrix A with entries in F, there exists a bilinear form f on V such
that [f]B,B = A

Proof.

1. Letz = > " x;v;and y = > " | y;v; be any two vectors in V, where z;,y; € F
for all i. Then

flz,y)= f(Z miviay)
i=1
= z wif(via y)
i=1
=) wif(”ia - yj'”j)
i=1 j=1
=> 2> yif(vi,v5)
=1 j=1
= Z Z z:y; f(vi, vj)
1=1 1

j=

= [w]tB[f]B,B[y]B’

where



T1 U1
T2 Y2

2] = : and [y|p =
In Yn

are the coordinate vectors of x and y in column form. Thus, fis completely
determined by the matrix [f] 5 5.

Given A € My, »(F), definethemap f: V x V — F by

f(z,y) = [2]5A[Y] 5.

Since [z] g, [y| g € F'", from Example -8.1.4 it is clear that fis a bilinear form. For
basis vectors v; and v;, have

v; = 0vy +0vy + -+ 4+ 0v;—1 + 1v; + 0vj g + -+ - + Ov,

and
vjzovl+0fv2+---+0vj_1+1fvj+0vj+1+---+Ovn.
Then
0 0]
[vilp = |1| and [vj]z= |1],
0
-O- -0-
and so
t
f(vi,vj)= [vi]gA[vj] g
01
aiz Qaiz -+ Qip
az1 QA2 -+ Q2p
= [0 0 1 O 0] 1
ani ap2 Tt (7% .
_0_




Thus, the ij-th element of the matrix A is equal to f(v;, vj), which is the 7j-th
element of the matrix [f] 5 5. Therefore, A = [f]p . O

Corollary 8.1.8.

Let B = {v1,v2,...,vn} be an ordered basis of an n-dimensional vector space V over the field F.
Then the map T : Bi(V') — My, (F), defined by T(f) = [f] g p, s a vector space isomorphism.

Proof.

Let f1, fo € By(V) and a1, a2 € F.The map Tis a linear transformation if and only if

T(a1fi + azfo) = a1T(f1) + a2T(f2),

or
laifi + a2f2]B,B = al[fl]B,B + a2[f2]B,B'
Now,
(a1 f1 + a2 f2)(vi, v)) = ay f1(vi, v;) + asfa(vs,vy) Vi, j

shows that the ij-th entry of the matrix [ay f1 + a2f2]BvB is equal to a; times the 7j-th entry of
the matrix [f1] g p + a2 times the 7j-th entry of the matrix [fs] g 5. Thus,

[a1f1 + a2 falp g = a1lfilp g + a2[f2lp -

Hence, T'(a1f1 + asfs) = a1T(f1) + a2T(f2). From the above theorem, it is clear that Tis
bijective. Therefore, Tis an isomorphism. O

The following theorem describes the effect of a change of basis on the matrix representation
of a bilinear form.
Theorem 8.1.9.
Let f be a bilinear form on a finite-dimensional vector space V over the field F and let
B = {v1,vs,...,v,}, B = {v),v},..., v} betwo ordered bases of V. Then

s = 1% I\ n n, where [I| ,  is the matrix of identity linear transformation on V.
B'.B BBl BBl BB B'B
Proof.

Let [I] p p = [gij]. Then v = D0 gqijv; forall j =1,2,...,n.
suppose [f]p p = laij] and [f] g, p = [a;y], then aij = f(vi, v;) and aj; = f(v], v)).

Hence,



a; _f v, ] = (Z%Uk,ZQZJUz>
= ZZ%%JE Vg, V1)

=1 I=1

= Z Z AriqijQk
k=1 l=1

n n
= Qi Z arqi; |-
k=1 =1

From the property of matrix multiplication, this shows that a . is the 2j-th entry of the matrix
[ ]B',Bm ,B[I]B’B' Hence, [f]B',B' = [I]B',B[f]B,B[I]B'B- D

(Compare this with the similar result in the case of linear transformation.)

Example 8.1.10.

Let
1 2 3
A=1]-1 0 2
4 5 -2
Then A gives rise to the bilinear form f(X,Y) = X*AY on R3.
Let
L1 Y1
X = |xo and Y = [y2].
L3 Ys
Then

1 2 37w
f(X,Y)=[z1 =z x]|-1 0 2|y
4 5 —2| |y

= Z1Yy1 + 221y + 3x1y3 — T2y1 + 2@2y3 + 4x3y1 + Sx3y2 — 223y,

is the bilinear form on R3.
Note that, if

a1 Q2 - Qip

a21 Qa2 --- A2p

an1 Ap2 - Qpp



is any matrix in M,, ,(F), then the associated bilinear form f(X,Y) = X*AY on F" is defined
as

f(X,Y) =anziy1 + a12z1y2 + - -+ + @10 T1Yn
+a21T2Y1 + @22ToYys + -+ - A2 X2Yy
+

+an1TnY1 + An2TnY2 + * * - + CApnTnYn,

where Xt =[xy 2y - z,]and Y = [y ¥2 -+ yn).
Thus, for a given matrix A = [a;;] € M, ,,(F'), the bilinear form fon F'™ associated with A can be
directly expressed using the entries a;; as coefficients of x;y;. Specifically,

F(X,Y) =323 0imy;.
Example 8.1.11.

Let f(z,y) = z1y1 + 3T1Y3 — Tay1 + 222y + 5x3y; + 4x3y; be a bilinear form on R3,
Let B; = {e; = (1,0,0),e5 = (0,1,0),e3(0,0,1)} be the standard ordered basis of R3.
Then from Definition - 8.1.6,

an= f(er,e1) coefficient of z;y;,

=1=
a12= f(e1,es) = 0 = coefficient of z1ys,,

as3= f(es,e3) = 0 = coefficient of z3ys,

and we have

1 0 3
[f]31,31: -1 2 0}.
5 4 0

Thus, the matrix of a bilinear form fon R" related to the standard ordered basis of R" is

A = |a;;], where a;; = coefficient of term z;y; of f(z,y).

Let By = {v1 = (1,0,0),v2 = (1,—1,0),v3 = (1,1, —1)} be another ordered basis of R3.
Then we find the matrix [f] 5, , as follows:



an= f(vi,v1) = £((1,0,0), (1,0 ))

a1p= f(vi,v2) = f((l,O 0),(1,— )) =1,
a13= f(v1,v3) = £((1,0,0),(1,1,-1)) = =2,
an= f(vs,v1) = f((1,-1,0),(1,0,0)) = 2,
an= f(vs,v2) = f((1,-1,0),(1,-1,0)) =4,
az= f(v2,vs) = f((1,-1,0),(1,1,-1)) = -3,
as= f(vs,v1) = f((1,1,-1),(1,0,0)) = =5,
as= f(vs,v2) = f((1,1,-1),(1,-1,0)) = -3,
ass= f(vs,v3) = f((1,1,—-1),(1,1,-1)) = —10,

hence

11 —2]
flae =12 4 -3].
- [—5 -3 —10J

Now the transition matrix [I] 5 p is given as

1(1,0,0)= (100)—1(100)+0(010)+0(001)
I(1 ~1 0) ( ) (1,0,0) + (—1)(0,1,0) + 0(0,0, 1),
1, =1(1,0,0) + 1(0,1,0) + (—1)(0,0, 1),

1
o 3 1)
0

Also, the transpose matrix is

Then

1 1 -2
=12 4 -3|.
-5 -3 -10

. t
Thls ShOWS that [I] By,B; [f] B1,B; [I] Bs,B, = [f] By,Bs*



Definition 8.1.12.

Let A and B be n-square matrices. Then B is said to be congruent to A if there is a nonsingular
matrix P such that B = P'AP.

From Theorem - 8.1.9, it is clear that the matrices of a bilinear form related to a different choice
of bases are congruent. The relation of being congruent is an equivalence relation on Mnn(F)

The following example shows that any matrix congruent to a symmetric matrix is also
symmetric.

Example 8.1.13.

Let B be a matrix congruent to a symmetric matrix A. Then for some nonsingular matrix P,
B = P'AP.

Now, Bt = (P'AP)' = PtA*(P")" = P1AP = B.

This shows that B is a symmetric matrix.

We have that, if A and B are matrices of a bilinear form frelated to a different choice of bases,
then A and B are congruent to each other and so there is a nonsingular matrix P, such that
B = P!'AB. Since Pis nonsingular, rank(B) = rank(A). Hence, the rank of a bilinear form is
defined as follows.

Definition 8.1.14.

Let f be a bilinear form on a finite-dimensional vector space V. The rank of fis defined as the rank
of the matrix of f with respect to any basis of V.

If rank(f) <dim (V), then fis considered degenerate. Conversely, fis considered
nondegenerate if rank(f) =dim (V).

Based on specific properties of bilinear forms, the following types of bilinear forms are
defined.

Definition 8.1.15.

Let f be a bilinear form on a vector space V over F. Then fis called:

(i) symmetric if f(v,w) = f(w,v) Yo,w € V;
(ii) skew-symmetric if f(v,w) = — f(w,v) Yv,w € v; and
(iii) alternating if f(v,v) =0VYv € V.

Theorem 8.1.16.
Let f be a bilinear form on a vector space V over a field F of characteristic #2. Then f is skew-symmetric if
and only if f is alternating.

Proof.
Suppose f is skew-symmetric. Then
f(u,v) = —f(v,u) Yu,veV.

Taking u = v, f(v,v) = —f(v,v), Yv € V. This implies



f(v,v) + f(v,v) =0= f(v,v)(1+1)=0.

Since characteristic of Fis #2, 1+1%0, and hence f(v,v) =0Yv € V.
This proves that fis an alternating bilinear form.

Conversely, suppose that f is an alternating bilinear form.

Then f(v,v) =0 Vv € V.

Since

utveVVu,veV, flut+v,u+v)=0
:f(uau)+f(uav)+f(v,u)+f(v,v) =0.

From f(u,u) = f(v,v) = 0 Yu,v € V, the above equation implies f(u,v) + f(v,u) = 0.
Hence, f(u,v) = —f(v,u), Yu,v € V.
Thus, fis an skew-symmetric bilinear form. O

Exercises

(8.1.1)

(8.1.2)

(8.1.3)

(8.1.4)

(8.1.5)

(8.1.6)

(8.1.7)

Let = (z1,x2) and y = (y1, y2). Then determine which of the following
are bilinear forms on R2:

(i) fi(z,y) = z1y1 + 22202,

(ii) fa(z,y) = 221 + y2,

(iii) f3(z,y) = z122 + 2y192,

(iv) fa(z,y) = dz1y1 — T1Yy2 — T2y1 + 2T2y2,
(v) f5(xay) =1

Show that the function F defined as F(f, g) = J? f(z)g(z)dz,

f,g € C(R[*%) is a bilinear form on the real vector space C(RI[%%) of all
continuous real valued functions on the closed interval [a, b].

Show that the function f defined as f(A, B) = tr(B'A) is a bilinear form
on the vector space M, »(R) of all m x n matrices over R, where

A,B € My, »(R).

Let f(z,y) = x1y1 — 2z1y2 — 3x2y1 + 4x2y2 + Hx3y1 + 2z3ys be a
bilinear form on R3. Then find the matrix A such that f(z,v) = z! Ay,
where z! = [z x5 x3] and ¥* = [y1 Yo y3].

Show that the function f defined as f(p(z),q(z)) = [; p(z)g(z)dz is a
bilinear form on the polynomial space P(z) over R. Also, find the matrix
[fl g of f, where B = {1, z, z2} is the basis of Py(z).

Let

f(z,y) = 22191 — z1y2 + 221y3 — 322y1 + 229y + 33y1 + 223y be
a bilinear form on R3, where x = (21, 22, 3) and y = (y1,y2, y3). Then
find the matrices [f] g, p, and [f]p, p, Of fwith respect to the bases

B,= {61 =(1,0,0),e2 = (0,1,0),e3(0,0, 1)} and
By={v; = (1,0,0),vs = (1,-1,0),v3 = (1,1,-1)}.

Also, show that both the matrices are congruent, i. e.,

[f]Bz,Bz = [1]332,31 [f]Bl,Bl [I]BZ,BI‘



Let f(z,y) = z1y1 — 221y3 — T2y1 + 222Y2 + 3z3y1 + 3z3y3 be a
bilinear form on R3, where = = (1, 23, z3) and y = (y1,¥2,¥y3). Then
find the matrices [f]p p and [f]p, p, of fwith respect to the bases

B: ={(1,0,0),(1,-1,0),(1,1,-1)} and

B, ={(1,0,-2),(-1,0,3),(0,1,—3)}. Also, show that both the
matrices are congruent,i. e.,

[f] By,By — [I] th,Bl [f]Bl,Bl [I] By,B;"

8.2 Symmetric bilinear forms and quadratic forms

In this section, we discuss the key concepts of symmetric bilinear forms and quadratic forms,
along with their representation through symmetric matrices. Recall Definition - 8.1.15 of a
symmetric bilinear form f, which states: “A bilinear form on a vector space V over a field Fis
symmetric if f(v,w) = f(w,v) Yv,w € V." We will now prove some significant results and
examine quadratic forms, which are closely related to symmetric bilinear forms.

Theorem 8.2.1.

A bilinear form f is symmetric if and only if its matrix representation | f| BB associated to any basis B is

symmetric.

Proof.

Let f be a symmetric bilinear form of a vector space V over a field Fand let B = {vy,vs,...,v,}
be a basis of V.

Then ij-th entry of the matrix [f] g g = f(vi,v;).

Since fis symmetric, f(vi,v;) = f(vj,vi) = ji-th entry of [f]p p.

Hence, matrix [f] 5 p is symmetric.

Conversely, suppose that [f]BB is a symmetric matrix.

Then from Theorem -8.1.7, f(u,v) = [u]tB[f]B’B[v]B, where u,v € V and [u] 5, [v] 5 are

coordinate vectors in column form.
since [u][f] g plvl € F,

[u]tB[f]B,B[U]B = ([u]tB[f]B,B[v]B)t = [U]tB[f]tB,B[u]B = [v]tB[f]B,B[u]B = f(v,u).

Hence, fis a symmetric bilinear form.
Note that if the matrix [f] 5z g of bilinear form f associated to a basis B is diagonal, then it is a

symmetric matrix, and hence from the above theorem fis a symmetric bilinear form. O

In the following theorem, we shall show that the converse of this result is also true in case of
field F with characteristic #2.
Theorem 8.2.2.
Let f be a symmetric bilinear form on a finite-dimensional vector space V over a field F with the
characteristic not equal to 2. Then there exists an ordered basis B of V such that the matrix [ f] B,B of f

is diagonal.



Proof.

We prove the theorem by induction on n =dim (V).

If n = 0 or 1, then the matrix of fis of order 1x1, and hence diagonal.

Assume the result is true for all symmetric bilinear forms on vector spaces of dimension less than
n.

Let f be a symmetric bilinear form on a vector space V of dimension n.

If fis the zero bilinear form, then the matrix of fis the zero matrix for any basis of V, and hence
diagonal.

Now, suppose fis not identically zero. Then we claim that there exists a nonzero vector v € V'
such that f(v,v) # 0.

Assume, to the contrary, that f(v,v) =0 forallv € V.

Then f(u +v,u+v) =0forallu,v € V.

Thatis, f(u,u) + f(u,v) + f(v,u) + f(v,v) = 0.

Since fis symmetric, f(u,v) = f(v,u).

Thus, f(u,u) + f(v,v) + f(u,v)(1 + 1) = 0. Since f(u,u) = f(v,v) = 0, we have
(1+1)f(u,v) = 0.

Given that the characteristic of Fis not 2, 1+120, hence f(u,v) = 0 forall u,v € V.

This implies that fis identically zero, which is a contradiction.

Therefore, f(v,v) # 0 for some nonzerov € V.

Let 0 # vy € V such that f(vy,v1) # 0. Then Wy = {kv; : k € F'} is the subspace of V
generated by v;. Hence, dim (W) = 1. Let Wy = {z € V : f(vy,x) = 0}. Itis straightforward
to show that W, is a subspace of V.

Now, we claim that V = W; & W,.

Suppose kv; € Wy. Then f(vy, kvy) = 0 = kf(vi,v1) = 0.Since f(v1,v1) # 0, it follows that
k = 0. Hence, kv; = 0, and so W; N W, = {0}.

Next, letv € V.Ifwe take y = v — f(gj)lljl)) vy, then
fon) = (0= FD00) = fon,0) = L2 f(on,0) = fo1,0) = So1,0) =
f(vl,’Ul) f('Ul,'Ul)

This shows that y € Wy and v = J{((lel’;’l)) vi+ye W+ Wyforallv.Thus, V = W; & W,

Since the restriction of fto W5 is also a symmetric bilinear form on W5 and dim (W3) =n — 1,
it follows that there is an ordered basis {vs, vs, . . ., v, } with respect to which f restricted to Wy
has a diagonal representation. Thus, f(v;,v;) = 0forall ¢ # j,4 > 2 and j > 2. Also, since

v; € Wy, f(vy, vj) = 0 for all 7 > 2. Thus, f has a diagonal representation with respect to the
ordered basis {'vl, V2, ... ,'vn}. Hence, by mathematical induction, the result is proved. O

Corollary 8.2.3.

Let A be a symmetric matrix with entries in a field F of characteristic not equal to 2. Then there exists a
nonsingular matrix P such that P* AP is a diagonal matrix.

Proof.

Since A is a symmetric matrix, there exists a symmetric bilinear form f on a vector space V over F
and a basis of V such that [f] 5 g = A.



From the previous theorem, there exists a basis B’ of V such that the matrix [f] g g s diagonal.

This means A is congruent to a diagonal matrix. Hence, there exists a nonsingular matrix P such
that P! AP is diagonal. O

We can apply the following algorithm to find an invertible matrix P such that P'AP = D,
where A is a given symmetric matrix and D is a diagonal matrix.

Let A be an n-square symmetric matrix with entries in a field F of characteristic not equal to 2.

Write A = I,,AI,.

It is known that performing an elementary row operation on a matrix A is the same as
multiplying A from the left by the corresponding elementary matrix E. Similarly, applying a column
operation on A is equivalent to multiplying A from the right by the corresponding elementary
matrix E'.

Note that if £ is the elementary matrix corresponding to the elementary row operation
R; — R; + kRj, then E' is the elementary matrix corresponding to the column operation

Cz’ — CZ + kiCJ

Multiplying the elementary row matrix E in the equation A = I,, AI,, from the left and E? from
the right, we get

E\AE! = E|AE!.

Repeating the above process with elementary row matrices Es, E3, ..., E, so that the left-hand
side becomes a diagonal matrix, we get

D=E,...E;E\AE'EL ... EL.

Let BIEL ... E = P.Then P' = (E'E}.--E!) = E,E,_,--- E3Ey, and hence D = P*AP.
Also, P, being the product of elementary matrices, is nonsingular.
Let us illustrate the above algorithm with a couple of examples.

Example 8.2.4.

Consider the symmetric matrix

Then A = IzAIQ,

A PR

Now, we apply a sequence of elementary row and column operations on the above equation such
that the left-hand side converts into diagonal form. First, we apply the elementary row operation
Ry — Ry, — 2R, on the equation. Since an elementary row operation is equivalent to the
premultiplication of an elementary matrix, the operation will be applied on A on the left-hand side
of the equation and on the left-side identity matrix only on the right-hand side of the equation.
Similarly, an elementary column operation will be applied on A and on the right-hand side of the
equation on the right-side identity matrix only.

Then we get



b =15

Now, we apply the corresponding column operation Cy — Cy — 2C';. Then we get
1 0 1 0 1 -2
= A .
0 —4 -2 1 0 1

1 0 1 -2
P'AP = , Wwhere P = .
0 —4 0 1

Hence,

Observing that the matrix P is obtained by elementary column operations on the right-side
identity matrix Iy of Ain the equation A = I A5, we write the block matrix

12:10}

[A:I2]:l2o:01

Now, we apply the elementary row operation on A only and then the corresponding elementary
column operation on A and I3 both.

1 2 : 10

0 -4 : 0 1|

Applying Ry — Ra — 2R, we get
Now we apply the elementary column operation Cy — C5 — 2C'; on both matrices of the above
block matrix, then we have

Then

Example 8.2.5.

Let

BN

I
N = O
e
Tl N

be the symmetric matrix.
Consider the block matrix



S O =
o = O

0
0f.
1
Applying the row operation R; <+ R2 (note that the row operation will be applied on A only)

1 3 4 : 100
01 2 : 01 0].
2 45 : 001

Applying the corresponding column operation C'; <+ C5 (note that the column operation will be
applied on both the part of above matrix),

3 1 4 0 1 0
0 2 : 1 0 Of.
2 5 0 01

-

Applying Ry — Ry — %Rl and R3 — Rs — 4 Ry,

3 1 4 010
1 2

0o -3 32 1 0 0

0 2 -5 : 001

3 0 0 : 0 1 0
I O
o 2 -3 0 0 1
Applying R3 — R3 + 2R»,
3 0 0 0 1 0
0 -} 1 -} -
0 0 1 0 0 1
Applying corresponding column operation Cs5 — C3 + 2C5,
3 0 0 : 0 1 2
—3 0 -1 -2
0 1 0 O 1

Then



0o 1 2 3 0 0
P=|1 -3 -2 and D=[0 —% 0
0 0 1 0 0 1

such that P*AP = D.

Theorem 8.2.6.

Let f be a bilinear form on a vector space V over a field F of characteristic not equal to two. Then f can
be expressed uniquely as f = fs + fss, where fs and fss are symmetric and skew-symmetric bilinear
forms on V, respectively.

Proof.

Define
(f(z,y) + f(y,2)) and
(f(m, y) - f(y7 m))

fs(z,y)=
fss(z,y)=

[CHE CY

Since 1+120, 5 is well-defined. Also, it can be easily proved that fs and fss are bilinear forms on
V.
Further, fs(x,y) = fs(y, ) implies that f, is a symmetric bilinear form and from

fss(z,z) = 5 (f(z, ) — f(z,z)) = 0 we have that f; is a skew- symmetric bilinear form.

1

2
Hence, fs(z,y) + fss(a:,y) f(z,y) Ve,y e V.
Thus, f = f, +

Thatis, fis expressed as a sum of a symmetric and a skew-symmetric bilinear forms.

To prove that the representation of fis unique, let us suppose that f = f. + f.., where f! is
symmetric and fs’s is skew-symmetric.

Then

f@,y) + fy,2)= fu(@,y) + fos(@,y) + foly, ) + fos(y, )
= (fo(z, ) + fo(y, @) + (fis(z,9) + fos(y, @)
= (fo(z, ) + fi(z,9) + (fis(z,y) — fos(2,0))
= 2f;(m7y)7
and hence f}(z,y) = +(f(z,y) + f(y,2)) = fs(=, y) Thus, f; = fs.

Also, from fs + fgs = f’ + fl., we have that f,, = fL..
Hence, both the representations of f are the same. O

Theorem 8.2.7.
Let f be a symmetric bilinear form on a finite-dimensional vector space V. There exists an ordered basis
B of V such that the matrix representation of f is a diagonal matrix of the form

1,



Furthermore, the integers r and s are invariant regardless of the chosen basis.

Proof.

By Theorem - 8.2.2, there is a basis {uy, us, . . ., u, } for Vsuch that the matrix representation of
fis diagonal. Suppose there are r positive and s negative entries on the diagonal of this matrix. By
rearranging the basis, we can assume f(u;,u;) > 0for 1 <¢ < rand f(u;,u;) <0 for
r+1<j5j<r+s.

let v; = ——=— for1 < i < 7+ s.Then
flvi,vi) = f ; = - " :
VTG w)| Vel w1 it 1sisrts
Let B = {v1,v3,...,v,}. Then the matrix of f with respect to B is
I,
[-f]B,B = —1 :
0
Suppose B’ = {v}, v}, ..., v} } is another basis of V such that the matrix of fis
Ifr"
[f]B',B' = —1Iy
0

We need to show that 7 = r’ and s = s’. Since [f] g g and [f] g 5 are congruent matrices, it
follows that

rank ([f]p ) = rank([f]p p) = r+s=r"+5".

Let W be the span of {vy,vs,...,v,} and W' be the span of {v].. |, v}, o,...,V}}.
Ifx = ) 7 | a;v; isanonzerovectorin W, then
T T T T T
2
fl, ) = F| ) awy, Y aw; | =) aaif(vi,v) = al f(vi, ;).
=1 3=1 i=1 j=1 i=1

Since a; # 0 for alliand f(v;,v;) = 1, we have f(z,z) > 0. Similarly, f(z,z) < 0 for any
nonzero z € W'.
Therefore, W N W' = {0}. Since dim (W) = r and dim (W') =n — 7/,
dim (W + W') =dim (W)+ dim (W')— dim (WNW') =r+ (n—7') — 0.
Because W + W' C V, we have dim (W + W') <dim (V) = n. Thus,
'r'+(n—r') <n = r<r.

By switching the roles of Wand W', we obtain ' < r. Hence, r = r'.
Givenr +s=7"+ s itfollowsthat s =s'. O



Corollary 8.2.8.

Let A be an n-square real symmetric matrix. Then A is congruent to a unique diagonal matrix of the
form diag(I,,—1I5,0).

Definition 8.2.9.

Let V be a vector space over the field F. Amap q : V — F'is called a quadratic form if there exists
a bilinear form fon Vsuch that g(z) = f(z,x) Va € V. The quadratic form q is called real if
F = R and complex if F' = C.

Theorem 8.2.10.
Let V be a vector space over a field F with characteristic different from 2. Every quadratic form q on V
determines a unique symmetric bilinear form fg on V, obtainable from q by the identity

fs(z,y) = 3 (g(z +y) — q(z) — q(y)), and called the polar form of f.

Proof.

Let f be the bilinear form on V such that g(z) = f(z, z) for aII z € V.By Theorem -8.2.2, fcan
be uniquely expressed as f = fs + fss, where fs(z,y) = 3 (f(z,y) + f(y,z)) is a symmetric
bilinear form and fss(z,y) = 5 (f(z,y) — f(y,z)) isa skew -symmetric bilinear form. Then

q(z) = f(z,2) = fi(z,2) + fos(z, 7).

Since fss(x,z) = 0, we have g(z) = fs(z, x). Thus, g determines the unique symmetric bilinear
form f,.
Now,

qz+y) = fo(z+y,z+y) = fo(z,2) + fo(z,y) + fo(v,2) + fs(v,9) = q(z) + 2fs(z,y) +

Hence,

fu(e,) = 5 (ale +9) - a(z) — a(w).

Thus, the quadratic form g(x) on a vector space V over a field F of characteristic different from 2 is
defined as g(z) = f(x, z) for all z € V, where fis a symmetric bilinear form. O

Theorem 8.2.11.
Let V be an n-dimensional vector space over a field F with characteristic not equal to 2. Let
B = {v1,v2,...,v,} be an ordered basis of V. If q is a quadratic form with its associated symmetric

bilinear form f, then q(z) = [x]’][f] B,B|T| g, where [z] g is the coordinate vector of x.

Proof.

Given the basis B = {v1,vs,...,v,} of V,any z € V can be expressedas x = ) 1"

q(z) = f(z,z) = f(Xn: mz‘%i%%) = izn:xixjf(vi,vj)-

i=1 j=1

1 L4iVi- Then



Let [f] 5 g = [ai;]. Then f(v;,v;) = ayj forall 1 <4, j < n.Therefore,

aiz; Qa2 - Q| |z
n _n Q21 QA2 -+ QGap T2
q(x) = Tizjaij = [z1 T2 - T
i=1 j=1
[ An1 Ap2 - App Tn

t
Thus, g(z) = [z 5[f] 5 lz] 5-

The symmetric matrix [f] BB of f relative to the ordered basis B is called the matrix of the
quadraticformgq. O

Remark.

From the above theorem, we have

q(z) = Z Z fvi,vj)ziz; = Z F(vi,vi)z; + Z 2f(vi, v5) T

i=1 j=1 i<j

Given this formal expression, a quadratic form g can be defined as a polynomial in the variables
Z1,ZT3,...,Ty, Where the degree of every term is 2. Specifically, if

q(z) = Y " a;x? 4+ Y i<jbijzix; is a quadratic form on the vector space V over a field F with the
characteristic not equal to 2, then the associated symmetric matrix of the quadratic form g is

A = [aij], where aj; = a; (the coefficient of m?) and a;; = aj; = %bij (half of the coefficient of
From Theorem - 8.2.2, we know that every matrix representing a quadratic form can be brought
to a normal form if 1+120. Therefore, if the matrix representation A = [a,ij] of g is diagonal, then
g has a diagonal representation given by g(z) = >." a;;z?.

Based on Theorem - 8.2.7, we have the following corresponding result for quadratic forms.

Corollary 8.2.12.

Let q be a quadratic form on an n-dimensional real vector space V. Then q can be uniquely expressed as
q(@1, @95 Tpys) = 2] + 25+ -+ T _x£+1 - _$%+sa

where T 4 s is the rank of q.

Proof.

Let f be the unique symmetric bilinear form associated with the quadratic form g on V. According
to Theorem - 8.2.7, there exists an ordered basis B of V such that the matrix representation of fis
diagonal and has the form



From Theorem - 8.2.11, g(z) can be expressed as g(z) = [w]tB[f]BiB[ac]B, where

1
T2
[35]3 =
xn
is the coordinate vector of x. Hence,
T1
b T2 2 2 2 2 2
g(z) =[x1 2 - x, —I | =it Fwl —xr g — s — T
0
Tn

Since every diagonal matrix representation of a symmetric bilinear form f (or quadratic form q)
with respect to different ordered bases has the same number r of positive entries and the same
number s of negative entries, r + s and r — s are called the rank and signature of f (or g),
respectively. O

Example 8.2.13.

Let g(x1, 2, x3) = 2z 129 + 333% + 4z x5 + 873 + 5w§ be a quadratic form on the vector

space R? over R.
In this example, we determine the following: (a) the symmetric matrix A of g relative to the
standard basis of R3, (b) the normal or diagonal form of g, (c) rank and the signature of q.

(a) To find the matrix A = [a;;], we use the method described in the remark. Hence,
a11= the coefficient of w% =0,

1
aja= Q9 = 3 X the coefficient of z1x25 = 1,

aj3= as; = % X the coefficient of z1x3 = 2,
a99= the coefficient of :1:% =3,
a93= a3y = % X the coefficient of zox3 = 4,
as3= the coefficient of 23 = 5.

Thus,

A=

=
A~ =
ol N

is the matrix of quadratic form q.



(b) Now, to find the diagonal matrix D congruent to matrix A, we consider the block
matrix

3 .0 0
— 1
D=0 -1 of.
0 0 1

The normal form of g is

1131-|
q(z1, 2, 23)=[£1 X2 wg]D[m2

3 Of [z
= [331 To wg] 0 —% 0 D)
0 0 1] Lzs
s 1 2
=3z — 322 + z3.
(c) Since the number of positive entries r in the diagonal matrix D is 2 and the

number of negative entries s in the diagonal matrix D is 1, the rank of the
quadratic form ¢ = 2 4+ 1 = 3 and the signatureof g =r—s=2—-1=1.

Exercises

(8.2.1) Find the symmetric matrix A associated to each of the following quadratic
forms g on IR3 relative to the standard basis:
(i) q(z1, o, z3) = w% —4xrxs + 21:% — 8z1x3 + 10x223 — 3333
(ii) q(z1, T2, x3) = 3z122 — 23 — 102123 + 522,
(iii) q(z1, 9, x3) = 22 — 6123 + T2,
(iv) q(z1, 22, z3) = 23 — 222 — 22129 + 10z923.

(8.2.2) For the following symmetric matrices A1, Ag, As, A4 find nonsingular

matrices Py, P, P3, Py such that the matrices P{A; P, PYAyPs,
P!A3P;, P}A,P, are diagonal.
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